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A theoretical and experimental investigation of superparamagnetism of ferromagnetic spherical 
particles is carried out. It is found that the anisotropy energy (relaxation time) drops to zero for 
crystals with cubic symmetry at particle dimensions of the order of a certain dcr. and then be
gins to increase with increase of particle size, owing to the turning of the magnetic moments of 
separate atoms with respect to each other. It is also shown that this phenomenon is not observed 
in uniaxial crystals. A Mossbauer-spectroscopy investigation of particles of the ferromagnetic 
alloy FeNi (37% Ni) with a face centered cubic lattice (the particle size varied between 800 and 
120 A) revealed a pronounced anomaly in the hyperfine structure of 190 and 120 A particle spec
tra; this confirms the theoretical dependence of anisotropy energy on the particle size. 

1. INTRODUCTION 

As is well known, the magnetic properties of ferro-, 
ferri-, and antiferromagnetic substances made of par
ticles of ultrasmall dimensions (on the order of several 
hundred A) differ greatly from the properties of the 
bulky sample, owing to thermal fluctuations of the 
magnetic moment of each particle as a unit. Although 
each individual particle remains in a magnetically 
ordered state, the entire system as a whole behaves 
like a paramagnet. In the study of this phenomenon, 
called superparamagnetism, the Mossbauer effect af
fords unique possibilities of tracing the fluctuations of 
the magnetic moments of the particles, occurring 
within relative short times ""'10-8-10-9 sec. This ques
tion has recently been the subject of a number of inves
tigations in which Mossbauer spectroscopy was used. 
The greater part of the investigations pertain to anti
ferro- and ferrimagnetic particles[l-el. Ferromagnetic 
particles have been investigated in[7- 91. 

A theoretical analysis of all the experimental re
sults obtained in these investigations is based on the 
following notion. In order to reverse the direction of 
magnetism of the particle, it is necessary to overcome 
an energy barrier equal to KV, where K is the effec
tive anisotropy energy per unit volume and V is the 
volume of the particle. Accordingly, the dependence of 
the time of fluctuation on the particle dimension and on 
the temperature is determined by the formula 

T =To exp(KV IT), (1) 

To is a constant, T is the temperature in energy units. 
This concept makes it possible to explain qualitatively 
the obtained experimental results, namely the vanish
ing of the hyperfine magnetic structure of the Moss
bauer spectrum (hfs) with decreasing dimension at a 
given temperature, and the "effective" lowering of the 
Curie and Neel points of small-dimension particles. 

However, the assemblies of physical phenomena 
produced in this case are not limited to purely relaxa
tion processes. This pertains primarily to ferromag-
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netic particles. With changing dimension of the ferro
magnetic particle, the magnetic state of the particle 
itself ranges from the state of homogeneous magneti
zation in the case of extremely small particles to the 
domain structure in the case of large particles. This 
process of realignment of the magnetic structure 
should obviously exert an appreciable influence on the 
phenomenon of superparamagnetism and by the same 
token on the character of the hfs of the Mossbauer 
spectra. 

We report in this paper theoretical and experimental 
investigations of this problem. As shown by a theoreti
cal analysis, the effective anisotropy constant (the 
quantity KV in formula (1)) behaves in a nonmonotonic 
fashion with increasing particle dimension in the case 
of crystals of cubic symmetry. In the case of spherical 
particles, KV increases in the interval from zero to 
dcr, and then decreases rapidly to zero in the interval 
from dcr to a certain dimension d1 , after which it 
again begins to increase. 

The experiments were performed on spherical par
ticles of FeNi(37% Ni) with cubic symmetry, with 
dimensions from 120 to 800 A, and an anomaly in the 
character of the hfs was indeed observed in the range 
of dimensions from 120 to 250 A. In the next two sec
tions we present the results of the theoretical analysis 
and of the experiment. 

2. THEORY 

We consider a system of ferromagnetic particles at 
a temperature below the Curie. point, and not subject to 
the action of an external magnetic field. The total mag
netic energy of each individual particle consists of 
three terms: 

(2) 

Here 
1 sliM liM 

E h= +-a;k --dr 
exc 2 ox; ox,. (3) 

is the exchange energy; M(r) is the magnetic moment 
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per unit volume of the particle at the point r, and aik 
are certain constants. 

In crystals of cubic symmetry ( aik = aliik) we have 

Emd=- 2
1 SSdrdr'Mi(r)Mk(r')~-1 -

1-,-1 ==-8
1 S Jl2dv(4) 

OXiOX• r-r n · 

is the energy of the magnetic dipole interaction, Ean 
is the energy of the anisotropy, which in the case of 
crystals of cubic symmetry is determined by the ex
pression 

E.an=KS (M,.4 +Mi+M,4)dV, 

where K is the anisotropy constant. 

(5) 

In the general case, for particles of not too large 
dimensions, the distribution of the direction of the 
density of the magnetic moment M(r) over the sample 
of the particle will be determined by the competition 
between the exchange and magnetic-dipole energies. 
The magnetic-anisotropy energy, as a rule, is small 
and can be neglected in the determination of the distri
bution of M(r). 

We shall stop to consider particles of spherical 
shape, which are of greatest interest to us. If the radius 
of the particle is R s Rcr. where Rcr is a certain 
critical radius, then the particle is in the state of 
homogeneous magnetization, i.e., M(r) = Mo over the 
entire volume. When R > Rcr, the state of homogene
ous magnetization is no longer energetically most 
convenient, owing to the presence of Emd, and a cer
tain realignment of the directions of the vector M( r) 
over the volume of the particle takes place. The prob
lem of finding first Rcr was first solved in[loJ, where 
it was shown that 

It was shown in the same paper that near the critical 
dimension 

R-Rcr~Rcr 

(6) 

(7) 

the distribution of the magnetic moment over the sam
ple is given by 

M,. = -M0 sin w sin cp, Mu = Mo sin w cos cp, M, = Mo cos w, (8) 

where w = w(r, e). Here r, e, cp are the spherical 
coordinates of the point r. 

In addition, in the region (7) we have w ( r, e) 
= Cf(r/R)sin l:l 

1 
f(z)= -y"'i l•,,(i..0z) (s=r/R), 

where Ao = 2.085 is the first root of the equation 

f (z) = Ol,r=I· 

Using now formulas (8} and (9} for the sum of the 
exchange and magnetic-dipole energies, we obtain, 
accurate to terms of fourth order in C, 

where 

(9) 

(10) 

fi=0,42(Rc,2/R2 -1), v=0,0235-0,0088R .2 /R2• (11 ) 

(The calculations of the coefficients f3 and y are 
straightforward but rather cumbersome; they are given 
in the Appendix.) 

As follows from (11 ), when R < Rcr expression (10) 
is essentially positive, and the energy minimum cor
responds to C = 0. When R > Rcr, the minimum oc
curs at 

(12) 

We now proceed to calculate the anisotropy energy (5}. 
Using (8), we get 

Ean = K(n,.' + n '+ n,') S (cos• w- 3 cos2 w sin2 w + '/ssin4 w)dV (13) 

(Here n = M(O)/M(O}), and for the potential barrier we 
get 

U = ~ ~ ( cos4 .w- 3 cos2 w sin2 w + 3
8 sin• w) dV. (14) 

Let us consider the case when w << 1. Retaining in 
(14) only the terms quadratic in w, we get 

U= ~ s (1-5w2)dV. 
(15) 

If we compare this expression with the expression for 
the total moment of the particle 

M =Mo ~ coswdV ~ Mo S (1-w2/2)dV, (16) 

then we arrive at a rather interesting result. Indeed, 
according to (15), given a small deviation of the distri
bution of M(r) from a uniform distribution gives an 
appreciable decrease (larger by one order of magnitude 
than the relative change of the moment of the particle 
as a whole) of the effective anisotropy energy, and by 
the same token, an appreciable change of the effective 
potential barrier. 

Figure 1 shows the dependence of U on the particle 
dimension (curve 1) in the region from zero to 2dcr· 
In this region of dimensions, the deviation from uni
form magnetization is still small ( w « 1 ), so that 
expressions (8) and (14) can be used. As is evident 
from Fig. 1, the effective barrier changes very 
sharply in this case, and even passes through zero. 
This result gives grounds for expecting a sharp change 
in the character of the hfs of the Mossbauer spectra 
near the critical dimension in the case of spherical 
particles of cubic symmetry. We note that such a 
strong change of U near dcr is not a general rule. 
Thus, for example, in the case of uniaxial crystals, 
with easy-magnetization axis along the crystal axis, 
the change of U no longer has such a strong anomaly 
in the region d "' dcr. Figure 1 (curve 2) shows the 
corresponding dependence for spherical particles un
der the assumption that the exchange energy is deter
mined by formula (1) with aik = aliik, i.e., it has the 
same form as in cubic crystals. The effective aniso
tropy energy is then 

FIG. 1. Calculated depend- UV, rrel-'. u::::n::_·· ---------, 
ence of the product of the aniso- M/Ma 
tropy energy by the volume on 
the diameter of a spherical par- I.O 
tide: I - crystal of cubic sym
metry, 2 - crystal with uniaxial 
symmetry, 3 -calculated de- O.J 
pendence of the relative mag
netic moment M/M 0 on the par-
ticle diameter. o.'--"'"""'-:'-::-----::'-:--"--:-'::,......,..; 

1.0 

O.J 
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·Uniaxial K s ( 3 ) U an ="2 1-2 sin2 oo dV. (17) 

It should be noted that in the foregoing analysis the 
particles were assumed to be strictly spherical. Devi
ation from spherical form leads to a change in the 
value of the potential barrier U, which now receives 
a contribution from the magnetic dipole energy 

lld 
!!.U~dM2. 

Figure 1 shows also the decrease of the relative mag
netic moment M/Mo when d < 2dcr (curve 3), which 
demonstrates clearly the much stronger change of the 
effective energy of anisotropy for particles having 
cubic symmetry compared with the change of the mag
netic moment. 

3. EXPERIMENT 

Spherical particles of the alloy FeNi( 37% Ni) were 
obtained by a condensation aerosol method, similar, 
for example, to that used in [uJ. The particle dimen
sion is determined with an electron microscope. 
Aerosols were obtained with particles of the following 
dimensions: d1 =800 ± 80 A, d2 = 450 ± 45 A, d3 =350 
± 35 A, d4 = 250 ± 25 A, d5 = 190 ± 20 A, and d6 = 120 
± 20 A. The FeNi alloy (37% Ni) was chosen for the in
vestigations because of its low Curie point, ~350° C, 
and because the composition is single-phase. An x-ray 
structure analysis has shown the presence of a y 
phase (body-centered cubic lattice) in all particles. 

The low Curie point makes it possible to observe 
relaxation processes in the system at relatively low 
temperatures, excluding a change in the chemical 
state of the iron. The point is that particles with d 
equal to 190 and 120 A experience recoil after the iron 
nuclei emit y quanta, and this leads to a vanishing of 
the Mossbauer effect. Therefore all the samples were 
prepared by mixing particles of the alloy with heat
resisting resin, capable of with-standing heating up to 
400°C. We have noted that at temperatures above 300° C 
a topochemical reaction sets in between the highly dis
persed FeNi alloy and the resin, thereby changing the 
chemical state of the iron atoms. It was therefore 
highly desirable to have a system in which one could 
operate without heating it above 250°C. The alloy with 
37% Ni turned out to be such a convenient system for 
the observation of relaxation effects. The Mossbauer 
spectra of FeNi particles were obtained using a spec
trometer with variable velocity, using a Co 57 source 
in Cr. The number of accumulated pulses in each 
channel was (4-7) x 10 5 • 

Figure 2 shows the spectra of four different particle 
dimensions, namely 450, 250, 190 and 120 A, at differ
ent temperatures. The temperature 483°K turned out to 
be the most convenient for the observation of the relax
ation processes in particles with d = 800--250 A, since 
the largest difference in the character of the hfs of the 
spectrum as a function of the particle dimension was 
observed at this temperature. Unfortunately, at this 
temperature the particles with d = 190 and 120 A 
already produce in the spectrum only one narrow line, 
and it is impossible to reveal the influence of the 
dimension on the relaxation of the magnetic moments. 
Therefore, for the smallest particles we investigated 
the Mossbauer spectra up to 393°K. 

An analysis of the spectra of even the largest parti
cles has shown the presence of superparamagnetism 
and a dependence of the relaxation time on the particle 
dimension. At 483°K, with decreasing particle dimen
sion, the hfs of the spectrum becomes much less pro
nounced and the central "paramagnetic" component 
increases. A particularly sharp change occurs in the 
character of the spectra on going over to the smallest 
particles (190 and 120 A). 

Indeed, the paramagnetism becomes most strongly 
manifested in the region of temperatures 400-500°K, 
when the ~?article diameter becomes of the order of 
200-300 A. Thus, at an isotropy constant ~10 4 erg/cm 3 

(this is characteristic of the FeNi alloy with 37% Ni), 
these dimensions give a magnetic-moment relaxation 
frequency ~10 8 sec-\ which is comparable with the 
frequency of the Larmor precession of the spin of the 
Fe nucleus. In this connection a strong difference is 
expected to exist between the spectra of particles with 
dimensions 250 and 190 A. A still greater difference 
should occur in the spectra of the 190 and 120 A parti
cles. The analysis of the spectra offers evidence (com
pare Figs. 2b and c) that a decrease of the particle 
dimensions from 250 to 180 A leads to an appreciable 
decrease of the relaxation time and to an almost com
plete vanishing of hfs alrell;,dY at 393°K (Fig. 2c ), for 
the particles with d = 190 A, whereas for the particles 
with d = 250 A the hfs begins to disappear only at 
483°K. 
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FIG. 2. Mossbauer spectra of particles of the FeNi alloy (37% Ni) at 
different temperatures: a-d= 450 A, b - 250 A, c- 190 A, d-
120A. 
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Values of S =a Ip/lhfs for particles with d = 800-
120 A at different temperatures 

T, "K 
d, A 

483 393 323 300 90 

120 5.2±0.35 3.5±0.27 2.4±0.27 1.1±0.27 
190 6.5±0.45 4.4±0.27 3.6±0.27 1.3±0.27 
250 2.6±0.35 
350 2.5±0.35 
450 1.4±0.27 
800 1,1±0.27 

A comparison of the spectra of the particles with 
d = 190 and 120 A (Figs. 2c and 2d) shows, however, an 
unexpected anomaly in the relaxation of the magnetic 
moment of the particle with d = 120 A. Instead of re
vealing a further sharp vanishing of the hfs compared 
with the spectrum of the particles with d = 190 A, the 
spectrum of the particles with d = 120 A is quite simi
lar to the spectrum, and even has a somewhat larger 
hfs contribution compared with the "paramagnetic" 
(central) component than the spectrum of the particles 
with d = 180 A. This indicates that the relaxation time 
of the magnetization in the particle with dimension 
120 A is equal to or even larger than in the particle 
with dimension 190 A. 

Because of the complexity of the relaxation in the 
cubic lattice, it is very difficult to estimate the relaxa
tion time. Indeed, the Mossbauer spectra in the region 
of the investigated temperatures give rather broad 
lines, the widths of which vary little with temperature 
and with particle dimension. 

There exists, however, another experimental 
parameter, which is more sensitive to relaxation. 
This is the ratio of the amplitude of the central "para
magnetic" component of the spectrum to the amplitude 
of the outermost hfs lines, S = Ip/lhfs· The decrease 
of the relaxation time leads to an increase of this 
parameter, with the aid of which it is possible to de
scribe clearly the change of the relaxation time of the 
magnetic moment with decreasing particle dimensions. 

The table lists the values of S for 800, 450, 350, 
and 250 A particles, obtained from the particle spectra 
at T =483°K,and for the 190 and 120 A particles at 
temperatures 90, 300, 323, and 393°K. S has a maxi
mum at 190 A, characterizing the fact that when the 
particle dimension decreases to 190 A the relaxation 
time decreases, and then, at 120 A, it again increases. 

4. DJSCUSSION OF RESULTS 

The experimental and theoretical investigations have 
shown that for ferromagnetic spherical particles having 
cubic symmetry of the crystal lattice, in the vicinity of 
critical dimensions, where realignment of the distribu
tion of the magnetic moment takes place, there is an 
abrupt change in the relaxation time of the magnetic 
moments. This leads to an anomalous dependence on 
the character of the hfs on the particle dimension. 

The observed phenomenon is quite unexpected and 
is of independent interest. On the other hand, this 
makes it possible to determine experimentally the 
critical dimension of the particle, to obtain information 
concerning the exchange interaction in ferromagnets. 
The obtained results cannot as yet be compared quan-

titatively with the theoretical calculations, since in the 
region R ~ Rcr we had only two particle dimensions. 
It is therefore necessary to have a denser particle 
distribution in this range of dimensions. The corre
sponding investigations are being continued. 

In conclusion, we are grateful to Yu. F. Krupyanski1 
for help in preparing the samples and to I. V. Plate for 
the x-ray structural analysis. 

APPENDIX 

If the distribution of the magnetic moment over the 
sample is given by formula (8), then the expression (3) 
for the exchange energy (with aik = aliik) can be read
ily reduced to the form 

Eexch= _!_allfo2 S [( ~)2+ ~( 0~ ) 2 + ~i~2 ~ ] dV. (A.1) 
2 v or r ii6 r;-sm a 

Using for w(r, 9) the expression (9) and confining our
selves to terms up to fourth order in w, we readily get 

Eexch= 1/2Mo2V(~tC2 + '\'tC•), (A.2) 

8:rt JIRP2 si 8:rt RHp2 si 
~~ = 3R2 Z2f2(z)dz, Vi= - 9 y. f'(z)dz. (A.3) 

0 0 

The expression for the magnetic dipole energy (4) is 
best rewritten in the form 

E =....!. S Sa d, divMdivM' 
md 2 r r jr-r'l 

(A.4) 
_ s ~ dr divM(M' dS') +_!_~ ~ (MdS) (M' dS') 

lr-r'l 2 jr-r'l · 

Substituting in (A.4) formulas (8) and (9), and confining 
ourselves to terms of fourth power in w, we obtain by 
direct integration an expression of the type (A.2) for 
Emd: 

With coefficients 
8 t 

~2 = -~ S z2f2(z)dz, 
3 0 

8:rt 16 i 
'\'2 = -- S z2f'(z)dz 

3 105 0 ' 

(A.5) 

(A.6) 

i • { 1 4 2 r,2 2 4 2 r,• +54n Saz Saz,f2(z)f2(zl) -(-) -+-(-) -'r· 
0 0 2 _15 r 9 35 r" 

Numerical integration of (A.3) and (A.6) then leads 
to the result (11 ). 
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