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Wave processes are studied with account taken of electrostriction effects in the high-frequency elec­
tromagnetic field. We consider the development of a parametric instability by a plane electromagnetic 
wave due to the interaction of the radiation with perturbations of density in a fluid with a positive die­
lectric constant. We also consider the transfer of electromagnetic radiation by acoustic perturbations 
in a plasma with a negative dielectric constant. 

1. INTRODUCTION. BASIC EQUATIONS 

THE term electroacoustic wave was first introduced 
by VolkovPl, who showed that small modulations of a 
traveling electromagnetic wave in a plasma are un­
stable owing to the interaction of the electromagnetic 
wave with density oscillations. It was subsequently 
found that this effect is a particular case of a general 
class of nonlinear unstable electromagnetic waves of 
large amplitude, the instability being due to the depend­
ence of the refractive index on the wave intensity. 
Phenomena of this kind lead to self-focusing and self­
modulation of lightY-41 The two most widely known 
mechanisms associated with this phenomena are the 
well-known optieal Kerr effect and the electrostriction 
effect; these two effects lead to qualitatively different 
nonlinear phenomena. rs, 6 ] The instability first studied 
by Volkov is due to electrostriction effects. 

The present work is devoted to a further investiga­
tion of nonlinear electroacoustic waves. We start from 
the general equations for nonstationary electroaeoustic 
processes, these equations consisting of the hydrody­
namic equations and Maxwell's equations for media in 
which the dielectric constant E ( w, p) is a slowly vary­
ing function of time, owing to which the density in the 
medium is a funetional of the nonstationary intensity of 
the wave field p = p{ IE n. Certain important features 
of these equations are discussed below in the present 
section. In this work we shall not take account of dis­
sipative effects nor spatial dispersion. 

In Sec. 2 we consider the development of the para­
metric instability of an electromagnetic wave in media 
in which E > 0. We investigate the basic kinds of non­
linear stationary electroacoustic waves that can propa­
gate in such media, in particular, solitary waves. It is 
shown that the latter can be divided into two different 
classes (in our terminology, the optical class and the 
acoustic class). A qualitative analysis carried out in 
Sec. 2 shows the relation between nonlinear acoustic 
waves and parametric instabilities associated with 
electrostriction. 

In Sec. 3 we study nonlinear electroacoustic pro­
cesses in media with negative dielectric constant in 
situations in which rather intense electromagnetic 
waves with varying amplitude are incident on such 
media. The results of this section lead to the conclu­
sion that it is possible to propagate nonlinear rarefac-

tion waves (density) filled by the high-frequency elec­
tromagnetic field that is stored within them. 

We start with the Maxwell equations 
~ ~ 

~ 1 {}!?f) ~ 1 8:16 (1 1) 
rot:/6 = -;:Tt• rot8 =- -;:Tt• ' 

where the induction ED(t) is related to the field i by 
the expression 

., 
q)(t)=i(t)+ ~ f(-.:;t}i(t--.:)d't; (1.2) 

where the function f(T, t) defines the dielectric con­
stant for the nonstationary medium, as introduced by 
Pitaevski'i:r7 J 

., 
e{Ul;t)=1+ ~ f(-.:,t)e-i""d-.:+c.c. (1.3) 

If the properties of the medium vary slowly in time but 
the field is monochromatic, i.e., (llf/at « llf/oT) 

if= If2[E(t)e-i"''+c.c.J, ,U= Ih(H(t)e-i"''+c.c.], (1.4) 

where E and H are slowly varying functions (as com­
pared with the phase factor), as an approximation we 
can write 

-
{}:/6 =~[-i(J)H+ {}H ]e-i"''+c.c. (1.5) 
at 2 8t 

In obtaining Eq. (1.5) we have neglected terms that 
contain products of the time derivatives. 

The dielectric properties in the medium vary (in 
the effects considered below) together with the density 
p = p(t, r). As shown in[71, we can write 

i 8'e 8p 
1! = e(Ul; p)+--_-'--;:-; 

2 ow8p at 
(1.6) 

where E( w, p) is the dielectric constant of the station­
ary medium, in which we take p = p ( t). Substituting 
Eqs. (1.4)-(1.6) in Maxwell's equations (1.1) we obtain 
the following basic equations for the field amplitude in 
the approximation used here: 

. 1 8'e 8p iie 8p 
c rotH= -•UleE +- Ul ~ --- E +--- E 

2 DUl ap at 8p 8t 

8(Ule) 8E i 82(Ule} ii2E 
+---a;;;-&t + 2 {j(J)2 at' · <1 · 7 l 

c rotE= if1•H- 8H / 8t. (1.8) 
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These equations are supplemented by the hydrodynamic 
equations, which govern the behavior of p: 

av 1 1 
-+(vV)v = -- Vp+-fe, 
iJt p p 

iJp at+ div(pv)= 0; 

(1.9) 

(1.10) 

where fe is the force density of the electromagnetic 
field which, in accordance with the results of[ 7 l, can 
be written in the form 1> 

(1.11) 

In this expression and in all other formulas [in particu­
lar in Eq. (1.6)] we must regard all derivatives with 
respect to p as being at constant entropy S since we 
neglect dissipative processes in the present analysis. 

Taking the scalar product of Eqs. (1.7) and (1.8) with 
E* and H* respectively, we then subtract one from the 
other and add the complex conjugate of equations, thus 
obtaining 

!_[ iJ(we) IEI"+IHI"- a•(we) Im(~E·)) 
iJt iJw iJw2 iJt 

iJe op 
=- --;::-·~_-JEJ 2 - cdiv([E'HJ+{EH']). (1.12 )* 

op ot 

The first two terms in the left side of Eq. (1.12) corre­
spond to the energy density of the electromagnetic 
field in a dispersive medium. [91 The last term de­
scribes the variation of energy density associated with 
the variation of wave frequency. The first term on the 
right has the meaning of work per unit time for a 
change in the energy density of the electromagnetic 
field in the medium, this work being done by the hydro­
dynamic forces. This expression has been obtained by 
Pitaevskil[7 J from somewhat different considerations. 

In accordance with Eqs. (1.9) and (1.10), the incre­
ment in hydrodynamic energy is given by 

:t ( pv; + pU) = vf,- div [ v ( P;" + p + pU) l (1.13) 

where U is the internal energy of the medium per unit 
mass while fe is the force density (1.11) acting on the 
medium as exerted by the field. Adding Eqs. (1.12) and 
(1.13), after some simple transformations we obtain the 
following equation, which expresses the conservation of 
the total energy of the medium and the field: 

!__{_1 ·[iJ(ws) IEI"+IHI'- iJ"(we) Im( aE E')] 
at 16n iJw iJw2 i)t 

pv' } { c + --+ pU =- div -[E'HJ+[EH']] 
2 16n 

( pv2 JEI 2 iJe )} +v -+p+pU+--p-_- . 
2 16n op 

(1.14) 

We now wish to consider in greater detail the equa­
tions for the wave field. Eliminating H from Eqs. (1.7) 
and (1.8) and limiting ourselves to the one-dimensional 
case we have 

*!E*H] = E* X H. 
11 In the case of a plasma where, E = I - wl,/w 2 , the expression in 

(I. II) coincides with the corresponding force defined in [ 8 ]. 

(1.15) 

Everywhere in what follows we shall assume that the 
perturbation of the density p away from the equilibrium 
value Po is small i.e., 

(p -po) /po~ 1. 

Thus, we can write 
iJe 

e(w; p)= eo+ -,-(p- Po); 
opo 

6e = .!!._ 6p 
eo= e(w, po); at ifpo at 

(1.16) 

(1.17) 

Since the rate of change of the density is of the order 
of the rate of change of the complex amplitude 8E/8t, 
we have 

iJ(p- Po) I iJt~ w(p- po). (1.18) 

Substituting Eq. (1.1 7) in Eq. (1.15) we have 

[ oe a• J w2eo + w2 -,-(p- po) + c2-. E 
Opo OX2 

. o(w2eo) oE 1 o'(w'eo). iJ'E 
+!--------··--=0 ow at 2 aw' at' ' 

(1.19) 

where we have neglected terms of higher order than 
W 2 (P- Po)E/Po· 

Equation (1.19) together with the hydrodynamic equa­
tions serves as the original set for describing electro­
acoustic waves in the fluid. We shall limit our analysis 
to transverse waves and consider in detail two cases: 
E( w, Po) > 0 (the medium can support the propagation 
of traveling electromagnetic waves) and E ( w, p 0 ) < 0 
(in the linear approximation the medium cannot support 
the propagation of traveling waves). 

2. ELECTROACOUSTIC WAVES WITH Eo> 0 

When Eo > 0 it is convenient to rewrite the expres­
sion for the field amplitude E, replacing Eq. (1.4) by 

(2 .1) 

where k is the "unperturbed" wave number, defined 
by the relation 

In Eq. (1.19) we are to understand the substitution 
E - Eeikx; in view of Eq. (2.2) we then have 

( aE &E) u a'E 
i fit + u ox + 2k ax• 

1 - ku' o'E uk ( iJe ) -------+- po- vE=O 
2ku at• 2eo 8 po . 

Here and below, 
v = ( P - po) I Po, 

(2 .2) 

(2 .3) 

(2 .4) 

while u is the group velocity of a wave characterized 
by frequency w in the unperturbed medium :2> 

2lit will be useful to have the following formulas that derive from 
(2.2): 

d ( W 2e0 ) 2kc2 d2 ( w2e0 ) 2c2 ( 1 - ku/) 

dw u dw 2 u' 
We also recall that for gases p 0(aE0/ap0) =Eo- I. 
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(2 .5) 

Equation (2 .3) together with the hydrodynamic equations 
constitute the initial system for nonlinear electro­
acoustic waves in the region Eo> 0. 

In a number of cases it is convenient to write the 
equation for the field in hydrodynamic form. For this 
purpose we write 

E = ae1fP, (2 .6) 

where a is a positive quantity; taking real and imagi­
nary parts in (2 .3) we have 

-(rrt+U<tx)+ 2uk [a:x -<px'] 

1 - ku' [ a11 ) uk ( ae ) 
- 2ku- ~ -<p,' + 2eo .r• iJpo v = O; (2 .7) 

u 1- ku' 
(a2)t + u(a2)x + k(a2<px)x- ~(a'q:t)t = 0. (2 .8) 

We now wish to consider the stability of the non­
linear plane wave described by Eqs. (1.9), (1.10), (2.7) 
and (2 .8 ). Assuming that all quantities representing 
deviations from the initial plane wave are proportional 
to exp(i( KX - .Q:t)], we obtain the following dispersion 
equations: 

[ u2x' J u>x• (Q -xu)'--- (Q'-c '-xi')=-
4k2 s 4k''t2 ' 

(2 .9) 

where 

c 2 = (.!P_) s - • 
Op s 

(2 .10) 

The quantity T has the dimensions of time and, as will 
be evident below, defines the characteristic time for 
the nonlinear parametric processes; cs is the velocity 
of sound in the medium. In deriving Eq. (2.9) we have 
neglected terms of order Sl/kc, which are unimportant 
in the stability investigation. 

We first consider Eq. (2.9) for small values of K. 

In this case it is easy to see that the roots of Eq. (2 .9) 
are given by 

Q,, 2 = ± c ,x { 1 + --:--:-;--::-;--::-:--:::u::-2--:-c.,...,---;:--::::-} 'h 
c,'"t' [4k'( u + c,)Z- x'u'] ' (2 .11) 

ux.,2 [ 1 J'h Qa,•=•xu=F- 1+ . 
2k (u'- c.')x'"t' 

(2 .12) 

These formulas have been obtained under the assump­
tion that 

c,¥k2 (1- c, / u) 2 ~ 1, (2 .13) 

which is equivalent to placing an upper bound on the 
amplitude of the initial electromagnetic wave Ea. 

Equations (2.11) and (2.12) are valid for sufficiently 
large values of K which, however, must satisfy the 
condition 

lx/ kl~ 1, (2 .14) 

which derive from the condition of validity for the 
initial equations (2. 7) and (2 .8) (in deriving these equa­
tions we have assumed that 'Px << k). In the region in 
which they apply, Eqs. (2.11) and (2.12) describe per­
turbations that propagate with velocities that are re­
spectively close to the acoustic velocity (±cs) and the 
electromagnetic group velocity (±u = ±awjak). For 

this reason, we call these branches the acoustic branch 
and the optic branch. 

It follows from Eq. (2 .11) that when u >> cs the 
dispersion equation for the perturbation of the wave 
that obtained by Volkov[ll for the plasma case :3 ) 

Q = ±c,x[1 + 1 I c,¥(4k'- x2) J"'. (2 .15) 

However, the instability region found by Volkov infll 
on the basis of Eq. (2 .15) lies outside the region of ap­
plicability of his approximation, which is subject to the 
condition in (2.14), as is the present analysis. The 
more exact expression given above (2 .11 ) is not suit­
able for this purpose since the region in which the 
roots are complex lies outside its region of validity. A 
correct investigation of the instability region must be 
carried out using the original fourth-order equation 
(2 .9 ). 

We consider two cases separately: u > cs, u < cs, 
1. u > c8 • It is shown in the Appendix that the in­

stability region in this case is given by the inequalities 

( c, ) ( c, )-'I• ?< ( c, ) ( c, )-'h 0~ 1-- -a 1-- ~-~ 1-- +a 1-- , 
u u 2k u, u 

(2 .16a) 

- 1---'- -a 1-_: ~-~- 1--' +a 1--' , ( c ) ( c )-'/, ?< ( c ) ( c )-'!. 
\ u u 2k u u . 

(2.16b) 

where 

a2 = 1 i 4uc,k"t'. (2 .17) 

The expressions for the roots that assume complex 
values in the regions described by (2.16a) and (2.16b) 
are of the form 

Q -x(u-c,)-x'u/2k 
1,a= xc,+ 2 

1 {[ -x~u J 2 a2x2u' }''• =F- x(u-c,)-- --,----,.--
2 2k 1- c,/u ' 

(2 .18a) 

Q,,,=xc,+ -x(u-c,)2+~ 

1 { [ x'u ]' a'x'u' }''• =F- x(u-c,)+- ---
2 2k 1-c,/u · 

(2.18b) 

When a = 0 Eq. (2 .18a) taken with the appropriate signs. 
becomes the expression for S2 1 and Q 3 given by Eqs. 
(2 .11) and (2 .12) where we also take a =0. Correspond­
ingly, when a = 0 Eq. (2.18b) is converted into the 
expressions for Q 1 and S24 given by Eqs. (2.11) and 
(2 .12 ). Thus, we see that an instability appears in the 
present case when the acoustic and optical branches 
approach eac:h other closely enough in some region 
( 1 - Cs /u ~I K l2k I > 0 ). The maximum growth rate 
is reached when K = K~±J, where 

x~±J=±2k(1-c,/u). (2.19) 

The magnitude of the maximum growth rate is then 
given by 

3>For a plasma (where e = I- w~/w 2 ) the quantity T defined by 
Eq. (2.10) corresponds with the appropriate nonlinear timeT= 2(21Tp 0 )~ 
cw/E0 w 0 2 introduced in [ 1 ]. We also note that the oscillation branch 
given by our equation (2.12) does not appear in [ 1 ] since the approxima­
tion used there corresponds to u -> oo. 
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(2 .20) 1 ( u )'(, Im Q(xt±l)=- ---1 
0 2-r c, 

2. u < cs. In this case, as follows from the analysis 
given in the Appendix, the instability can only appear 
when 

(2 .21) 

while the corresponding frequencies are given by Eqs. 
(2 .12 ), which define the optical branch. The maximum 
growth rate in this case obtains when 

x.-• = ±1'2-t(c,'- u2)'1• (2 .22) 

being given by 
u 

Im Q (xo) = 4k-r2 (c,' "-- u') · (2 .23) 

The instability given by Eqs. (2.12) and (2.21)-(2.23) 
is identical with the instability of a plane wave in a 
medium in which the nonlinear effects are due to the 
Kerr effect (cf. for example the reviews[10-121 and 
also[13l ). Obviously in the paper by VolkovPl an insta­
bility of this kind does not appear (cf. remark in foot­
note3J ). 

All of the analysis given above only describes the 
initial state in the instability process. An investigation 
of the further development of the instability at longer 
times lies beyond the framework of the linear approxi­
mation for the perturbation of the initial wave. Quali­
tative considerations similar to those given in[ 14' 15l 
lead to the conclusion that as a result of the instability 
there will develop soliton envelopes[ 10-121 which are 
associated with stationary solutions of Eqs. (2. 7 ), (2 .8) 
and the hydrodynamic equations. 

Let us now consider in greater detail the structure 
of these solitons. With reasonable limitations, which 
will be indicated below [(cf. Eq. (2.39)], the hydrody­
namic can be linearized, yielding the following results 
in the one-dimensional case: 

(2 .24) 

Here, v is the relative density variation [cf. Eq. (2.4)] 
and E~ denotes the quantity 

E 16n c,2 
2- --:--:----:-c---:" 
c- liie/&pol 

(2 .25) 

( Ec characterizes the field level at which the interac­
tion between electromagnetic and acoustic waves be­
comes important). 

We now consider the stationary solutions of Eqs. 
(2.7), (2.8), and (2.24), which are described by expres­
sions of the form 

a=a(x-wt), v=v(x-wt), cp=Ct+cp1(x-wt), (2.26) 

where C is a fixed frequency shift due to the nonlinear 
processes. Substituting Eq. (2.26) in Eqs. (2.7) and 
(2.8) we have 

&q:1 = _ _!!__(a'- ar}) (u- w) (2 .27) 
ox u 

The remaining expressions are found to be different 
for the two cases: u > cs and u < cs. 

1) u > cs. In this case 

(2 .28) 

(2 .29) 

(2 .30) 

where v0 is the relative density variation in a plane 
wave characterized by amplitude ao = I Eo 1. Thus, in 
the case being considered the field amplitude and the 
density within the soliton are always smaller than the 
corresponding values in the plane wave.4J In this case 
the velocity of propagation of this rarefaction wave is 
determined from the Equation 

a!in u2 
(~-c')(w-u)'=-~--. (2.31) 

' ' a 02 4k'4;2 

(It follows in particular, that w2 > c~.) Equation (2.31) 
for the nonlinear stationary wave is analogous to the 
dispersion equation (2 .9) and can be studied in the same 
way (cf. Appendix). It is found that if u and cs satisfy 
Eq. (2 .31) then all four roots of the equation are real. 
Correspondingly, in this case we have two kinds of 
solitons, the acoustic soliton whose velocity is approxi­
mately 

(2 .32) 

and the optical soliton whose velocity is approximately 
amin u 

Wo~U±I----~-----•. 
ao 2k-r(u?-- c,')'~• 

(2.33) 

Substituting these expressions in Eq. (2 .2 9) we obtain 
the following expressions for the reciprocal length of 
the acoustic and optical solitons: 

( a 02 )'I• 1 c, ) 
.Sa-l~ ~-1 k\_1-~, 

min 

1 ( a!;n ) ( c, )-1 .s.-·~·-- 1--- 1-- . 
2-ru ao2 u 

2 ). u < cs. In this case 

cs2 a2 
'11=----.~. 

c,'- u' Eel-

(2 .34) 

(2 .35) 

(2 .36) 

(2 .37) 

(2 .38) 

In a soliton described by these relations, as the field 
amplitude increases the density of the medium is re­
duced; the amplitude of the wave is the maximum at 
the center of the soliton while the density is, corre­
spondingly, a minimum. At infinity a- 0, v- 0. The 
velocity of the soliton is equal to the group velocity of 
the wave u so that it can also be regarded as optical 
(however, it is fwtdamentally different from the optical 
soliton for u > cs, which is considered below). 

The solition described by Eqs. (2.36)-(2.38) is 
qualitatively completely analogous to the solition of the 
envelope in a medium where nonlinear effects are due 
to the Kerr effect and where the wave, under these 
conditions is unstable against self-modulation. In this 

4 lThe term "soliton" is used here in place of the more exact term soli­
tary perturbation of a plane wave (since a_.., ao when x _.., ±=). 
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connection we recall that the instability that occurs 
when u < cs [for the condition given in Eq. (2 .21 )] is 
also qualitatively analogous to the self-modulation in­
stability due to the Kerr effect. 

If we now introduce the results obtained in[14 • 15 l we 
find that the development of the instability described 
by Eq. (2.21)-(2.23) leads to the decay of the wave and 
to separate wave packets which are qualitatively like 
the soliton described by Eqs. (2 .36 )- (2 .38 ). The am­
plitude of these waves is of the order of the amplitude 
of the original wave and their dimensions, as is evi­
dent from Eq. (2.37), is of the order of the length of 
the perturbation responsible for the maximum growth 
rate. 

When u > cs the length of the acoustic solitions 
determined by Eq. (2. 34) is of the same order of mag­
nitude (when ao ~ amin) as the length corresponding to 
the maximum growth rate (2.19). A qualitative analysis 
is similar to that carried out inr 14• 15 l leads to the con­
clusion that the result of the development of the insta­
bility for u > cs is the formation of acoustic solitons. 

We now consider briefly the case of a medium in 
which cs- 0. A simple example of such a medium is 
a "cold" plasma. In this case the dispersion equation 
is the equation given by Volkov (2.15) where cs = 0. 
This equation was first obtained by Gorbunov.l 16 l It 
follows from thi.s equation that there is no instability 
region in the case at hand. 

The approximation used by Gorbunov is equivalent 
to neglecting terms with cpxx and axx in Eqs. (2.7) 
and (2 .8 ). Correspondingly, in his approximation it is 
not possible to obtain solitons. It follows from the re­
sults given above that in this case only the optical 
solitons exist [(Eqs. (2.28)-(2.30), (2.33) and (2.35)] 
where we must take cs = 0. 

In concluding this section we now discuss the condi­
tion under which the linearized hydrodynamic equations 
apply. The expressions for the density of the solitons 
(2 .30) and (2 .38) yield limitations on the parameters of 
the medium and the amplitude in the original wave: 

(2 .39) 

If we now make use of the condition 

l1-c,/uj~1, (2 .40) 

which follows from the inequality k-1 « o and Eqs. 
(2.34) and (2.37), the second relation in (2.39) is satis­
fied when a~ « E~. 

3. ELECTROACOUSTIC WAVES WITH Eo< 0 

In the linear approximation an electromagnetic 
field can penetrate such a medium only to a distance 
of the order of the skin depth 1J. - 1 where 

(3.1) 

The structure of the nonlinear stationary skin depth 
(i.e., in which the amplitude of the incident wave does 
not change with time) has been studied in[l6 ' 17 ' 18l for 
the plasma case, in which it has been shown, in particu­
lar, that the depth of penetration of the field is not less 

than 1/ IJ.. sJ This result can be easily generalized for 
an arbitrary medium characterized by E < 0. 

We consider here nonstationary processes that 
occur when the amplitude of the field incident on the 
medium with negative Eo varies in time. In this case 
the changes in field amplitude and density in the 
medium lead to the possibility of propagation of non­
linear electroacoustic pulses which, penetrating into 
the depth of the medium, carry the electromagnetic 
field with them. The characteristic dimensions of such 
pulses, as will be evident below, is of order 1J. - 1 while 
their velocity does not exceed the velocity cs. 

We introduce the notation that will be used in the 
present section. The frequency at which Eo changes 
sign is denoted by wo [Eo(wo) =0]. If the incident wave 
is close to wo we can write 

eo(w) "'=' ~(w2 -w02) /w2 if (wo-w) /w~ 1, (3.2) 

where (3 is a factor of order unity. We will assume 
that spatial dispersion can be neglected. Furthermore, 
we make the assumption that T, the characteristic time 
for the variation of the complex amplitude of the field 
E, is large compared with (w 0 - wf1• Introducing (3.1) 
and (3.2) we can write this condition in the form 

(3.3) 

As we have done everywhere above, we assume that the 
amplitude in the field is small ( I E 1 2/E~ « 1 ). Under 
these conditions the spatial scales of the variation of 
amplitude density and other slowly varying quantities, 
as we have already noted, will be of order L ~ 1J. - 1 • It 
then follows from Eq. (3.3) that in the basic equations 
for the field (1.19) the time derivatives are small com­
pared with the term c2 82 E/8x2 and can be neglected. 

Now, substituting E =ae1 CfJ in Eq. (1.19) we obtain 
the basic equations for the field in the form 

a (a'cpx) I ax = o, 
11' 

axx ---.;,;2 (y2 +v)a- a<px2 = 0, 

where we have used the notation 

v = (p - Po) I Do. 

(3.4) 

(3.5) 

(3.6) 

From Eq. (3.4) we have a 2 cpx =P(t) where P(t) is 
an arbitrary function of time. In the present formula­
tion of the problem the field E(x, t) must vanish when 
x- +"" so that P(t) =0. Thus, we obtain the first 
basic equation in the form 

a=-f1"y-2 (y'+v)a=0, (3.7) 

where a 2 (x, t) = IE 12 • The second basic equation is 
the linearized hydrodynamic equation (2.24). The condi­
tion that must be satisfied for linearization, as will be 
shown below (cf. footnote 6 J below) is of the form 

5lHere we have in mind the skin depth for a transverse wave. The non­
linear theory for the stationary skin depth for the longitudinal wave has 
been investigated in [ 19 ]. 

6 lThe validity of linearizing the hydrodynamic equations derives pri­
marily from Eq. (3.9) if we require that v ~ I. In particular, under these 
conditions we obtain (3.8). 
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y2 = (roo2 - ro2 ) I roo"<;;:; 1, (3.8) 

that is to say, the frequency of the incident wave must 
be close to the threshold frequency w0 • 

We consider ffrst the stationary waves that satisfy 
Eqs. (3.7) and (2.24). Making the substitutions 

v=v(x-wt), a=a(x-wt), 

in these equations we have 

where a 0 is a constant of integration and 

(3.9) 

(3.10) 

M =WI c,, x2 = 2J121lo2 I 'f'Ec2 (1- M2). {3.11) 

The quantity M might be called the electroacoustic 
Mach number. The bounded solutions of Eqs. (3.10) 
are of the form 

(3.12) 

(3.13) 

while the constants a2 and a1 must satisfy one of the 
following equations: 

(3.14) 

It follows from Eq. (3.12) that 

max a2 (x, t) = a22, min a2 (x, t) = a12• (3.15) 

The wavelengths and the frequencies that follows 
from Eq. (3.12) are determined by the relations 

2nc,M 
Q=-'}..-, (3.16) 

where K( q2) is an elliptic integral of the first kind. 
When a1 - 0 and a~ - 2a~ we have 

q-+1, 1- sn2(z, q) -+sech2 z, 'A~ -1nl1- a22 l2ao2 1-+oo, 

That is to say, in this case the periodic wave ap­
proaches a sequence of solitons. 

(3.17) 

We new consider the structure of these solitons in 
greater detail. It follows from the definition of v that 
v- 0 as a function of distance from the soliton. We 
then have from Eq. (3.9)6 > 

(3.18) 

Introducing new notation for the soliton amplitude we 
have7> 

a(x, t) =a,. sech[~-t(x- c,Mt) ], 

v(x, t) = -2-y" sech2 [~-t(x- c,Mt) ], 

a,.2 = 2y"Ee2 (1- M2). 

(3.19) 
(3.20) 
(3.21) 

Thus, all of the solitons are of the same length and 
have amplitudes that are uniquely related to the elec­
troacoustic Mach number by (3 .21 ). 

7 lJf we take M = 0 and x .... x + const in Eqs. (3.19) - (3.21) we olr 
tain formulas that describe the structure of the nonlinear skin layer for a 
fixed amplitude of the incident wave such as those obtained by Silin. [ 18 ] 

We wish to consider further the limiting case of 
stationary waves that are obtained when a1 =a2 =a0 : 

a(x,t) = a0, v(x,t) = -•l. (3.22) 

The solution in (3.22) describes a wave of constant 
amplitude. It is easy to be convinced, however, that 
this wave is unstable, If we substitute the following 
expressions in Eq. (3.7) and (2.24) 

a(x, t) = ao + c5a exp[i(xx- Qt) ], 

v(x,t) = -Y'+cSvexp[i(xx-Qt)], 
(3.23) 

where oa and ov are the amplitudes of the small per­
turbations, we obtain the following dispersion equation: 

(3.24) 

It then follows that perturbations characterized by 
K 2 < K~ grow exponentially. Precisely the same con­
siderations obtain for the stability of the periodic sta­
tionary wave such as those given in (3.12), at least in 
the limiting case a2 - a1 << ao. On the other hand, it 
can be shown[20l that solitons (at least of sufficiently 
low amplitude when the Mach number is close to unity) 
are stable. 

We now wish to consider certain characteristic fea­
tures of the processes that arise when a modulated 
wave of large amplitude is incident on a medium char­
acterized by Eo< 0. We remark first of all that the 
basic equations (3.7) and (2.24) satisfy solutions that 
describe two kinds of waves: 1) electroacoustic waves 
in which the variation in relative density v is con­
nected with a in such a way that if v ;>< 0 in the vicinity 
of a given point then a;>< 0. A simple example of these 
waves is given by the solitons (3.19)-(3.21); 2) pure 
acoustic waves in which V¢ 0, a =0 [(it will be evident 
that these solutions satisfy the basic equations (3.7) 
and (2.24)]. The velocity of propagation of the latter is 
cs. The velocity of the first waves, the electroacoustic 
waves, is smaller than the acoustic velocity (the sim­
plest example is given by the stationary electroacoustic 
waves considered above). 

We are now in a position to obtain the general form 
of the asymptotic behavior of the electroacoustic waves 
that propagate in an unperturbed medium. If we assume 
v and a are small at the leading edge of such a wave 
we can neglect the last term in (3.7); in this case the 
asymptote of the solution for x - + oo is of the form 

a(x,t) =A(t)e-~•, (3.25) 

where A(t) is an arbitrary function of time. The 
asymptote of the solitons in (3 .19) is a particular case 
of (3.25). 

Excitation in the skin layer by a modulated wave of 
large amplitude leads, first of all, to the emission of 
acoustic waves which propagate with velocity cs. Be­
yond these there move with a smaller velocity the elec­
troacoustic waves given by the asymptotic expression 
(3.25). A detailed investigation of the nature and evo­
lution of these waves will be carried out in a separate 
work. Here we note that a preliminary investigation of 
this question gives some reason for believing that the 
final result of this evolution is the formation of electro­
acoustic solitons (3.19)-{3.21). 

In conclusion, we consider some of the consequences 
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of the general relations given above for a plasma. For 
example, let us consider a nonisothermal plasma 
characterized by Te > Ti (for reasons of simplicity 
we write Ti = O) in which case c~ = Te/m; and the 
dimensions of the soliton are determined, in accord­
ance with Eq. (3.19), by the relation 

(3.26) 

In this case the amplitude of the soliton (3.21) is of the 
form 

(3.27) 

When M =0 this quantity is 2Ep where Ep is the 
limiting value of the field amplitude of the incident 
wave on the plasma for which the plasma can still 
exert a skin effect; this relation has been obtained by 
Silin [(cf.[lBJ, Eq. (3.9))). 

The lifetime of electroacoustic waves in the plasma 
is limited by dissipation effects. The latter are due 
primarily to ion-ion collisions and Landau damping 
for the ion acoustic waves, and secondarily to electron­
ion collisions which cause damping of the high-fre­
quency field. The Landau damping for the ion-acoustic 
waves with characteristic length 1J. -l is given by 

"" = flC, 1/ n m.. (3.28) 
Y 8 m; 

This quantity is approximately 100 times smaller than 
the characteristic frequency for electroacoustic waves, 
which is of order IJ.Cs· Hence, if the plasma is of low­
density, so that the damping due to ion-ion collisions is 
smaller than the Landau damping, the damping of the 
ion-acoustic wave in the plasma can be regarded as 
small. 

The order of magnitude of the damping of the high­
frequency electromagnetic field due to electron-ion 
collisions is [21] 

y.,~ -21 n ~1n°,1 In(0.37 T~1 ) (3.29) 
Te'me• e1n0 3 ' 

where n0 is the unperturbed electron density. If this 
quantity is small compared with IJ.Cs i.e., 

(3.30) 

this damping mechanism will become effective only at 
distances that are significantly greater than the char­
acteristic dimensions of the electroacoustic waves. 

It is possible that the formation of solitons inside a 
plasma with w < w 0 has been observed in experiments 
carried out by Levin and Khodataev[22J but a more de­
tailed quantitative comparison of the results obtained 
here with the experimental data would require taking 
account of the bounded dimensions of the system used 
in these experiments. A calculation of this kind is be­
yond the framework of the present paper. 

We take this oppostunity to thank M. L. Levin, L. P. 
Pitaevski'i and R. Z. Sagdeev for valuable discussions. 

APPENDIX 

We note, first of all, that Eqs. (2.11) and (2.12) hold 
when 

(A.1) 

In this case Eq. (2.11) does not lead to complex roots 
while Eq. (2 .12) will have complex roots when 

u<c,, x2/k2<1/lc,2-u21-r2Jil.. (A.2) 

This is the only unstable region for the condition in 
(A1). 

We note further that if I cs - u I ~ u then (A.1) al­
ways holds in the region of applicability of the present 
analysis by virtue of (2.14). Now, let I cs- u I « u 
i.e., 

c,/u ~ 1. 

The condition in (A1) is not satisfied when 

I c,- u 12/ u2 ~ x2 I k", 

(A.3) 

(A.4) 

in which the right side of this inequality is bounded by 
(2 .14). 

We now write Eq. (2 .9) in the form 

z(z+2c,/u)(z-(l)(z-b) = (2c,/u)a2, (A.5) 

where 
0./x- c, c, x 

Z=-u- -, a=1-u+2k' b=i-~-~ u 2k ' 
(A.6) 

where a is a parameter given by Eq. (2.17). 
The right side of Eq. (A.5) is very small; by virtue 

of Eqs. (2.13) and (A.4) the condition that (A.1) be un­
satisfied is given by 

4(c,/ u)a2 ~ 11- c,/ ul2~ x2/ k". (A.7) 

If we write a = 0, the roots of Eq. (A.5) become 

z1 (0) = 0; z2 (O) = -2c,/ u, zs(O) = a, z,(O) = b. (A.B) 

For values of a that satisfy Eq. (A. 7) the roots Zi (a) 
will not be very different from the values in (A.8) in 
which the complex roots can only appear in the case in 
which some of the roots fuse in the region given by 
(A.7). In turn, for this to happen it is necessary that 
the corresponding values in (A.8) be sufficiently close 
together. It will be evident that the root z2( a) cannot 
fuse with one of the other roots so that it cannot be 
complex. Furthermore, since we have 

~--1, 
u:.. 

a-­
uk-r' 

1 
lc,- ui ':t>'"f~' 

it follows from this relation and (A.4) that 

lb-al = lx/kl >a. 

Thus 

(A.9) 

(A.10) 

(A.11) 

The relations in (A.10) and (A.11) eliminate the possi­
bility that z1( a)~ z4( a)~ z 3 ( a) so that we need only 
consider the case in which z1(a) ~a and 

a) Jz1(a) ~-~z.(a) J..,.;g \zs(a) \ ~ \z.(a) \• 
b) z1(a) ~ za(a) ~ z.(a) ..,.;g z2 (a) . 

In case a) only the roots z1,4 (a) can become com­
plex. In order to find these roots we replace Eq. (A.5) 
by the quadratic equation 

z(z- b)+ a2/2a = 0. (A.12) 

Assuming that 1 - c1/u Rl K/ 2k + 0( a) in the present 
case we can, with a desired degree of accuracy, re­
place the quantity a by 2(1- cs/u). As a result we 
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find that complex roots will appear only when u > Cs. 
In this case the values of K must lie in the range given 
by Eq. (2 .16a) while the frequencies are given by (2 .18a) 
(2.18a}. 

In case b) the complex roots can be determined ap­
proximately from the equation z( z - a) + a 2/2b = 0. 
Proceeding as above, we again find u > cs as well as 
Eq. (2.18b) and the inequality in (2.16b). 
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