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Wave processes are studied with account taken of electrostriction effects in the high-frequency elec-

tromagnetic field. We consider the development of a parametric instability by a plane electromagnetic
wave due to the interaction of the radiation with perturbations of density in a fluid with a positive die-
lectric constant. We also consider the transfer of electromagnetic radiation by acoustic perturbations

in a plasma with a negative dielectric constant.
1. INTRODUCTION. BASIC EQUATIONS

THE term electroacoustic wave was first introduced
by Volkovm, who showed that small modulations of a
traveling electromagnetic wave in a plasma are un-
stable owing to the interaction of the electromagnetic
wave with density oscillations. It was subsequently
found that this effect is a particular case of a general
class of nonlinear unstable electromagnetic waves of
large amplitude, the instability being due to the depend-
ence of the refractive index on the wave intensity.
Phenomena of this kind lead to self-focusing and self-
modulation of light.[2™*! The two most widely known
mechanisms associated with this phenomena are the
well-known optical Kerr effect and the electrostriction
effect; these two effects lead to qualitatively different
nonlinear phenomena.!®*®! The instability first studied
by Volkov is due to electrostriction effects.

The present work is devoted to a further investiga-
tion of nonlinear electroacoustic waves. We start from
the general equations for nonstationary electroacoustic
processes, these equations consisting of the hydrody-
namic equations and Maxwell’s equations for media in
which the dielectric constant €(w, p) is a slowly vary-
ing function of time, owing to which the density in the
medium is a functional of the nonstationary intensity of
the wave field p = p{| E|?}. Certain important features
of these equations are discussed below in the present
section. In this work we shall not take account of dis-
sipative effects nor spatial dispersion.

In Sec. 2 we consider the development of the para-
metric instability of an electromagnetic wave in media
in which € > 0. We investigate the basic kinds of non-
linear stationary electroacoustic waves that can propa-
gate in such media, in particular, solitary waves. It is
shown that the latter can be divided into two different
classes (in our terminology, the optical class and the
acoustic class). A qualitative analysis carried out in
Sec. 2 shows the relation between nonlinear acoustic
waves and parametric instabilities associated with
electrostriction.

In Sec. 3 we study nonlinear electroacoustic pro-
cesses in media with negative dielectric constant in
situations in which rather intense electromagnetic
waves with varying amplitude are incident on such
media. The results of this section lead to the conclu-
sion that it is possible to propagate nonlinear rarefac-

tion waves (density) filled by the high-frequency elec-
tromagnetic field that is stored within them.

We start with the Maxwell equations
1 02D > 1 056

I'Ot%=-c—7, rot & Z_TT,

where the induction 2 (t) is related to the field & by
the expression

(1.1)

DH)=&W)+ § H(w:0)& (t—)du:

[

(1.2)

where the function f(7, t) defines the dielectric con-
stant for the nonstationary medium, as introduced by
Pitaevskil:("]

t(o;)=1+ { f(n1)eordr+c.c.

0

(1.3)

If the properties of the medium vary slowly in time but
the field is monochromatic, i.e., (8f/at < f/87)

& = p[E(t)e-iot +c.c.], o= p[H(E)e ot +c.c.], (1.4)

where E and H are slowly varying functions (as com-
pared with the phase factor), as an approximation we
can write
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(1.5)

In obtaining Eq. (1.5) we have neglected terms that
contain products of the time derivatives.

The dielectric properties in the medium vary (in
the effects considered below) together with the density
p =p(t, r). As shown in!"l, we can write

(1.6)

where €(w, p) is the dielectric constant of the station-
ary medium, in which we take p =p(t). Substituting
Egs. (1.4)—(1.6) in Maxwell’s equations (1.1) we obtain
the following basic equations for the field amplitude in
the approximation used here:

1 9% odp oe dp
tH—= —inecE —
ere ek + 5 0 o e 90 o1 C
0(we) OE i 02(we) 62E
S — — 1.7
T e ot T2 et o (.7)
crotE = ioH — 9H / ot (1.8)
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These equations are supplemented by the hydrodynamic
equations, which govern the behavior of p:

W= — L Vp o, (1.9)
o1 p P

2P 1 div(ev)= 0, (1.10)
Gt

where fo is the force density of the electromagnetic
field which, in accordance with the results of!") can

be written in the form?

-%Gn{v []E|2p<-§%>s]—|E|2Ve}.

In this expression and in all other formulas [in particu-
lar in Eq. (1.6)] we must regard all derivatives with
respect to p as being at constant entropy S since we
neglect dissipative processes in the present analysis.

Taking the scalar product of Eqs. (1.7) and (1.8) with
E* and H* respectively, we then subtract one from the
other and add the complex conjugate of equations, thus
obtaining

. (1.11)

9 [ 9(we) 0% (we) 9E _,

73?[ 0o [Ef*+[H]* dw? Im( at E)]
__ﬁﬂwp_cd'v(m*ﬁ]ﬂm'p (1.12)*
- dp 0t ! ' )

The first two terms in the left side of Eq. (1.12) corre-
spond to the energy density of the electromagnetic
field in a dispersive medium.!®) The last term de-
scribes the variation of energy density associated with
the variation of wave frequency. The first term on the
right has the meaning of work per unit time for a
change in the energy density of the electromagnetic
field in the medium, this work being done by the hydro-
dynamic forces. This expression has been obtained by
Pitaevskiil”! from somewhat different considerations.

In accordance with Egs. (1.9) and (1.10), the incre-
ment in hydrodynamic energy is given by

2 2
G55 o) (5] 019

where U is the internal energy of the medium per unit
mass while fg is the force density (1.11) acting on the
medium as exerted by the field. Adding Eqgs. (1.12) and
(1.13), after some simple transformations we obtain the
following equation, which expresses the conservation of
the total energy of the medium and the field:

(1 [9(we) 0%(0e) oE _ .
T (Bl HEE = o ()
pv2 . c . .
+-25+ o0 J= — div{ o [EH] + (B

ov? [E[2 de
+v(7+p+pv+m-pap)}. (1.14)

We now wish to consider in greater detail the equa-
tions for the wave field. Eliminating H from Egs. (1.7)
and (1.8) and limiting ourselves to the one-dimensional
case we have

*[E*H] =E* x H.
DIn the case of a plasma where, € = 1 — w3 /w?, the expression in
(1.11) coincides with the corresponding force defined in [%].
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+im(—;—m6—:% 6—:)E=0. (1.15)

Everywhere in what follows we shall assume that the
perturbation of the density p away from the equilibrium
value p, is small i.e.,

(0 —0) [po<<t. (1.16)
Thus, we can write
e(m;P)=8o+%(p—-po);
G 0e op 1.17)
& = £(, po); = Gps ot

Since the rate of change of the density is of the order
of the rate of change of the complex amplitude 89E/at,
we have

a(p — po) /0t << w(p — po). (1.18)
Substituting Eq. (1.17) in Eq. (1.15) we have
] 52
[m280+m2?:'0(p— po)-l-cz:?%]E
; (o) OE 1 0*(o%e0) O (1.19)

6o 8t 2 odw? o2 ’

where we have neglected terms of higher order than
w?(p - po)E/po.

Equation (1.19) together with the hydrodynamic equa-
tions serves as the original set for describing electro-
acoustic waves in the fluid. We shall limit our analysis
to transverse waves and consider in detail two cases:
€(w, po) > 0 (the medium can support the propagation
of traveling electromagnetic waves) and €(w, po) <0
(in the linear approximation the medium cannot support
the propagation of traveling waves).

2. ELECTROACOUSTIC WAVES WITH €, >0

When €, > 0 it is convenient to rewrite the expres-
sion for the field amplitude E, replacing Eq. (1.4) by

&= —;—[E(t, z) eithz—ot) t¢ ¢ ]; @.1)

where k is the ‘‘unperturbed’’ wave number, defined
by the relation

2k = eo0. 2.2)
In Eq. (1.19) we are to understand the substitution
E — EelkX; in view of Eq. (2.2) we then have
; (ﬁ tu 6E> u_ O2E
at oz 2k 0z
1—ku' 8E  uk de 2.3)
T T okn o z_eo<"° 600 >"E: 0
Here and below,
v= (p — po) / po, (2.4)

while u is the group velocity of a wave characterized
by frequency w in the unperturbed medium :*

D1t will be useful to have the following formulas that derive from
(2.2):

d?(w2e)

d(w%)  2ke
do N “u dmz— o u?
We also recall that for gases po(9€0/3p0) = €¢ — 1.

2¢%(1 — ku')

H
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() =)
U=={— 3 = —1i
0k /o, 06 / pp,

Equation (2.3) together with the hydrodynamic equations
constitute the initial system for nonlinear electro-
acoustic waves in the region €, > 0.

In a number of cases it is convenient to write the
equation for the field in hydrodynamic form. For this
purpose we write

(2.5)

E = qe'o,

(2.6)

where a is a positive quantity; taking real and imagi-
nary parts in (2.3) we have

— (et ug) + o [ 22— 0]

a 2

1—ku' ait uk de
- 2ku—[7“"f2)+?a;(;°°a>vzo" @)
—
(@)t (@) ot 2 @) — @) =0, (@.8)

We now wish to consider the stability of the non-
linear plane wave described by Egs. (1.9), (1.10), (2.7)
and (2.8). Assuming that all quantities representing
deviations from the initial plane wave are proportional
to exp[i(kx — Qt)], we obtain the following dispersion
equations:

uyt e
{ (2 —nu)2— ) }(92_.032%2):4“'c2 , 2.9)
where
3nc2 ap
e S— —_
T Eozmzpo(ae/épo)z i cs? (6p )s . (2.10)

The quantity 7 has the dimensions of time and, as will
be evident below, defines the characteristic time for
the nonlinear parametric processes; cg is the velocity
of sound in the medium. In deriving Eq. (2.9) we have
neglected terms of order /ke, which are unimportant
in the stability investigation.

We first consider Eq. (2.9) for small values of «.
In this case it is easy to see that the roots of Eq. (2.9)
are given by

Q= 1 s "
“*im{ +cszr2[4k2(u$cs)2—x2u2]} ’ @.11)
— . 1 "'
Qg = o [”m} : 2.12)

These formulas have been obtained under the assump-
tion that

c2k?(1 — ¢/ u)2>1, 2.13)

which is equivalent to placing an upper bound on the
amplitude of the initial electromagnetic wave E,.

Equations (2.11) and (2.12) are valid for sufficiently
large values of k which, however, must satisfy the
condition

|=/ kl< 1, (2.14)

which derive from the condition of validity for the
initial equations (2.7) and (2.8) (in deriving these equa-
tions we have assumed that ¢ x << k). In the region in
which they apply, Egs. (2.11) and (2.12) describe per-
turbations that propagate with velocities that are re-
spectively close to the acoustic velocity (xcg) and the
electromagnetic group velocity (+u =+8w/3k), For
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this reason, we call these branches the acoustic branch
and the optic branch.

It follows from Eq. (2.11) that when u > cg the
dispersion equation for the perturbation of the wave
that obtained by Volkov!'] for the plasma case:®

(2.15)

However, the instability region found by Volkov in!']
on the basis of Eq. (2.15) lies outside the region of ap-
plicability of his approximation, which is subject to the
condition in (2.14), as is the present analysis. The
more exact expression given above (2.11) is not suit-
able for this purpose since the region in which the
roots are complex lies outside its region of validity. A
correct investigation of the instability region must be
carried out using the original fourth-order equation
2.9).

We consider two cases separately: u > cg, u < cg,

1. u> cg. It is shown in the Appendix that the in-
stability region in this case is given by the inequalities

Q= dem[l+ 1/ cA2(4k2 — 2) ]

= (1=5) o1 2) " < g =) (i)
(2.16a)
(=) —e1- ) g == (- ) o= )
(2.16b)

where
o2 = 1/ 4ucsk*2. @.17)

The expressions for the roots that assume complex
values in the regions described by (2.16a) and (2.16b)
are of the form

% (U — c;) — n2u/2k

Q1,5 = nes + ——o 5

1 x2u 2 a2 h
Folre—a—fp] ) eas)

O e 4 KEZ )2

1 w2 12 au?
Fpilre—e+ =200 (2.18p)

When a =0 Eq. (2.18a) taken with the appropriate signs.
becomes the expression for €, and Q; given by Egs.
(2.11) and (2.12) where we also take @ =0. Correspond-
ingly, when o =0 Eq. (2.18b) is converted into the
expressions for 2, and 2. given by Egs. (2.11) and
(2.12). Thus, we see that an instability appears in the
present case when the acoustic and optical branches
approach each other closely enough in some region

(1 ~ cg/u~|k|2k| > 0). The maximum growth rate

is reached when k = k§ ), where

*E = & 2k (1 — ¢;/u). 2.19)

The magnitude of the maximum growth rate is then
given by

3 For a plasma (where € = 1 — w3/w?) the quantity 7 defined by
Eq. (2.10) corresponds with the appropriate nonlinear time 7 = 2(2mpo) >
cw/Eqwg? introduced in {!]. We also note that the oscillation branch
given by our equation (2.12) does not appear in ['] since the approxima-
tion used there corresponds to u - o°.
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1)

2. u < cg. In this case, as follows from the analysis
given in the Appendix, the instability can only appear
when

Im Q (x®) = et (2.20)

0<% < (e — u?)~'er,

2.21)

while the corresponding frequencies are given by Eqgs.
(2.12), which define the optical branch. The maximum
growth rate in this case obtains when

it = V(e — i) 2.22)

being given by
u
42 (c2—u?)

The instability given by Egs. (2.12) and (2.21)—(2.23)
is identical with the instability of a plane wave in a
medium in which the nonlinear effects are due to the
Kerr effect (cf. for example the reviews!***2! and
also!**1), Obviously in the paper by Volkov!*] an insta-
bility of this kind does not appear (cf. remark in foot-
note®).

All of the analysis given above only describes the
initial state in the instability process. An investigation
of the further development of the instability at longer
times lies beyond the framework of the linear approxi-
mation for the perturbation of the initial wave. Quali-
tative considerations similar to those given in!'***]
lead to the conclusion that as a result of the instability
there will develop soliton envelopes!***21 which are
associated with stationary solutions of Egs. (2.7), (2.8)
and the hydrodynamic equations.

Let us now consider in greater detail the structure
of these solitons. With reasonable limitations, which
will be indicated below [ (cf. Eq. (2.39)], the hydrody-
namic can be linearized, yielding the following results
in the one-dimensional case:

Im Q (%0) = (2.23)

cs? (az) xx/ E2. (2 .24)

Here, v is the relative density variation [cf. Eq. (2.4)]
and EZ denotes the quantity

Vit = Cs%Vax

_ bmcg?
© 7 |9e/d00|

oe | ¢

c?

= 2E21%02%p0 (2.25)

(E. characterizes the field level at which the interac-
tion between electromagnetic and acoustic waves be-
comes important).

We now consider the stationary solutions of Egs.
(2.7), 2.8), and (2.24), which are described by expres-
sions of the form

¢ = Ct+gi(z—wt), (2.26)

where C is a fixed frequency shift due to the nonlinear
processes. Substituting Eq. (2.26) in Egs. (2.7) and
(2.8) we have

a=a(z—wt), v=v(z— wt),

e

oz
The remaining expressions are found to be different
for the two cases: u > cg and u < cg.

1) u > cg. In this case

(a* a?) (u— w) )
a2

(2.27)

k
u

a2 = ag — (ot — apin) sech?{(z — wt) /8],

(2.28)
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w2 —c¢.2 1

— o @ 2.29

a_zT(.____1_afm/aoz I (2.29)

C—=0, veyopi oo 2.30)

E2uw2—c2 '’

where v, is the relative density variation in a plane
wave characterized by amplitude a, = | Eq|. Thus, in
the case being considered the field amplitude and the
density within the soliton are always smaller than the
corresponding values in the plane wave.? In this case
the velocity of propagation of this rarefaction wave is
determined from the Equation

Omin U2
Ta dkw

(w2 —c?) (w—u)2= 2.31)
(It follows in particular, that w” > cZ.) Equation (2.31)
for the nonlinear stationary wave is analogous to the
dispersion equation (2.9) and can be studied in the same
way (cf. Appendix). It is found that if u and cg satisfy
Eq. (2.31) then all four roots of the equation are real.
Correspondingly, in this case we have two kinds of
solitons, the acoustic soliton whose velocity is approxi-
mately

afnz’n

wEA e T
Ll a® 4kn2(u — c)2

u?

(2.32)

and the optical soliton whose velocity is approximately
(2.33)

Amin u
Wo =~ U+t

a0 2kt(u2 — c2)h N

Substituting these expressions in Eq. (2.29) we obtain
the following expressions for the reciprocal length of
the acoustic and optical solitons:

e ag? N Yo s Cs )
6"1~<¢12_ 1) k\1—u !
mn (2.34)
2
QAmin Cs —1
80t & 2tu (1_ a? )(1—7> ’ (2.35)
2). u < cg. In this case
A2 cs? de uk
= 4E 2 csz—u2<pu 5()7) €0 b (2'36)
—ut 2
a=Asech(x u >, = jﬂ (e — u2)'h, 2.37)
cs? a?

In a soliton described by these relations, as the field
amplitude increases the density of the medium is re-
duced; the amplitude of the wave is the maximum at
the center of the soliton while the density is, corre-
spondingly, a minimum. At infinity a — 0, v — 0. The
velocity of the soliton is equal to the group velocity of
the wave u so that it can also be regarded as optical
(however, it is fundamentally different from the optical
soliton for u > cg, which is considered below).

The solition described by Egs. (2.36)—(2.38) is
qualitatively completely analogous to the solition of the
envelope in a medium where nonlinear effects are due
to the Kerr effect and where the wave, under these
conditions is unstable against self-modulation. In this

4)The term “soliton” is used here in place of the more exact term soli-
tary perturbation of a plane wave (since a > ap when x = te0).
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connection we recall that the instability that occurs
when u < cg [for the condition given in Eq. (2.21)] is
also qualitatively analogous to the self-modulation in-
stability due to the Kerr effect.

If we now introduce the results obtained in!**'*) we
find that the development of the instability described
by Eq. (2.21)—(2.23) leads to the decay of the wave and
to separate wave packets which are qualitatively like
the soliton described by Eqs. (2.36)—(2.38). The am-
plitude of these waves is of the order of the amplitude
of the original wave and their dimensions, as is evi-
dent from Eq. (2.37), is of the order of the length of
the perturbation responsible for the maximum growth
rate,

When u > cg the length of the acoustic solitions
determined by Eq. (2.34) is of the same order of mag-
nitude (when a, ~ apin) as the length corresponding to
the maximum growth rate (2.19). A qualitative analysis
is similar to that carried out in'**'*! leads to the con-
clusion that the result of the development of the insta-
bility for u > cg is the formation of acoustic solitons.

We now consider briefly the case of a medium in
which ¢g — 0. A simple example of such a medium is
a ‘“‘cold’”’ plasma. In this case the dispersion equation
is the equation given by Volkov (2.15) where cg = 0.
This equation was first obtained by Gorbunov.[!¢] It
follows from this equation that there is no instability
region in the case at hand.

The approximation used by Gorbunov is equivalent
to neglecting terms with ¢xx and axx in Egs. (2.7)
and (2.8). Correspondingly, in his approximation it is
not possible to obtain solitons. It follows from the re-
sults given above that in this case only the optical
solitons exist [(Eqs. (2.28)—(2.30), (2.33) and (2.35)]
where we must take cg = 0.

In concluding this section we now discuss the condi-
tion under which the linearized hydrodynamic equations
apply. The expressions for the density of the solitons
(2.30) and (2.38) yield limitations on the parameters of
the medium and the amplitude in the original wave:

u?py deo ag? |u?2 — eg?|

| % | w2 —c?|
|u2—c52|50 300 [>1, Ten < |0€o/6pg| . (2.39)

If we now make use of the condition
M—c/u|l <1, 2.40)

which follows from the inequality k™' < 6 and Egs.
(2.34) and (2.37), the second relation in (2.39) is satis-
fied when aj < EZ.

3. ELECTROACOUSTIC WAVES WITH €, <0

In the linear approximation an electromagnetic
field can penetrate such a medium only to a distance
of the order of the skin depth u™' where

W= —a?o/ (3.1)

The structure of the nonlinear stationary skin depth
(i.e., in which the amplitude of the incident wave does
not change with time) has been studied in!*®*">!#] for

the plasma case, in which it has been shown, in particu-
lar, that the depth of penetration of the field is not less
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than 1/p .* This result can be easily generalized for
an arbitrary medium characterized by € < 0.

We consider here nonstationary processes that
occur when the amplitude of the field incident on the
medium with negative €, varies in time. In this case
the changes in field amplitude and density in the
medium lead to the possibility of propagation of non-
linear electroacoustic pulses which, penetrating into
the depth of the medium, carry the electromagnetic
field with them, The characteristic dimensions of such
pulses, as will be evident below, is of order p™" while
their velocity does not exceed the velocity cg.

We introduce the notation that will be used in the
present section, The frequency at which €, changes
sign is denoted by wo [€o(wo) =0]. If the incident wave
is close to wo we can write

go(0) = B0 — o) [0? if (vu—o)lo<l, (3.2)

where B is a factor of order unity. We will assume
that spatial dispersion can be neglected. Furthermore,
we make the assumption that T, the characteristic time
for the variation of the complex amplitude of the field
E, is large compared with (wo — w)™'. Introducing (3.1)
and (3.2) we can write this condition in the form

T> o0/ () (3.3)

As we have done everywhere above, we assume that the
amplitude in the field is small (|E|%/EZ < 1). Under
these conditions the spatial scales of the variation of
amplitude density and other slowly varying quantities,
as we have already noted, will be of order L ~ p™*, It
then follows from Eq. (3.3) that in the basic equations
for the field (1.19) the time derivatives are small com-
pared with the term c®82E/9x® and can be neglected.

Now, substituting E =ael? in Eq. (1.19) we obtain
the basic equations for the field in the form

d(a%py) [ 8z = 0, (3.4)
2
G — L (P v)a— a2 =0, (3.5)
where we have used the notation
V2 = —eo/ |pode [ dpe|, v = (p —00) / Do (3.6)

From Eq. (3.4) we have apx =P(t) where P(t) is
an arbitrary function of time. In the present formula-
tion of the problem the field E(x, t) must vanish when
x — +% go that P(t) =0. Thus, we obtain the first
basic equation in the form

Gex — WY (Y + v)a =0,

where a?(x, t) = |E|% The second basic equation is

the linearized hydrodynamic equation (2.24). The condi-
tion that must be satisfied for linearization, as will be
shown below (cf. footnote® below) is of the form

(3.7)

5)Here we have in mind the skin depth for a transverse wave. The non-
linear theory for the stationary skin depth for the longitudinal wave has
been investigated in ['°].

©)The validity of linearizing the hydrodynamic equations derives pri-
marily from Eq. (3.9) if we require that v < 1. In particular, under these
conditions we obtain (3.8).
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(3.8)

that is to say, the frequency of the incident wave must
be close to the threshold frequency w.

We consider first the stationary waves that satisfy
Eqgs. (3.7) and (2.24). Making the substitutions

V= (of — o) [ o <1,

v=v(z—wt), a=a(z—wi),

in these equations we have

at— ay*
v~—*E?(1__‘j‘[§‘YZ’ (3.9)
2as? 2 2 1
) Axx — a(a® —a2)= 0, (3. 0)
where a, is a constant of integration and
M=w/c, == 2p%d/vE:(1— M. (3.11)

The quantity M might be called the electroacoustic
Mach number. The bounded solutions of Egs. (3.10)
are of the form

(3.12)

% [ a2 — a2
2 g2 — (o — a2 sn? [ — (7 — 4"
a* = ag — (@f — aif)sn (2 (@ —wi) V gt Y )’

where

) (a2 — a12) (aot — a2?a?)
= (@2 — ag?) (2a¢* — ag*a® — az’as?) !

(3.13)

while the constants a, and a,; must satisfy one of the
following equations:

a? + a? = 2a® Or a3 =0, a? = 2a¢ (3.14)
It follows from Eq. (3.12) that
max a?(r,t) = a?, mina?®(z,t) = a (8.15)

The wavelengths and the frequencies that follows
from Eq. (3.12) are determined by the relations
400K (¢?)
A= ——’,
ag A
where K(qg?) is an elliptic integral of the first kind.
When a, — 0 and a3 — 2a2 we have

2n ¢, M
Q= ——

(3.16)

A~ —In|1 — a? / 2a?| - oo,
(3.17)

g—1, 1—sn2(z,q) - sech?z,

That is to say, in this case the periodic wave ap-
proaches a sequence of solitons,

We now consider the structure of these solitons in
greater detail. It follows from the definition of v that
v — 0 as a function of distance from the soliton. We
then have from Eq. (3.9)”

(3.18)

Introducing new notation for the soliton amplitude we
have”

a? = VE(1 — M),  w*=2p%

ale,t) = an sech[(c — c.MO)], (3.19)
v(z,t) = —2y®sech?[u(z — c;Mt)], (3.20)
@ = 2B (1 — M2). (3.21)

Thus, all of the solitons are of the same length and
have amplitudes that are uniquely related to the elec-
troacoustic Mach number by (3.21).

MIf we take M = 0 and x —~ x + const in Egs. (3.19) — (3.21) we ob-
tain formulas that describe the structure of the nonlinear skin layer for a
fixed amplitude of the incident wave such as those obtained by Silin. [ %]
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We wish to consider further the limiting case of
stationary waves that are obtained when a, =az =a,:

(3.22)

The solution in (3.22) describes a wave of constant
amplitude. It is easy to be convinced, however, that
this wave is unstable. If we substitute the following
expressions in Eq. (3.7) and (2.24)

a(z,t) = ao + 8a exp[i(xx — Qt)],

v(z, t) = —y* + dvexp[i(xz — Q1) ],
where da and dv are the amplitudes of the small per-
turbations, we obtain the following dispersion equation:

(3.24)

a(z,t) = ap, (. 1) = —Y%

(3.23)

Q2 == c2(0® — %?), uo* =2 p2ac® [yEL
It then follows that perturbations characterized by
k% < k& grow exponentially. Precisely the same con-
siderations obtain for the stability of the periodic sta-
tionary wave such as those given in (3.12), at least in
the limiting case a; — a; < a,. On the other hand, it
can be shown!®J that solitons (at least of sufficiently
low amplitude when the Mach number is close to unity)
are stable.

We now wish to consider certain characteristic fea-
tures of the processes that arise when a modulated
wave of large amplitude is incident on a medium char-
acterized by €, < 0. We remark first of all that the
basic equations (3.7) and (2.24) satisfy solutions that
describe two kinds of waves: 1) electroacoustic waves
in which the variation in relative density v is con-
nected with a in such a way that if v # 0 in the vicinity
of a given point then a # 0. A simple example of these
waves is given by the solitons (3.19)—(3.21); 2) pure
acoustic waves in which v# 0, a =0 [(it will be evident
that these solutions satisfy the basic equations (3.7)
and (2.24)]. The velocity of propagation of the latter is
cg. The velocity of the first waves, the electroacoustic
waves, is smaller than the acoustic velocity (the sim-
plest example is given by the stationary electroacoustic
waves considered above).

We are now in a position to obtain the general form
of the asymptotic behavior of the electroacoustic waves
that propagate in an unperturbed medium. If we assume
v and a are small at the leading edge of such a wave
we can neglect the last term in (3.7); in this case the
asymptote of the solution for x — +« is of the form

a(z, t) = A(t)e~rs, (3.25)

where A(t) is an arbitrary function of time. The
asymptote of the solitons in (3.19) is a particular case
of (3.25).

Excitation in the skin layer by a modulated wave of
large amplitude leads, first of all, to the emission of
acoustic waves which propagate with velocity cg. Be-
yond these there move with a smaller velocity the elec-
troacoustic waves given by the asymptotic expression
(3.25). A detailed investigation of the nature and evo-
lution of these waves will be carried out in a separate
work., Here we note that a preliminary investigation of
this question gives some reason for believing that the
final result of this evolution is the formation of electro-
acoustic solitons (3.19)~(3.21).

In conclusion, we consider some of the consequences
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of the general relations given above for a plasma. For
example, let us consider a nonisothermal plasma
characterized by Te > Tj (for reasons of simplicity
we write Tj = 0) in which case c3 = Te/m; and the
dimensions of the soliton are determined, in accord-
ance with Eq. (3.19), by the relation

0= pt=c/ (0f— )" (3.26)

In this case the amplitude of the soliton (3.21) is of the

form am = 12[ (02 — ©?) (1 — M) ]"Ec [ oo,

E2 = 16npocs?0? [ 0 3.27)
When M =0 this quantity is 2E, where Ep is the
limiting value of the field amplitude of the incident
wave on the plasma for which the plasma can still
exert a skin effect; this relation has been obtained by
Silin [(cf.1*®), Eq. (3.9))].

The lifetime of electroacoustic waves in the plasma
is limited by dissipation effects. The latter are due
primarily to ion-ion collisions and Landau damping
for the ion acoustic waves, and secondarily to electron-
ion collisions which cause damping of the high-fre-
quency field. The Landau damping for the ion-acoustic
waves with characteristic length u™' is given by

T Me
s mi
This quantity is approximately 100 times smaller than
the characteristic frequency for electroacoustic waves,
which is of order pcg. Hence, if the plasma is of low-
density, so that the damping due to ion-ion collisions is
smaller than the Landau damping, the damping of the
ion-acoustic wave in the plasma can be regarded as
small,

The order of magnitude of the damping of the high-
frequency electromagnetic field due to electron-ion
collisions is[?"}

S (3.28)

~ L o T 3.29

Ym~?ﬂwlﬂ(0.37m), ( )

where n, is the unperturbed electron density. If this

quantity is small compared with pcg i.e.,
A

Yo €', (ﬂ) In (0.37 L )<t,

~ Tz 2y 1
PC, Tep' M eno”

(3.30)

this damping mechanism will become effective only at
distances that are significantly greater than the char-
acteristic dimensions of the electroacoustic waves.

It is possible that the formation of solitons inside a
plasma with w < w, has been observed in experiments
carried out by Levin and Khodataev!?? but a more de-
tailed quantitative comparison of the results obtained
here with the experimental data would require taking
account of the bounded dimensions of the system used
in these experiments. A calculation of this kind is be-
yond the framework of the present paper.

We take this oppostunity to thank M. L. Levin, L. P,
Pitaevskii and R. Z. Sagdeev for valuable discussions.

APPENDIX

We note, first of all, that Eqs. (2.11) and (2.12) hold
when

Mz/k2<lcs_ulz/uz‘ (A'l)

GUROVICH and V. I.

KARPMAN

In this case Eq. (2.11) does not lead to complex roots
while Eq. (2.12) will have complex roots when

(A.2)

This is the only unstable region for the condition in
(A1).

We note further that if |cg — u| < u then (A.1) al-
ways holds in the region of applicability of the present
analysis by virtue of (2.14). Now, let |cg —u| < u
i.e.,

u<<cs, x/k<1/|cd— u|tk2

cs/u~ 1. (A.3)
The condition in (A1) is not satisfied when
les—ul2/uz w2/ K2, (A4)

in which the right side of this inequality is bounded by
(2.14).
We now write Eq. (2.9) in the form

z2(z 4+ 2¢5 /u) (z — a) (2 — b) = (2¢5/ u)a?, (A.5)
where
e e % __C%_ %  (A.6)
PE T sty et

where a is a parameter given by Eq. (2.17).

The right side of Eq. (A.5) is very small; by virtue
of Egs. (2.13) and (A.4) the condition that (A.1) be un-
satisfied is given by

dles/n)2<€ |1 —cs/ulp<C w2/ k2 (A.7)
If we write « =0, the roots of Eq. (A.5) become
2(0) = 0;  2(0) = —2¢;/u, 2z(0) =a, 2(0) =2b (A.8)

For values of « that satisfy Eq. (A.7) the roots zj(a)
will not be very different from the values in (A.8) in
which the complex roots can only appear in the case in
which some of the roots fuse in the region given by
(A.7). In turn, for this to happen it is necessary that
the corresponding values in (A.8) be sufficiently close
together. It will be evident that the root z,(a) cannot
fuse with one of the other roots so that it cannot be
complex. Furthermore, since we have

%fvl, @~ |cs—u|>k1jr—, (4.9)
it follows from this relation and (A.4) that
[b—a] = |x/ k| >a (A.10)
Thus
lz(a) — 25(a) | > a. (A.11)

The relations in (A.10) and (A.11) eliminate the possi-
bility that z,(a)~ z.(a)~ z3;(a) so that we need only
consider the case in which z:(a)~ @ and
a) <@ 2@
b) < |z(a) | < |22(0)
In case a) only the roots zl,q(a) can become com-
plex, In order to find these roots we replace Eq. (A.5)
by the quadratic equation

ZA((l)
Z;y((l)

zi(a) | ~
zi(a)| ~

z2(z —b) + /22 = 0. (A.12)

Assuming that 1 - ¢;/u~«/2k + O(a) in the present
case we can, with a desired degree of accuracy, re-
place the quantity a by 2(1 — cg/u). As a result we
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find that complex roots will appear only when u > cg.

In this case the values of k must lie in the range given
by Eq. (2.16a) while the frequencies are given by (2.18a)
(2.18a).

In case b) the complex roots can be determined ap-
proximately from the equation z(z — a) + @%/2b = 0.
Proceeding as above, we again find u > cg as well as
Eq. (2.18b) and the inequality in (2.16b).
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