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It is shown that if the longitudinal distances which are important in the electromagnetic interactions
of hadrons increase linearly with increase of energy, then only the nucleons on the surface of a nu-
cleus participate in the interaction with a high ener%y y quantum, and the total cross section oy of
hadronic processes for heavy nuclei is equal to 27R*(1 — Z,), where Z; is the renormalization con-
stant of the photon Green’s function, and 1 — Z, is the probability for the virtual transition of a y
quantum into hadrons. The corrections associated with volume absorption of ¥ quanta are discussed
in detail, and also the situation in the case when the longitudinal distances increase slowly with in-

crease of energy.

1, INTRODUCTION

IN an article by Ioffe, Pomeranchuk, and the author'"?
the question was raised about the feasibility of an ex-
perimental determination of what distances are impor-
tant in the strong interactions at high energies. It was
shown that if the amplitude for the scattering of parti-
cle a by a certain target b (Fig. 1) essentially depends
on the square of the 4-momentum pg (the mass), then
longitudinal distances which increase with energy are
important in the interaction; these distances are of the
order of |p|/u? (i = ¢ = 1), where p is the momentum
of the incoming particle in the laboratory coordinate
system and p is a certain characteristic mass.

Unfortunately, it was shown that the method pro-
posed in [*? for an experimental investigation of the de-
pendence of the amplitude on the ‘“mass’’ of the parti-
cle with the aid of an analysis of the bremsstrahlung
cannot provide an answer to the question about the im-
portant longitudinal distances because of the cancella-
tions that are due to conservation of charge.!?? In the
present article we wish to point out that investigations
of the interaction of y quanta and electrons with nuclei
yield the possibility to experimentally clarify what lon-
gitudinal distances are important in the electromagnetic
interactions of hadrons.

An interesting effect was observed in an article by
Bell,t® consisting in the fact that if the interaction of
¥ quanta with nucleons is dominated by vector mesons,
but the neutrino interaction is dominated by 7 mesons,
then surface effects appear in connection with the inter-
action of y quanta and neutrinos with nuclei, i.e., to-
gether with the volume terms which are proportional to
the number A of nucleons in the nucleus, the amplitudes
also contain surface terms proportional to A%/%, At
high energies the surface terms turned out to be deci-
sive, and this was regarded as a specific property of
the p- or r-dominance model.

In the present article we show that the nature of the
interaction of y quanta and neutrino with nuclei and the
appearance of surface effects at high energies is not
connected with p meson or 7 meson dominance, but is
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FIG. 1

only determined by what distances are important in
these interactions. We show that if large longitudinal
distances of the order of 6 = |p|/u® are important,
then the total cross section, for example, of y quanta
with heavy nuclei, including only hadronic processes, is
given by

(1)

oy = 2nR2(1 — Z3),
where R is the nuclear radius, and Zs is the charge
renormalization constant due to the hadrons. One can
express the quantity 1 — Z3; in terms of the hadronic
part of the Lehman density of the photon Green’s func-
tion or in terms of the cross section oe+e-(:c2) for the
annihilation of electron-positron pairs into hadrons:

(2)

o i
1—Z;=¢e p(%z)—izz
%

1
Ser S Oete— (%2) dn2.

Formula (1) has a simple physical meaning: 27R? is
the total cross section for the interaction of hadrons
with the nucleus, and 1 — Z; is the fraction of the time
which the ¥y quantum spends in the hadronic state.

The assumption that large distances are important
in the interaction is equivalent to an assumption about
the convergence of the integrals (2). The condition for
the applicability of (1) is 6° >> RI where [ is the mean
free path of the hadrons in the nucleus. If the charac-
teristic mass p is of the order of the p-meson mass,
and the mean free path is of the order of 1/m; (mg de-
notes the mass of the 7 meson), then surface effects
should appear at energies greater than 10 GeV.

One can understand the origin of the surface effects
and formula (1) almost without making any calcula-
tions. Let us assume that a y quantum interacts with
the nucleons in the nucleus in the following way: it first
decays into virtual hadrons, and then these hadrons in-
teract with the nucleons inside the nucleus. Let this
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fluctuation last a time 5. Then the total cross section
for the interaction of y quanta with a nucleus will be
determined by the probability 7R? for the v quantum
to hit the nucleus, the probability (R/1376) that a fluc-
tuation arises inside the nucleus, and the probability
8/1 that the hadrons which are produced are able to in-
teract with some kind of nucleon inside the nucleus.
Therefore o, is of the order of TR*R/1375)(5/1)

~ %s1TR¥R/1) ~ Ao, N.

This argument is valid, however, only if 6 < 7. If in
the coordinate system in which the quantum has a small
energy the duration of the fluctuation is of the order of
1/u, then in the laboratory system where the quantum
has momentum p the duration of the fluctuation is given
by 6 ~ p/u? i.e., it increases with the energy of the
quantum. If R >5 > 1, then the cross section for the
interaction of a quantum will be of the order of 7R?

x (R/1375), i.e., it decreases with increase of energy.
In actual fact, as was essentially noted by Bell,'*! the
possibility of the formation of fluctuations of size 6
larger than the mean free path [ is suppressed by a
factor 6/ due to quantum-mechanical 1nterference
and the cross section is of the order of 7R (Rl/1375 ),

, it decreases even more rapidly with increase of
energy. Under these conditions it is now impossible to
neglect the probability that a fluctuation may arise out-
side of the nucleus. When 6 becomes larger than the
nuclear radius, then essentially all fluctuations will
arise outside of the nucleus, and the created hadrons
will collide with the nucleus with a cross-section n'R
i.e., the interaction cross section of a quantum will be
of the order of Yi3;7R% Thus we arrive at a cross sec-
tion of the type (1).

It is also easy to explain the appearance of the fac-
tor 1 —Z, in expression (1) if the amplitude for forward
elastic scattering of a y quantum by a nucleus, which
determines the total cross section, is represented with
the aid of the diagram shown in Fig. 2a. The amplitude
F for the scattering of a beam of hadrons by a nucleus
of radius R changes substantially during a change of
the transverse momenta of the particles by an amount
of the order of 1/R and falls off rapidly for large
changes of the momenta. Since 1/R is appreciably
smaller than the scale of the momenta which are im-
portant in the diagram of Fig. 2a, the momenta ki of
the particles almost do not differ from kj. The ordi-
nary amplitude for the elastic scattering of a single
particle may be written under similar conditions in the
form 2miR%(q). The corresponding amplitude for the
scattermg of a group of particles is proportional to
2miR? 16(k; — ki). As a result the diagram of Fig. 2a 1s
equlvalent to the diagram of Fig. 2b multiplied by 27iR%.
The diagram shown in Fig. 2b determines the charge
renormalization.

Such a picture of the interaction arises under the
assumption that a quantum of small energy undergoes
virtual decay into small masses of the order of ;. How-
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ever, it is possible that a quantum will comparatively
frequently decay into very large masses. This corre-
sponds to a divergence of the integral for 1 — Z;. The
existence of such fluctuations with large masses may
not develop in any way for a quantum with small energy
if the path length [ for such states with large masses
is large. However, with an increase of the energy, when
the length of the fluctuations & even for very large
masses is comparable with the path length I inside a
nucleus, such masses begin to participate in the inter-
action w1th a cross section of the order of 7R% Only
masses for which the length 6 of the fluctuations for
arbitrary energy is smaller than the path length may,
for arbitrary energy, give a contribution proportional
to the volume of the nucleus to the cross section.

In the case when the integral over the mass for
1 — Z; diverges, one can write the cross section for the
interaction of a ¥ quantum with a nucleus in the form

6, = 20R[1 — Zs(%e?) ] + 0y, (3)
Aol du?
1 — Zy(ud) = & § 00#) = (4)

0

The mass k, at which the integral (4) is cut-off is de-
termined by the condition

6(?02\ = 2[7/%()2 ~ %02, p) (5)

where 1(«° , p) is the mean free path of a group of par-
ticles with total mass «® and momentum p. The cor-
rect definition of Z(x , P) will be given in the text.

If the integral (2) diverges logarithmically, i.e., if
the cross section for the annihilation of e” and e~ into
hadrons is of the same order of magnitude as the cross
section for the annihilation into leptons,*’®? then

1 — Zs(xa?) = e2p{) In (xo?/ 1?), (6)

where u is a certain constant.
The second term in Eq. (3) is proportional to the vol-
volume of the nucleus and is of order

oy’ ~ eanZ—l—(—%ﬁ. )]
If I(kZ, p) does not depend on the  energy, which is pos-
sible if 1(«% p) = I(«°/p), then k2 ~ p and O)Y does not
depend on the energy, but the surface term increases
logarithmically. If l(xo, p) increases with an increase
of the energy, then condition (5) holds only up to ener-
gies for which I(«3, p) < R. For I(«k2, p) > R the cut-
off k2 is determined by the condition

I(nat, p) = R. (8)

In thlS connection the volume term is of the order
e’rR?, but the surface term, Whlch is the major term,
elther tends to a constant 1f /A Ko, p) does not depend on
p or else continues to increase logarithmically.

By experimentally studying the dependence of 0, On

the energy and on A, one can d1st1ngu1sh both terms and
determme the dependence of Ko on p. The dependence
of KO on p reflects the energy dependence of the longi-
tudinal distances 6 = 2p/x which are 1mportant in the
interaction of y quanta with nucleons. If k2 increases
with increase of p but more slowly than p (K0 /2p — 0),
then large longitudinal distances, which increase with
energy but are smaller than for ﬁnite 1— 23, are im-~
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portant. If k2 — pu then longitudinal distances up to 1/
are important. The growth of Oy with energy may con-

tinue up to those energies at which 7 *e®In (k2/pu? ~ 1

and perturbation theory becomes invalid for the electro-

magnetic interaction.

If the integral (2) were to diverge more rapidly than
logarithmically, then the cross section would increase
according to a power law. Perturbation theory in elec-
trodynamics would become invalid at energies which
are appreciably smaller than is usually assumed. We
shall not consider this possibility.

The cross section for the interaction of electrons
with nuclei which is described by the diagram shown in
Fig. 3 will have the same properties for given values of
p? and p,. The only difference consists in the fact that
instead of 1 — Z3 it will be determined bzy the value of
the polarization operator (Fig. 2b) for p“+ 0. We show

that
e P ,
dﬁ:hmF{Pm+f+Eﬂm+mﬂni
a3’ 9
X p*lam? 4 2p? 11, Zkioko' LR ( )
doy = do3 + doV, (10)
where . \
_—_— 2_“5*p<x2)du2 - 2_"S° 0 () dx?
1(P1“0)'_ uz—pz ) 2(p)_ (%z_p‘.r)z . (11)

It is of interest to note that in the case when distances
smaller than 2p/u® are important, i.e., when the inte-
gral for II, diverges, II,(p% kZ) does not depend on p
and consequently the surface term in the cross section
does not depend on p® for p® << k2.

The results cited above are obtained under the as-
sumption that one can regard the interaction of fast
hadrons with a nucleus as the result of successive in-
teractions with the nucleons inside the nucleus and the
interaction of the nucleons inside the nucleus can be
described with the aid of pair correlations. The latter
assumption apparently is not essential, but its rejection
would only complicate the investigation.

2, INTERACTION OF HADRONS WITH A NUCLEUS
AT HIGH ENERGIES

As noted above the interation of a v quantum with a
nucleus at high energies takes place in such a way that
the y quantum first turns into hadrons, and then the
hadrons interact with the nucleus. Therefore, before
going on to an examination of the interaction of a
quantum with a nucleus, let us discuss how the descrip-
tion of the interaction of hadrons with a nucleus is
changed upon transition to high energies in comparison
with the description at low energies.

Total cross sections and the elastic interaction of
hadrons with a nucleus at not very high energies are
usually described either with the aid of the optical

ELECTRONS WITH NUCLEI 711

FIG. 5

model or with the aid of Glauber’s theory of successive
collisions. These two methods are similar, provided
the pair correlations of the nucleons inside the nucleus
are taken into account, and reduce to an investigation of
Feynman diagrams of the type shown in Fig. 4, which
describe successive elastic scatterings by the nucleons
in the nucleus. Under the assumption that the average
momenta of the nucleons in the nucleus is much smaller
than the momenta which are important in the hadronic
interactions, at low energies one can consider only
elastic scattering processes since the inelastic proc-
esses require large momentum transfers, leading to a
collapse of the nucleus.

As shown in '°?, during an increase of the energy,
when the momentum transfers necessary for the crea-
tion of particles decrease and become of the order of
the momenta of the nucleons in the nucleus, it is neces-
sary to take inelastic processes and the diagrams of
Fig. 5 into account.

Before going on to an investigation of the diagrams
of Fig. 5 and their influence on the character of the to-
tal cross sections, let us briefly consider how the eval-
uation of the total cross sections is carried out at high
energies, but such that inelastic processes are still not
important. Everywhere below we shall not take into ac-
count the shrinkage of the diffraction peak in hadronic
processes.

Evaluation of the diagrams of Fig. 4 at these ener-
gies gives the following result. The forward scattering
amplitude F‘n’, corresponding to n-fold rescattering
(see, for example, the Appendix), has the form

i )n«wz Sdzpldzi...dz,.fu(zi—‘z:)f...u(zn_i—zn)f,(lz)

GpmV/ V.
where N is the number of nucleons in the nucleus, V is
the volume of the nucleus, p is the momentum of the
incoming particle, pj and zj are the coordinates of the
nucleons: zj is the coordinate in the direction of the in-
coming particle’s momentum, pj is the coordinate per-
pendicular to p, x(zj —zi,,) is the correlation function
of two nucleons in the nucleus, k(») = 1, f denotes the
scattering amplitude, m is the mass of a nucleon, and
Zy > Zz ... > Zp. If the amplitude F which is given by

(13)

Fn) — (

F—=S Fom,

n
is written in the form .

F:-V—SF(p,z)dV, (14)
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then one can easily verify that F(p, z) satisfies the
equation

F(o,2)= f+——— S dz’' fx(z —2')F (p,2'), zo(p)——VRZ— 02, (15)
*MD)
which is the analog of the equations for the optical
model with the scattering amplitude f playing the role
of a potential. If correlations are neglected, i.e., if
one sets k = 1, then the following trivial result follows
from Eq. (15):

F(o0,2) = fexp{—I"t[z + 2(p) 1}, (16)
It = (—iN[4pmV)f (17)

and
F=$ { F(o,2)av = 2pmN 2akei, o —2nRe.  (18)

The idea of the following investigation consists in
the fact that an equation of the type (15) remains valid
with only a small change if, by the amplitudes f and
F(p, z) one understands the amplitudes for the interac-
tion of groups of hadrons with a nucleon with a transi-
tion to the other groups of hadrons which enter into the
diagrams shown in Fig. 5. An evaluation of the diagram
shown in Fig. 5 is given in the Appendix under the as-
sumption that the nucleons in the nucleus are nonrela-
tivistic, and their momenta are appreciably smaller
than the momentum transfers which are important in
the strong interactions at high energies. The latter is
equivalent to the assumption that the mean free path of
the hadrons inside the nucleus is larger than the dis-
tances between the nucleons. It is assumed that under
these conditions we can confine ourselves only to the
correlations between nucleons which participate in two
successive collisions.

One can write the result for the amplitude of a proc-
ess, including the interaction with n-nucleons, in the

form
FLZ;(___"N )""ﬁf S
4pmV 14 bed,

g d?p, dzy ... dzn fab

faar (19)

where fp,. is the amplitude for the process correspond-
ing to the diagram shown in Fig. 6. A summation is
carried out over the real intermediate states

Xexp {—iq:b (2, — 25) Y% (21— 22) foc €xp {—igs (22— z5)} ...

q.b = (my? — p2) / 2p, (20)

where mP denotes the mass of the intermediate state,
and u is the mass of the incoming particle.

Let us introduce the operator F(p, z) whose matrix
elements between arbitrary states are defined by the
equation

iN n—1
Fop(p,2) = 2 \( L ) 2 SdZZ oo 2y fac exp {—ig.° (22
n 4pmV ¢, d, e ..

— 2z3)}

X (22— 23)fea ... eXp {—iq:?(3n—t — Zn) } % (Zn—t — Zn)fep.  (21)
The operator F(p, z) satisfies the equation
F(o,5)= 41 § dz’ fexp {—ig:(s —2)} n(z — =) F (p,7),
—20(p)
Ty omie (22)
= 4pmV ) (q:)cd = Ocd 2p .

This equation describes all possible transformations in
the beam of hadrons associated with the interaction with
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the nucleons of the nucleus. It goes over into Eq. (15) if
only one intermediate state with mass m equal to the
mass i of the incoming particle is possible.

One can easily find a symbolic solution of this equa-
tion if F(p, z) is written in the form

{ atico
Fo.2) =5~ § dgeer (p), (23)
1 )
S —— 24
FO= e ) & (24)
() = Srew(z)dz. (25)
0
The scattering amplitude is given by
2 N2
F= {Fp,5)av = 7 XdeSdg Lr@.  (26)
Let us write Eq. (24) in the form
1 f 1 .
FO= T & T 1=
, 1 27
' (ig) mf-i-—”(&), F(0)=0.

Substituting (27) into (26) and integrating, we obtain
f ne

1
_ T - —
F’NZ1—im(iq) + v 1 — itfx(ig) o

1

"(ig) — 28

XX ig) g A (28)

N ”"'“‘"’dg o2t 1 (29)
F_Vsdp%i;z?i?hi;fx(wiq) f

The first term, which is proportional to the number of
nucleons in the nucleus, is actually equal to zero in ap-
plication to a real state with mass u since here q =0
(x(iq) ~ 1/iq, g — 0). For the same reason the second
term is equal to 2pmN- 27iR% The last term in (28), F
is determined by the poles of the integrand in (29).
These poles are located at negative values &£ = —¢ and
determme the attenuatmn of F(z p). In this connection
F is of the order of N°fI %V, where I = 1/¢ is the
mean free path. Thus

F = 2pmN[2nR% + O(NoP?| V)], f ~ 2pmio. (30)

Consequently the amplitude for the scattering of a group
of particles by a sufficiently large nucleus is a diagonal
operator and the total cross section is equal to 27R>,
just like at lower energies.

In conclusion we emphasize that volume absorption
is equal to zero only for a real state of the incident par-
ticle, i.e., for the scattering amplitude on the mass
shell If p;, for the incident particle does not coincide
with p? of the intermediate state, then g5 # 0, and we
obtain volume absorption proportional to
[(©® = ?)1/2p] °N. This means that at small energies
the amplitude for the scattering of a virtual particle
differs substantially from the scattering amplitude on
the mass shell.
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3. INTERACTION OF GAMMA QUANTA WITH
NUCLEL LARGE DISTANCES

In this section we present a derivation of formula (1)
in which the concept of the distances at which the inter-
action takes place will explicitly figure. For this pur-
pose, let us write the forward scattering amplitude

W(s, k%) for virtual Compton scattering in the form
of an integral of the T-product of the electromagnetic
currents:

Fup(s, n2) = ie? § eir(A| Tjy(— z1)js (@) |Addmdizs;  (31)

here «* = pj, denotes the ‘“mass’ of a quantum.

As discussed in article [*?) for large energies s the
amplitude F (s, k %) depends on k? only in the case

when large longitudinal distances of the order of p/u
are important in the integral (31); here p is a certain
characteristic mass, p is the quantum’s momentum in
the laboratory system, s ~ 2pM, and M is the mass of
the nucleus. In fact, by writing the argument of the ex-
ponential in (31) in the form

pz = pot — pz = po(t — z) + (x?/2po)z,

we see that values of t —z ~ l/p0 are essent1al in ex-
pression (31) and F (s, %) depends on k> only if val-
ues z ~ t ~ p/u? are important. We shall assume that
this holds, and by using the reduction formulas we
write the quantity (A| ij(xl)jy(xz) |A) in the form

ATjv(x)jv(z2) |[4) =
(32)
=i S exp {— ipa(y — y’) Ydtydiy’ 0| Tiv(z1) jv (z2) na (y') Ta(y) | O,

where up(y’) and dx(y) are the operator sources of the
field of the nucleus. Substituting (32) into (31) and
changing variables, we obtain

Foy(s,w?)=—¢? S exp{— ip (z; — ;) + ipak}
XCO| Tjv (1) w(0) & (E) jv(22) | 0D diwidiandtt. (33)

Taking into consideration that x,; — x, — + « and &,
~ 1/M, we may assume that in Eq. (33) the points 0,
£, ~ 1/M are located between the points x,, and X,
and instead of (33) we may write

Fo(s,n)=—¢e2 Sexp{ip(xz — x1)+ ipak}
(w(0)T(E) )jv(x1) |0)diasdiand s + 21— x, (34)

or after an expansion of the product of the operators
over the intermediate states we obtain

XO]jw(x2) T

Gliv
Fun(s, %2) = eEH n! § et atTa(0)a(g)ae [ m>
Sl (35)
Pmo— Po
where P, = Py, = P-

The expression (n| [ exp (ipp&)x Tu(0)d(£)d’t |m )
is equal to Fm Where F . is the amplitude for the
forward scattering of a group of particles with momen-
tum p by a nucleus, which was discussed in the previ-
ous Section. Taking into consideration that

2 M2 M2

H n
po~p+¥, Pro = p + T pmo~p+2p

’

we obtain

EZ§\<OIIVIn>r (mjv|0)
M 2 — ™M 2 —

Fuv(s, %) = At i (36)
The second term in (35), corresponding to the substitu-
tion p — —p, is small since the denominator p, + p,

~ 2p instead of (M5 — «%)/2p. For a similar reason the
contributions of the other regions to (33), with a time
relation differing from (34), are small if the integrals

over the mass of the type (35) converge. As was shown,

Fym = 20R%-20Md (n — m). 37

Substituting (37) into (36), we obtain

- . aM 2
Fyv(s, x?) = 2nR% - 2pMe~S (—]m—z—;?)—z—pw(an)Y (38)
where
Pas (Pa) = 30 <O1ja(0) | m) (1 p (0)| 0> (2m)* 8 ( 3}k — pu)
= (7 Oy P+ PrgPr) 0 (P3),

(39)

e Pap (Pa) = Pu2p (Bn?),

Pw =2

ez is the polarization vector of a quantum, and

p(Mf.l)/Mf1 is the spectral density of the photon Green’s
function. Hence the total cross section for the interac-
tion of a real photon with a nucleus is given by

0 = 20R*(Zy~t — 1) = 2nR* (1 — Zy), (4())
1——Z3=€25£]5;{1(M2)- (403.)

In connection with the derivation of Eq. (40) we as-
sumed that the integral for 1 — Z3 converges. In order
to estimate the accuracy to which expression (40) is
valid, and in order to consider the case when the inte-
gral for 1 — Z; diverges, it turns out to be more conve-
nient to first express the amplitude for the scattering
of a quantum by a nucleus in terms of the amplitude for
the interaction of the quantum and hadrons with the nu-
cleons in the nucleus, and then to use formulas of the
type (33) or dispersion relations with respect to the
mass, but now for the amplitudes characterizing the in-
teraction of a quantum with a nucleon. We do this in the
following section.

4. INTERACTION OF A GAMMA QUANTUM WITH A
NUCLEUS. NOT VERY LARGE DISTANCES

Under the assumptions formulated in Sec. 2, one can
represent the amplitude F,, y(s) for the forward scat-
tering of a y-quantum by a nucleus in the form of a set
of diagrams of the type shown in Fig. 7, which are sim-
ilar to the diagrams shown in Fig. 5. The amplitude
F,, may be written down in the form (19), the only dif-
ference being that state a is a y-quantum and fyp and
fqa are replaced by f,}, and fg, . As before, the re-
maining amplitudes represent the amplitudes for had-
ronic processes,

)
(AN
Y 4t

FIG. 7
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For a real quantum the parameters q, are equal to
m{,/2p. In analogy with (21), let us introduce the ampli-
tudes F, ., (p, z) and F,,(p, z) where a denotes the
hadronic state. These amplitudes satisfy equations
similar to (22):

Fyy(p,2)=fw+ ik S dz'fyexp {— ig:(z —2) }n(2 — 5')FV(ZI'9)’(41a)
—2o(P)

Fy(p,2)=fr+it § dz'fexp (—ig:(s—2)}x(s — 2')F3(p, ') (41b)

—2z(p)
here f.},.y is the amplitude of the Compton effect per nu-
cleon, and f.}, is the amplitude for photoproduction of

the hadronic state.

Equations (41) are written in operator form with re-
spect to the hadronic states. Solving Eq. (41) by chang-
ing to the momentum representation (24), we obtain

S S
Tl —itfn(E+ig) | E
Fr(8)= ~’§-+ ith(E + ig2)

Fy(8) (42a)

1 fv
t—itfx(E+ig) & (42D)

Hence, computing
N2
Fy= A S Fyy(p,2)dV,

instead of expression (28) we may write down

1
Fyy = N2 i ig)) ——m8m ———
v [fw+t§fvu(zqz) =i (ia) fv}
1 %’ (ig;)

1 — ifr(iq;) =(ig:)
1 (43)

X ‘EC‘MTZ)J‘V‘FFW

N2
-+ - nR%tfyx(ig,)

where
(92) ab = Sapms? [ 2p.

The first term in (43) represents the volume interac-
tion F¥ v the second represents the surface interaction

F?,),, and the third term is small in analogy to (30). In

contrast to (30) the volume term does not vanish, and
the surface term is not equal to 27R% « 2pmN since f
differs from f and qy # 0 in application to a real state.
Let us estimate the order of magnitude of the indi-
vidual terms in (42). We note that in order of magnitude

1 N 1

~ 5
where ¢ is the cross section for the hadronic process,
and [ is the mean free path. The correlation function
k(iqz) depends on iq, and on the average distance r,
between the particles. For q,r, << 1 we have «(iq,)
= 1/iqy, and for qry>> 1 the function k(iqy) falls off.
The characteristic denominators which determine the
dependence of F,}Y,y and F)S,), on the value of q in the

i N 2ipmo X ——0
—itf~—1 Vapm ip o~2 %

intermediate states have the form 21/ [k(iq,) + 1],
and are equal to 2ilq; + 1 for small values of qg.
These denominators are of the order of unity for q
£1/1 and are large for qz > 1/1. One can write the
contributions to Fy.}, and F§Y from the regions qgz

<< 1/1 and q, >> 1/1, respectively, in the form

1 N2 1
Fvvvaz[fw“fv7fv]’ Fﬁ’s:iTﬂszV e 1 (44)
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for q; << 1/1 and
1 1
FyV = N2 (1 ——
e [fw + &fy . (1 Sigd )fv} ,
(45)
WE 1
FyS = VnRzinvE]’v

for q, >> 1/i. Here 1/21 = —itf.

If, as is true for the p-dominance model,’*! f,,
= g),f and f.},.}, = g.yfg), and q; — 0 since qgz
= m; /2p, then according to Eq. (44)

FyV =0, Fn5=_2pMi-2nRg>. (46)

In order to evaluate F, . without making any as-

sumption about p-dominance, one can use formulas of
the type (31) but for the amplitudes characterizing the
interaction of a y quantum with a nucleon, or else by a
dispersion relation with respect to the masses of the
quanta for those same amplitudes. In this section we
shall use dispersion relations. Let us assume that an
unsubtracted dispersion relation in the masses of the
quanta of the following form holds for the amplitude for
forward scattering of a virtual quantum of mass pf
which is changing into a quantum with mass pi:

10 dng?dne?f v (5, %42 %2)

Fro (s, P2y p2) = =
(5 P ) n? Y (%42 — pe?) (%22 — 2,2)

Fov(s, s p2) = 3 Tyl oo om0 i — 3 )

n,m

) (47)

Xtum (K K B e, )0 pa— SR )Ty ). (48)

Here fhm(ki, ..., kp, ki, ..., Km, Q) is the amplitude
for the hadronic processes per nucleon with momen-
tum transfer q(qy, qj, 9z) to the nucleon, qf, - qzl =0,
az = (07 — p2)/2p; Ty (ky, ..., kp) is the vertex part for
the transition of a photon into n hadrons. In similar
fashion, with the aid of a single dispersion relation one
can write the amplitude f,4(s, pi, Ki, ... , Kg) in the

form
1 dxy?
fva(sipiz)"')=?% mfva(sy“izw-')v (49)
Frals.pe )= Shylky - ko (p— S ki)
xfrm(kh“-ykmkilw-“q kn', q). (50)

With regard to the possibility of using these disper-
sion relations, two questions naturally arise: whether
the dispersion relations (47) and (49) (especially (49))
are violated because of the presence of more compli-
cated complex singularities than the threshold singu-
larities, and whether the unsubtracted dispersion rela-
tions are valid? Even if complex singularities exist,
they are not important at high energies. One can verify
this, for example, with the aid of formula (36), which is
nothing other than a double dispersion relation over the
masses of the quanta, and which is obtained only from
assumptions that the integrals over the intermediate
states converge. An attempt to investigate the analytic
properties of the Feynman diagrams leads to the same
result.

The use of unsubtracted dispersion relations is ob-
viously an hypothesis which cannot be proved. How-
ever, it is necessary to emphasize that there is an im-
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portant distinction between the dispersion relations
over the energy which are usually used and dispersion
relations with respect to the mass. The growth of the
invariant amplitudes at large energies s is a normal
phenomenon both in the strong as well as in the weak
interactions. In contrast to this it is natural to assume
that at large masses, i.e., in the case of strongly vir-
tual processes, the amplitudes decrease because of the
cut-off due to the strong interactions, at all events for
masses k> 2 s.

If the dispersion relations (47)-(50) are assumed,
then by substituting them into (43) we obtain for x

=1/ iqy

1 ¢ drgdug?
3ol FyyS = 2niR? ?LZS e
1 1 1
>< I‘ [ — z ] F t]
N\ gt @ Ziglet e (51)
N2 d‘)(iz dxng? zlqzlf
BV = : Ty
=) e 2igl 1 (52)

If the integrals over Kl and xz converge for finite
masses of the order of u (large distances), then q/
~ u?1/2p — 0 and

2 2 .
L s = 2mRz—_1.S Bt A | 9i(qul + Lz) + O(a22) 1T,
=

Zpm HyH2” (53)
2 . .
by = ey § [T gt (54)
n? 4% %2? 4

Hence, by using the optical theorem we obtain, in analo-
gy to Egs. (36)—(40), the total cross sections in the
form

&
o =2k 14 0(Ep) | 2 —1), (55)
N dx? du; ! ps
0 = oo Ve Ty @) O & N0 (Y 8) . (56)

i.e., Eq. (40) holds with good accuracy of the order of
UV/GS = Rin®/p°
If the integral (40a) for 1 — Z3 diverges, i.e., if

masses much larger than u? are important, then ac-
cording to Eq. (51) FS is determined by masses which

satisfy the condition qzl < 1. The contribution from
large qg is small due to the rapid decrease of the ex-
pression inside the square brackets. In this connection,
if the integral (40a) over «° for 1 — Z, diverges loga-
rithmically, then it is determined by the region qzl
S .o

<1, and ¢y is given by

)

. dn? i 2p
0,5 = 2nR? S _,sz (®?), %e* ~ - (57)

The volume term on the other hand is determined by
the region gl > 1 and, in order of magnitude, is given
by

UVV p— UVN(%OZ)N,

(58)

where or)xtI (xg) is that part of the cross section for the

interaction of a y quantum with a nucleon which is due,
from the v1ewpo1nt of the dispersion integral (47), to
masses k> and k2 which are larger than k2. The ques-
tion of the energy dependence of k2 was discussed in
the Introduction. The assertions made there are obvi-
ous from the point of view of formulas (51) and (52).
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5. INTERACTION OF ELECTRONS WITH NUCLEI

The interaction of an electron with a nucleus re-
duces to the interaction of a virtual y quantum with a
nucleus (see the diagram shown in Fig. 4). The differ-
ential cross-section for the scattering of an electron
accompanied by the creation of an arbitrary number of
hadrons may be written in the form

137"

e? a’k
do = o Ko Pl s,

(59)
where k denotes the incoming-electron momentum in
the laboratory system, K, =k, + kh, py =ky —ky de-
notes the momentum of the virtual quantum, and M is
the mass of the nucleus. The quantity Fuu denotes the

imaginary part of the forward scattering amplitude for
the virtual y-quantum. In the preceding sections the
quantity Fy, was calculated for a real quantum, i.e.,
for p2 = 0 and polarization vectors perpendicular to the
momentum of the quantum. As is clear from the pre-
ceding discussion, a generalization to the case p° # 0
does not present any difficulties since only at the last
stage did we assume the photon mass equal to zero. A
small difficulty arises only in connection with calcula-
tions of the contribution of the longitudinally polarized
quanta, This is associated with the fact that expres-
sions (38) and (39) are approximate, and with the fact
that the longitudinal polarization vector depends on the
energy. One can write expression (39) for py,, written

in the laboratory system, in the form

puv = [—0wwMn? 4 pupv + aupv + avpu + apav]p (M2),
pr— M2

BT
where pﬁ‘ is the momentum of the nucleus. This ex-

(60)

Up = Put,

pression is not gauge invariant. At first glance it may
appear that only the principal term Puby has meaning

in this expresswn, and the remaining terms, which are
of order l/lpl in comparison with it, should be dis-
carded. This same term does not, in v1rtue of current
conservation, give a contribution to any process, and
therefore we have evaluated an uninteresting quantity.
In actual fact, if one assumes j, = j“eﬁ from the very

beginning, as was done above, then these quest1ons do
not arise, and the principal term is pM = np(M )
The correction terms coming from intermediate states
of the other type are of order 1/|p| in comparison with
the term written down since no additional energy de-
pendence can arise from el

The situation is different with e,‘j. In this case if

(e e ”) =-1 enters in the principal term but the quan-
tlty (e ! A) P’
tain a contr1but1on of the same order. This means that
the calculation of the longitudinal polarization is not

valid. In order to avoid this difficulty, let us write down
a general expression for F;, which satisfies the con-

ditions p,F,,, =0 and PvFuv = 0. It has the form

~ 1 in the correction term, then we ob-

Ava
(" p)ﬂ" ¥

X B(pupv—

Fuv = AI: Guv _—_—puAPv + PvApp, ]

(p%p) (61)

PPOp).
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On the other hand, in analogy to (38) we may write

aM,?

Fyy = 20R% - 2(pp) e § T (62)

Comparing the principal term, which is proportional to
PuPy, in the right-hand side of expressions (62) and (60)
with expression (61) we obtain

aM 2
— (M ,2).
=) p(Mn?)
Calculating Fuyeﬁe,} with the aid of Egs. (62) and (61)
we will have

B = ZJIRZi . 2poﬂ’[€2 S (63)

M2dM 2
(an —_ pZ):!
Substituting (63) and (64) into (61) and (59) we obtain
formulas (9)~(11) which were mentioned in the Introduc-
tion. .

In conclusion I wish to express my deep gratitude to
I. T. Dyatlov, B. L. Ioffe, L. B. Okun’, and K. A, Ter-
Martirosyan for numerous helpful discussions.

A+ Bp@ = 2aR% - 2poMe § p(M2).  (64)

APPENDIX

Here we derive formula (21) for the amplitude for
the scattering of a particle by a nucleus in terms of the
amplitude of the hadronic processes per nucleon., For-
mula (12), which is valid at small energies, is obtained
from (21) as a special case.

Let us consider the diagram shown in Fig. 5, and we
shall consider the part of the diagram separated by the
dashed line as the unique amplitude for the scattering
of a hadron by n nucleons, and let us denote this ampli-
tude by Faa(p, Pj, P; + qj, Ps Pa+ Qo -0 )e

Assuming that the nucleons in the nucleus are non-
relativistic and introducing the relative momenta of the
nucleons

pin’ = puu/n+ ki,

it is easy to see (see, for example, [®7) that kj, ~ qj,

~ kzi/Zm is much smaller than the energies entering
into Faa(p, p1,py + 47, +..). In this connection, neglect-
ing ki, and qj, in the amplitude Fp, we obtain the re-
sult that

7
Foulp,p/spd + 0. )=F(p, @y, 0., dn—1, PP A).

This makes it possible to integrate over ki, and gj, and
to write the integral corresponding to the diagram of
Fig. 5 in the following nonrelativistic form:

1 { P'(k)Faa(p, a4/, pupan) I'(ki’ + qi)

F(Z) —
T Rl(N —n)! DiD;

N—1

&k "
=510

Here i (2n)32m

d:iqi’ .
(2m)32m

i=1

(A.1)

2
D = NA2 + ( Sk > + Sk, D= NA®

+ (S a)) + 3 (k¢ +a)>

A = m? — M2 [ N2,
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Or, introducing the wave function of the nucleons in the
nucleus in the coordinate representation, we have

I'(k{ —
—(b—) = ]/Nl (2m) N-1 S exp(ikiri)ap(ri, ey rN—i)dVi e dVN—‘i- (A.z)
1

For such a choice of the factor in (A.2) we obtain

S [$(rs,... tn) |2dVy. . dVy = N. (A.2a)
Hence for n << N
aom N1
Foo= Tl (2m) n—1SX(’h ceeyTn)
n ] n— d3q1.’
X explia/r) Fus(p. /' ppa) I,I‘“"‘ H @)’ (A.3)

x(riv A} rﬂ)Z'S ‘p"’("h . --er—1>an+1. ..dVN_‘,

Let us represent the vectors qi' in the form qj
=qf, + qj,, where q{ ; lies in a plane perpendicular to
the momentum of the incoming particle in the labora-
tory system, and similarly ri = pj) + zj. Then the in-
tegral

S exXp (i 0i )Y (Feseee s Pn) @201, .. PPn

will change substantially during a change of q{ | by an
amount of the order of 1/Ry,, where Ry is the average
distance between the nucleons r,, ... , rN. We assume
that the mean free path inside the nucleus is larger than
the transverse distances which are important in the
strong interactions at high energies. Since Ry is of the
order of the mean free path, then 1/R; is significantly
smaller than the transverse momenta which are impor-
tant in the strong interactions and which enter into the
amplitude Fgy(p, qf, ppa). This means that we may
carry out the integration over qj , having set qf; =0
in Faq(p, ai, pPA)- Then integration over d,qi gives
6(py —p2)0(pz —ps) ... and
Fid= —2;——?%;7 3 d01dz ... d2.% (Pt 54 - o o5 Zn)
n—-1
X exp(igq:i'zi) Faa(p, @zi’, PP 4) H -dZ%l‘- (A-4)
=1
Let us go on to the most important integration over
zj. Since x (p,, 2, ++. , 2p) is Symmetric with respect
to z,, ..., zp (taking the difference between neutrons
and protons into account does not change the result), we
may omit the 1/n! in front of the integral (A.4) and as-
sume
2y <2p<23...<<2Zn-l. (A.5)

One can write the expression 2 diz z; in the form
1

D 028 = qua(51 — Z2) + Ges (22— Z8) + o .. + Gnot (Bt — zn), (A.6)

- q’ —_ ! ’ r ’ ’
where q;7 = Qjz, Gz = Gaz + iz, Gaz = Uiz + A2z + Usz,

We note that
st=(P—a)ut= (p— q1)u® = pu2 + 2pg
is equal to the square of the mass of the intermediate
state which appears after scattering by the first nu-
cleon,
se=(p—q' — @)= — @)~ p2+ 2pgz2
is the square of the mass of the intermediate state
which appears after scattering by two nucleons, etc.
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Thus, integration over qz,, qz, ... is integration over
the masses s,, s;, ... of the intermediate states. These
integrations have the usual Feynman character. Since
exp [iqzi(zi — zj ,,)] decreases in the lower half-plane,
one can close the contour of integration over sj in the
lower half-plane and reduce the integral of Fga( ) to
an integral of the absorptive part, i.e., to an integration
over real intermediate states, and one can substitute
4zi = (si — *)/2p.

As a result one can write Fg;? in the form

F—= . S Ppydzy ... dznmy D) Fav expligt (21— 22) o
(4pm)n-t bed...

AT
X explig,° (% — 23)]...€xp [ig.%(Z2n—1 — Z0) 1 feaX (015 B4+ - 1 Zn) ,( )

where the sum over b, ¢, and d is a summation over
the possible intermediate states, and fj,, denotes the
amplitude for the conversion of the group of particles b
into the group of particles ¢ by a nucleon (see Fig. 6).
In contrast to the amplitudes for the interaction of
individual particles (not groups of particles) which are
usually considered, these amplitudes are not matrix
elements of the S-matrix. In fact, when we calculated
the absorptive part, for example, with respect to the
variable s,, it was determined by the product f3.fda; in
other words, the contribution of real intermediate states
to fac is determined in the usual way by the substitu-
tion s, — s, + i€ and in £, by the substitution s,
— 54 —1ie. If after this one evaluates the absorptive
part with respect to s,, then fac goes over into fapfpe,
where fﬂ‘c is determined by the replacement of s, by
s, —ie. Thus, £} is determined as fy(s, — i€, s + ic).
At first glance it may appear that the introduction of
such quantities may lead to difficulties. In actual fact
this is not so, and quantities of this type represent a
natural generalization of the ordinary amplitudes to a
case involving the interaction of groups of particles.
One can verify this if we represent the amplitude Fix
in the form of an integral of the T-product of the nu-
cleon operators:

(a|TA (21, 2) A (23, 27) - .. Al@n, 20") | @),

where A(x,, x!) ~ (x,)#(x}), and if we decompose the
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product with respect to the intermediate states
a|A (21, 2.} |ny {n| A (x2, x') [mD . ..

The amplitudes (n|A(x,, x3)|/m) are not matrix ele-
ments of the S-matrix provided none of the states
{n|, Im) are single-particle states, and they coincide
with the quantities discussed above.

In order to complete the final step in order to ob-
tain formula (21), we shall utilize the assumption that
the mean free path is large in comparison with the dis-
tance between nucleons. This meang that the points r,,
r;, and rg are located, on the average, in the integral
(A.4) at distances from each other which exceed the
distance between particles, and therefore under condi-
tion (A.5) one can confine one’s attention to only the
correlations of the nearest nucleons, i.e., one can write

x (01, 21,21 = 23, 20 — 23, . .
=01, 2)x(21 — 22) (22— 23) ... ¥ (201 — 2,),
x(2i-1 — zi) -1 for zi — ziy -+ 0,
where ¢ (p,, 2,) is constant inside the nucleus and equal

to zero outside of it. By virtue of the normalization
condition (A.2a)

ey %n-1 — Zn) =

(A,8)

ol n)=N/V" (A.9)
where V is the volume of the nucleus. Substituting
(A.8) and (A.9) into (A.7), we obtain formulas (21) which
were used in the text.
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