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Boundary conditions for the Green’s function are obtained for diffuse reflection of electrons by the
sample boundaries. The critical current and excitation spectrum of current-carrying thin films are
found and the excitation spectrum in strong magnetic fields is determined. The dependence of the

penetration depth on the field strength is considered.

IN the limiting case of strongly contaminated super-
conductors (I < d), the problem of calculating the
critical current of thin films was solved by Maki*!.
When ! < d, it is convenient to use a quasiclassical
method, which makes it possible to reduce Gor’kov’s
equations’®’ to a simpler system of equations for the
generalized distribution function, which equals the
Green’s function at the coinciding points[3"’] . Such a
reduction is possible in an arbitrary magnetic field and
without assuming a Born character of the scattering by
impurities'*). To solve these equations, it is necessary
to know the boundary conditions. It is usually assumed
that the electrons are diffusely scattered from the sur-
face of the metal. To obtain the boundary conditions for
an arbitrary gap and the arbitrary magnetic field, we
replace below the diffusely reflecting boundary by a
boundary coated with a thin layer of scattering centers
with specially chosen scattering amplitude. This choice
is carried out in such a way as to obtain, when applied
to the normal metal, the usual diffuse boundary condi-
tion for the distribution function. The obtained boundary
condition is used to calculate the critical current and
the excitation spectrum of thin films. We also consider
the question of the dependence of the depth of penetra-
tion on the field.

1. DERIVATION OF BOUNDARY CONDITIONS

In the quasiclassical approximation, the system of
equations for the Green’s function

Ga(r) =~ Galr; 8)

is given by'*

)

va—r-) Gp(r)+ Gp(r) o — @Gy (r) =0,

© = 0T, — ie(VA)1, — iA + inSpp (), (1)

i
Zppr(r) = Yppr — ——,}—S %pp,Gp, () Zp,p- (r)dQp,;

N 0 A
E=("4 o) =1, sp@m=0, @
where v is the electron velocity, n the impurity concen-
tration, ¢ = mpo/2n? is the density of states on the
Fermi surface, and x,,’ is connected with the scatter-
ing amplitude by the relation
0
fopr = xppr — T

S xor.fp.pdQp, @)

We replace the diffusely-reflecting boundary by a boun-
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dary coated with a thin layer of scattering centers (the
free path in this layer is much smaller than the thick-
ness of the layer), and we choose the scattering ampli-
tude ?pp’ of these centers in such a way as to obtain the
diffuse boundary condition in the limit as A — 0. In the
thin boundary layer, we can omit from the system (1)
and (2) the terms proportional to w, A, and A. At dis-
tances much larger than the free path inside the layer,
the Green’s function is of the form

Gp(r) = (not), (4)

where n, is a unit vector independent of the angles and
coordinates, n2 = 1. We choose the first two unit vectors
n; and n, in such a way that

(ning) = 8, i=0,1,2,

(ny7) (ngr) = —i(ngt). (5)

To obtain the diffuse boundary condition in the limit
as A — 0, it is necessary to stipulate that the scattering
amplitude in the boundary layer ?pp' be different from
zero only on the hemisphere

ppd > 0. (6)

The z axis is directed here along the inward normal to
the surface. In all other respects, the function fop’ 18
arbitrary. Writing the Green’s function Gp(r) in the
form

Gp(r) = iCy(n47) + Co(not) 4 Ca(nyt) 7)

and substituting this expression in the system (1) and
(2), we obtain a system of equations for the coefficients
Co, Ci, and C,. As will be seen from the following, Co
is constant accurate to terms of order exp(-6/vT) < 1:

Co==1+ O(exp (—8/v7)); (8)

here 6 is the thickness of the surface layer and v7 is
the electron mean free path in this layer. With the
same accuracy, the equations for C,, C;, and C; are of
the form

a b ~ -~
(V 6_{) (C1+ Ca) +771(Cy + Cy) —Tv S Gpp: (C1 + Co)p,dQp, =0,
0 ~ ~ o~
(v ﬁ) (CL—Cy) —F1(Cy— Cy) + 7w Sopp, (C1—C3)p,dQp, = 0,
(v aa—,) Co=0(C?—Cy?); Fl=T SE,,D,de. 9)

From the system (9), under the condition (6), we obtain
the boundary condition on the Green’s function Gp(r):
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1
Po(Cy +,Cz)pz>o=-n— S (Ci+C2) |p:|dQp = 0,

p,<o

po(Ci Cz) ?, <) = — S (Ci Cz)Pdep == 0

T p>o

(10)

Thus, the Green’s function Gp(r) on the surface is given
by

p(r) = iCi(nyt) + (ngt) 4 Ca(ngt), (11)

where the vectors ng, n,, and n, satisfy the condition (5)
and the coefficients C; and C: satisfy the condition (10).

2. CALCULATION OF THE CRITICAL VALUE OF A

The critical value of the vector potential A is deter-
mined from the condition that A vanish. In a thin film
with current, A is directed along the film and is inde-
pendent of the coordinates. In the approximation linear
in A, we obtain from (1) and (2)

G = iCytx + 1. sign © -+ Co1y sign o,

[A]mpo

A=
82

T S[C‘ + Cs sign 0]dQyp; (12)

9 1
(V—é;> (Ci+62)+2[ Im]-l—z:——ie(vA)signm] (C1+C2)

—vn § 0w, (C1+C2) pdQp, = 20 sign o,

()

—Cp)— 2[ |o |+21—1:_ ie(vA)sign m] (C1—0Cy)

(13)

+vn S opp, (C1 — C) p,dQp, = 2A sign .

The boundary condition for the coefficients C; and C; is
written in the form

BolCitCo)ammo=— § | (om) | (C1+Co)pdQy,

o (pmy<o

1
Po(C1— C2) pm<co = — S (pn) (C1 — C5) pdQy,

(Pn)>0

(14)

where n is the inward normal.

The boundary condition (14) goes over into (10) if the
vector n, is suitably chosen. To find the equation for A,
we need only the first equation of (13). The solution of
this equation is

Cy+Cy = 2(sign o) ?zm(p, Y, y1)A(y1)dys.
—d/2
The coordinate system is chosen here such that the axes
x and z are directed along the film, and y = +d/2 on the
film boundaries.
The kernel %, (p, y, y') satisfies the equation

(15)

a , 1 ) ) )
(VE>W(A(P,!/,I/)+2|:|&|+—2—1—: ze(vA)mgnm] Ho(P, U, V)
— vng oppHo(P1,y,y)dRQp, = 6(y — V')

and the first boundary condition (14). We shall need
henceforth only w > 0, so that we shall imply w > 0
throughout. In the case of isotropic scattering, Eq. (16)
can be reduced to the integral equation

(16)

Ho(py,y)=
Y2
+uvn S Opp, 5 Hopsze (P, Yy Y1) Ko (P, Y1, ') dYs dQp,

—d/2

where the kernel sz,(p, ¥y,

Kotz (0,4, Y')

(17)

y’) satisfies Eq. (16) at
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0 =1/7 =0, as well as the first boundary condition of
(14). From (12) and (15) we obtain
Mlmpo ra
A)="="21 3§ a2, § Ho(e, v, 508w dus.
©0>0 —d/2
Solving Eq. (16) at 0 = 1/7 = 0, we obtain the follow-
ing expression for the kernel %, (p, vy, y'):

(18)

2200, ,) = {920 (1) 8 sin ) + 42 (1) (— sin )]

- 19)
. vsin 0 [sin ¢| [B(sing)0(y — ')+ 0(—sine)8(y" —y) ]} (
where A= 2(w —ievA cos0)
_ _ D(d/2+y)+T(d)D(d/2—y)
a(y)=B(— = T7@)] ,

2 d 2eAdy1 — t2
[o] >,0< ¥ )

I‘(d)=2§dt'texp(— " -
0

2|m|y)]0<26Ay]/—1-—t2>

vt 1 (20)

1
D(y)=2 S dtexp(—
0
We note that from formulas (14)—(18) we can easily ob-
tain an integral equation for the determination of the
critical magnetic field at an arbitrary amplitude of the
scattering by impurities. In this case we must put
A = Hy in lieu of A = const.

In the case when a magnetic field is applied to the
film, the parameter eHd? can be arbitrary. For a thin
film with current, the corresponding parameter eAd is
always small. Therefore all the kernels can be aver-
aged over the coordinates. Assuming for simplicity an
isotropic character of scattering by the impurities, we
obtain from (18) and (20)

|A|mpo

1= o T Ho, (21)
0>0
where {1
W0=[(Wm+‘/ﬂ) ’—E,ﬂ ’
1 d/2 .
Ko = 71—5 deS S Ho(P, ¥, y1)dy dys. (22)

—d/2
Let us consider the case of a large mean free path
compared with the thickness of the film, 7 > d. Then
the values of importance in (21) are w < v/d. Using the

relation
‘ i;-exp (—7&>70<ﬁ}/zt:72> =°§ dz

0 @

oxp(— T2 1 )
V2t

=K &udw
O L

we obtain the following expression for .7{"w:

(23)

evA -1 wd
o [1+eAd——< +1n YeAd)] . edd> S

1—|—eAdevA 1+ 1In - eAd<—‘"—d- (24)
[ (t+ )]

where Iny = C is the Euler constant.
From (21), (22), and (24) we obtain an equation for
the critical value of A:

s [g+eaa g (+ngig) |- o() —u(F)
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ed > &, (W)™ (25)
e () o),
eA<< (w), d<<w<<g. (26)

Here ¥ (x) is the Psi function. From (25) and (26) it fol-
lows that even when T — 0 we have (eAd)? ~ d/¢, < 1.
Here T, formulas (21)—(24) enable us to find the
dependence of A and of the current density j on A, and
consequently the critical current j.,.. The appropriate

calculation will be made at the end of Sec. 3.

3. CRITICAL CURRENT OF PURE FILMS

As indicated in Sec. 2, for thin films (d < £,) we
always have eAd < 1, so that we can assume that A is
independent of the coordinates. We seek the Green’s
function Gp(r) in the form

Gy (r) = iCytx + Co(ngt) + C2(my7), (27)
where
@4 =1 (28)

Substituting the expression (27) for the Green’s function
Gp(r) in (1), we obtain a system of equations for the
coefficients C,, C;, and C,. Solving this system, we ob-

tain
(7 0 VB + B;?sh (Ay)
(Cn>:Dl (Bl)+DB (BzCh () ) (29)
C, B, — B, ch (My)

A 2YB2 4+ By? By = BA + o (w — ievA cos 0), (30)
" vsin@sing ° By = oA — B (e —ievAcos0).

(nov) = at; + Bry, (M) = —pP1; + aty,

where

Here the axes x and z are directed along the film,

y =+d/2 on the film boundaries, and the field is paral-
lel to the z axis. Using the boundary conditions (10), we
obtain the following expressions for the coefficients D,
and Dz:

o <[ ()i ()] [ e 00( )
+ By(Be+ B#) s sh 32”5)]”1, @31)

id id\ 1
D, =B (Be+B)en (5 )+ Bu(e + Bayhen (5-) |
where
% = 2(B2+ B2)" [ vsin§|sing]|. (32)
The condition (10) yields one more equation for the
determination of the coefficients @ and 8:

1 2n

1
S., zdz SZ(z )[aA ﬂ(m-zevA}/i—zzcoscp)]dcp—

Z(2,9) =[A*+ (0 — ievA Y1 — 2 cos ¢) -
Xcth [SZ(AZ + (0 —ievA Y1 —z2cos ¢)?) -/,]

+(BA + a(w —ievA Y1 —z2cos )). (33)

Calculating the integrals in (33) in the region wd/v
< 1 of interest to us, we obtain

aA—Bo = afseAdi’;fl-[ ! bt

e4d —f—(l—az)f(a)] evA > o,

14

ydyeT AT m) vd<o,

evA
oA — o =aﬂeAd—2—‘ln( 34)

fa)= S dz sint (35)

o z3 cos?z + a?sin2z

where

The asymptotic expressions for the function f(a) are

— 3 — S—d£<~1*+ +— -2 —g) a<<1

fla)= S ch?¢

:rtz(ozz)"z
In2+(1—02)(8In2—31n3), 1—a2<<t (36)

where ¢(x) is the Riemann Zeta function.

The ordering parameter A and the current density j
are expressed in terms of the Green’s function by means
of the formulas

A
A= |81fP°T 2 §1pCo + acaldey,
j= _iei’fr 2 § placs— pCildQ,. @37

Substituting here the expression for the coefficients
Co and C; from formulas (29)—(32), we obtain in the
region evA > 7T

}

j=—edd ep" TZ(i—w [n )x(a)], (38)
where ¢ and ,8 are determmed by formulas (28) and (34),
and

T dt sind3f cos

x(o)= %? cos?t + o®sin®t (39)
For the function x(a) we have
1 sh 2z I _ (az)'/,
x(a)= % <ch2 21) 8@, o<t
pla2 +1/a(1— o?) (802 —31n3), 1—ar<<t (40)

In the temperature region d/t, < (Te —T)/Te < 1

we obtain from (34) and (37) the followmg expressmns
for A and for the current:

T.—T

r. = gz O —c(eAdMevA)( +n

eAd>

L epe ., 1
j= eAdBTA]nyeAd' (41)
With logarithmic accuracy we obtain from (41) the criti-
cal current

4ep (T — T)*: |'3:rwl v

jog = e D) 1 ( _v 42
la=""gzk@ Lo ™ E(Tc—r)ﬂ : (42)
The critical current is reached when
d(T.—T) v h
(eAd)m~4[ = /m(d(TC_T) )} . (43)

This quantity is smaller by a factor v3 than the critical
value eAd, at which A vanishes.

In a very narrow region near T, (T¢ — T)/T,
< d/to, we get in lieu of formulas (41) and (42)

. 0" o v g@)
= A[1+ln<2deC>+3 2+ (2)}
_ 8nil 2 TC—T v g (2)
= e [ 7. 8T, (1+ " SaydT, + 2t ﬂ*
(44)
. bep ey, 20d vt T(2) 7
la =13 T )/< ) [ Uing ar, T2t }(4;)
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The dependence of the critical current on the tem-
perature away from T can be determined from formu-
las (34), (35), and (38). However, it is impossible to
obtain a closed expression for the critical current in

analytic form, and a numerical calculation is necessary.

At T = 0 we obtain from (34) and (38), with logarithmic
accuracy

1nA—°A=£4-x, — mé’o/i:z( —3.F > r<<1; (45)

I = ln(z - 1F— D+ Farosin L)~ i@ 1
j= —-";ifzz[arcsin(—i—>—%€+%< >]/ ], z>=1,
where (48)
z =eAd e;u: lnye%i" (47)

and A, is the value of the gap in the absence of the cur-
rent.

Analogous formulas are obtained in an analysis of
superconductors of small dimensions in a strong mag-
netic field"’®?. The values x > 1 correspond to gapless
superconductivity. In our case, the points x = 1 lie in
the unstable region, to the right of the point of the cur-
rent maximum on the (j, A) diagram.

From (45) we obtain an equation for xo, at which the
maximum current is reached

4o 8z T
==t

Solving Eq. (48), we get X0 = 0.3, and substituting
this value of xo in the expression for the curve (45), we
obtain

(48)

d v \'h
fo= 0.027ep02Ao°/*(—v— ). (49)

Aod
We note that the character of the reflection of the elec-
trons from the surface affects strongly the magnitude
of the critical current. In the case of specular reflec-
tion, the density of the critical current does not depend
in general on the thickness of the film.

The results obtained in this section pertain to the
case of pure films. Near T;, however, we can obtain an
expression for jor also in the case d < I = 71v, using
only the form of the kernel ¥, (formulas (21)—(24)).
When A is finite, we obtain in lieu of (21)

A _
=”””’°TZ{ L ad e”4<1+1n v }}

2n Yo+ A2 20?2 2vd(|o |+ 1/27)

w>d, Tc>T.—T. (50)

From (50) in the vicinity of 7v < £, we obtain an ex-
pression for A:
T.— T TA2

=5 §(3)+eAd—n(1+1n )

(51)

The current is equal to the derivative of the thermo-
dynamic potential Q¢ with respect to the potential A:
(52)
Near T, we have

Qs —Qpn= A%dA = —

S d(1/|7»|)

0

te . (63)

Differentiating (53) with allowance for (51), we obtain

. N. OVCHINNIKOV

]=—eAd8 A2(1+1n——) (54)
From (51) and (54) we obtain an expression for the criti-
cal current

re =gy @ 0 ( ) (14 )"

(55)
d<<tv << k.

4. EXCITATION SPECTRUM

At T = 0, the density of states is expressed in terms
of the Green’s function Gp(r) in accordance with the

formula
p=—1—polm[i—spr § 6_w(p)ae ] (56)
2 4312 z —i0 P |
where po is the density of states in the normal metal,
G_ iw is the analytic continuation of the function G . from

the imaginary axis to the real axis. It can be easily
shown that when evA < A, there is a finite gap in the
spectrum. In the region evA > A there appears a finite
density of states at € = 0. The region evA ~ A is of no
interest, since this is the region of very small currents.
We shall therefore consider directly the case evA > A.
From (27), (29), and (56) it follows that when € = 0 we
can write for the density of states

p=poImia(e =10). (57)

In the stable region of the currents, the density of
states at € = 0 turns out to be logarithmically small

78(3) evA 12"{; n (Egﬁﬂ ’

p=po edd—— (58)
1 catr 1 3
lnI‘=7~—In'y—S; [ +1 +—e 2’—2—]‘.

/[1—eAd

nz
ch?t

The logarithmic smallness and the density of states at

€ = 0 remains up to the point x = 1, which lies in the un-
stable region near the critical value of the vector poten-
tial Aqp. The density of states at € = 0 becomes of the
order of po only when x > 1.

5. DEPENDENCE OF DEPTH OF PENETRATION ON
THE MAGNETIC FIELD

The correction to the depth of penetration was first
considered by Rusinov and Shapoval. In'®!, the reflec-
tion of the electrons on the boundary was assumed to be
specular, and in'”’ it was assumed to be diffuse. The
use of the diffuse boundary condition, proposed in Sec.
1, makes it possible to calculate the correction to the
depth of penetration in a much simpler manner. In the
London and in the strong- Pippard cases, the results
agree with those of Shapoval'™, but they differ in the
intermediate region 6 ~ £,. Just as in'"?, we consider
only the case of a pure sample. We choose the coordin-
ate system in such a way that the vector potential A(z)
is directed along the x axis, and the sample occupies
the half-space z > 0. As before, we seek the Green’s

function Gp(r) in the form
Gp(r) = iCitx + Co(not) + Ca2(net), (59)

where

A ® . ® A
(npt) = cosx(ir,,-l——ir,) + sm)(.(—Erl:,,—E‘2 T;) ,
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(npT) = —siny (%—01:,, +%Tz> +cosy (—%‘ry ‘_—AE—?Tz) )
E = (0 + A" (60)

Here A, is the magnitude of the gap in the absence of
the field, and the angle x is determined by the boundary
condition (10). In the chosen gauge of the vector poten-
tial, the correction to A and the angle x appear only in
the second order in the field.

Expanding the coefficients C; in powers of the vector
potential A(z), and substituting this expansion in (1) in
each order in the field, we obtain the system of equa-

tions
a
.‘3‘1, <v——) Fi+2EB, — 0,

2mA 2ie
2 (@ A)= 7o

(v%)Bi—f-ZEFi — 2i (pA)

(va—)Bz 4 9EF, — — 2By +

P
<v6—>F2 +2EB, = 2% (pA)—Bi,

7] 2ie

(VT) Dy = — (PA)—Bh

22 (pa).

2 AoAZ Fi,
E

(2 ) 3ot 227, =
oy

® Ao mx]
L+ p, 24—
x[E 2t Det

17} 2ie o 2007
(v—a_>F3+2E33:_(pA)_BZ~ z By,
(vyi)Da—Ef( A)—Bz+~*——Bi—2ExBi, (61)

where

A=A¢+ Ay, Ci= B+ B+ B,

=Fi+F+Fs, Co=1-+Dy+Ds. (62)

The indices of the coefficients indicate the order of the
expansion in the field.

The boundary conditions for the system (61) are ob-
tained by simply expanding (10) in the field. The equa-
tions (61) can be easily solved, and by using the expres-
sions for A and for the current in terms of the Green’s
function Gp(r)

UL L|7»|mpo r 25 ( )S Gy (r)dQyp,

iepo

8n?
we obtain the equation for the correction to A of second-
order in the field and the equation for the vector poten-

T 2 sp. § pGy (r)dQy, (63)

tial A(z). To obtain the latter, it is necessary to use
Maxwell’s equation
?’A .
—m = 4j.

In the notation of Shapoval!™, the expression for the
correction to A is

ALz —20)+ I (z2) ) Ao (zn) dis = § § {La(aza)

0 0
+L2’(zzizz }A Zi)A (Zz)dzi de.
For the kernels We obtain the following expressions:
L@)=nT S5 5 [ A+ a0y | [+ Fgomy2 | o,
1

51
L' (gg1) = —2aTv 2%8 dz-z[2E + ivxg]t S dzy -z [2E + iva; 4],

[0} 0 0

857

I ’(ar )__ TA 2329_2_15 Idz
n— (98182) = — 1l Aoev < i ) W

! 1

X\ dzg-24(1 — 242 12) |,
So (1 —2d) [ E T ivzigz) (2E+wx,(g,+g2)) +( )]
o —i al 1 _
Ly (88182) = (ev)*Ao PR Ry—— -5 2 I S dz(1—2?)

1
X 4 Ag? - 12 ]
{ 0 [ (2E + ivzgs) (2E + ivz (g + g2)) +12)
r 1 ,
J— 2
o Grrmm e T ey AT+
where (12), (02), etc., are cyclic permutations of the
indices. The kernels L, L’, and L,_ coincide with the
corresponding expressions of!”’. However, the kernel
L;_ does not coincide. This discrepancy is apparently
connected with a misprint in!”. Following Shapoval'™,
we write the equation for the vector potential A(z) in the
form

£ 0

_§+3 H (2 — 21) A (21) day — SSWZ (2212,)

o+ o (s2122)) A (31) Ao (32) dar dz + \ § § [ (s2103)

0

+ K5’ (3212523) | A (21) A (22) A (23) d24 d2z, dzs.
For the kernels ' we obtain the following expressions:

672NV e2A g2 1% 1 —1
—_— — p—)
- T%‘, E§ dz(1 z)[EZ—i—Z(vzg)Z} ,

H(8)=
8m,
Ho—(99182) = _51?9 Lo (g:818),
8m
Ko (8182) = o Ly (828:0),

2
H3-'(8818283) = 8(ev) plA 2T 2 % .

zy(1 —zif)
(2E + ivz,gs) (2E + ivzy (82 + 83))

1
XSdl'i
0

1
(2E + ivagy) (2E + ivz(g 4 g1))

X Sldz-:c(1—zz) [ —{—(01):'

H3(9818283) = —

)

. 1

3i(ev)*: mpoAo? LS do (1 — 222
0

§+¥1+g2+£’3—i\7 E4

)f{2m2[ - ! -
(2E + ivzg) 2E +tvz(g+ g1)) CE+ ivz(g + 61+ &2))

+(0123) + (00 +(012) |
1
— A 2
¢ [ (2E + ivzg) (2F + ivzgs) (2E + ivz (g + €1 + 25))
1

1
+ (2E + ivzgs) (4E + vz (g1 + g3) ) (2E + vz (g1 + g2+ gs) +(20) \)}}

The kernels X5 and #’; differ from the corresponding
expressions of "7,

6. DENSITY OF STATES OF THE EXCITATIONS IN A
MAGNETIC FIELD

The properties of thin superconducting films in a
magnetic field in diffuse reflection of the electrons from
the boundaries of the sample were investigated by
Thompson in'®!. In particular, it was shown that the
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excitation spectrum has a gap, i.e., the density of states
vanishes at energies below a certain value. A similar
problem in specular reflection was considered in'®?.

In the case of specular reflection, the excitations are
characterized by a quasimomentum, and the gap in the
excitation spectrum vanishes at certain directions of the
quasimomentum. Traces of such anisotropy should re-
main also in diffuse reflection of the electrons from the
sample boundaries. It will be shown below that the
statement that the excitation spectrum has a gap in the
case of diffuse reflection is valid only in the zeroth
order in the small parameter d/£ (—the ratio of the film
thickness to the coherence length of the superconductor.
Allowance for the first order does not lead to an apprec-
iable change of the properties of the system at T ~ T,
but is significant at T < T,/In(£0/d). This is connected
with the fact that in sufficiently strong fields

(eH > (d¢,)™") the density of states differs from zero
everywhere. We confine ourselves only to considera-
tion of a thin pure film in a magnetic field directed
along its surface.

We choose the coordinate system in such a way that
the y axis is directed transversely to the film and on the
film boundaries y = +d/2, while the x axis is along the
magnetic field H. We can then choose the vector poten-
tial A with a direction along the z axis and with

A, = Hy. (64)
We seek the solution of a system (1) in the form
1 1
Gp(r)= fi. + ﬁfz (T +ite) + = fa(T, — itx). (65)

Introducing in lieu of y a new dimensionless variable

L 20+ [g

sinf@sing L v

eH cos 8 |>*‘/2
sin O sin @

—ieHycosB}(

X exp[—iT“<2—signcose—signsm (p>:l (66)
and putting
"= Garrens U sms o)
xexp[ (2~ signeos 0 — signsincp)] . (87

we obtain from formulas (1) and (65) at Z =0

P 5 ; 0 00\ /1 61 —1 /1
A RL :.—2(0 —1 0)(/‘2)+ v( 10 U) /2 |- (68)
fs 0 01/\/ —10 0/\/s
We confine ourselves to a strong field

eH > (d&) . (69)

Then the solution of the system (68) can be sought in the
form of a series in powers of v. Accurate to terms of
second order in v, the general solution of the system
(68) is

fi(z) = Bi + Bop(z) — Bsx(2) + Bi(D(2) + F(2)),

2
fo(5) = exp (= =) 1B: + Bix(a) + (B (3) — BaFi (2)) ),

2

h(e) = exp (5 ) B — Brp () + (BD(:)— BDy(a)], (T0)
where
y&)— vren( 2 ) dz, o= fv(z)exp(——zi) &,
J =0,
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z

D(z)= Sv(z)x(z)eXP<—zsz)d" F@o)=§ v(z)‘l’(z)“I’(%z)dz’

Xo Xo

z

2 2
Dy(z)= S v(z)P(2)exp (— %)dz, Fi(z)= S v(z)y(z)exp (7> dz.
(71)
It can be shown that the coefficients B; in (70) satisfy
the condition

R Xy

Bi(0,9) = Bi(n—0, n + ). (72)

We shall therefore consider only the angle region 0 < ¢
= 7. In the chosen gauge of the vector potential (formula
(64)), the matrices (nj7) which enter in the boundary
condition (10) and (11), can be chosen in the form

(not) = at; + By, (nyt) = —Br. -+ ATy,

a2+ p=1, (73)

From (65) and (73) it follows that in the angle region

0 = ¢ = 7 the boundary condition (10), (11) can be writ-
ten in the form

By (21) — —%—‘i e+

(n;t) = Tx,

a, B = const.

1—a

fa(z1) =0,

afy (Zi)+_ﬁf2(zl)+if3(zl)= 1, (74)
12 12
1—
Bhi(ea)+— % o) — 1%" fa(z2) =0,
S dg SdG sin @sin® 0[fy(21) — fs(31)] = 0, (75)

where z; and z, are the values of z on the film boun-
daries:

21 =z(—d/2), z2=12(d/2).

The coefficients B;j are determined by the system (74),
and the integral relation (75) together with condition
(74) defines the coefficients @ and B.

1t can be shown that the terms proportional to v* and
vwd/v do not lead to a noticeable change of the spectrum
of the system in the solution of the system (74). Omit-
ting these terms, we obtain for the coefficients B; the
following expression:

B,
(Bz) = (1 + @) el 4 (1 —2) )L
By

(1 +a)e?— (1 —wa)et

- £t Voo
X ﬂVH)GXP(T‘F—Z‘) *:*(f}),
S ¢ > Iy

BV 2exp <~T~ - (76)

where
20d __af

t= =——, [i=———[0:+0],
4 vz vz

vt o [ 29, — B2
P = —ew (7)[(1 T a2)0r — B20.],

Iy =

1 242
—— exp (* _‘)[’“ 3201 + (1 + a?) 0],
vz Y2 4

e dfe | N
01 = exp <——4 ) g A(y)exp L—L'eHy2 COS@,W dy,

\ o J

d/2

2
0= exp (%) ) A(y)exp[ﬂeﬂﬂ
0

.2-2
——cos ¢’ ]({y,
. 3

z=-sin0sing, J1—a2cosqp = cos0. (77)
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2n i

Substituting in (75) the explicit expressions for the func-
tions f, and f;, we obtain
L Yi—=a? a2
o\ dy’ dzg dyA(y)exp | ieH cosq | ——y?
So § o [ x < 4 )]

dr
~vawl3§”ﬂ- exp(wtd/v)— exp(— wotd/v)
B , (1+ a)exp(wtd/v)+ (1 — a)exp(— wtd/v)

(78)

To find the spectrum it is necessary to find the co-
efficients @ and B from the system (73) and (78), accur-
ate to terms d/£,. We find first the ordering parameter
A(y) in the zeroth approximation in the parameter d/¢,.
Using Eqgs. (63) for A(y) and expression (65) for the
Green’s function Gp(r), we obtain

an

[%]mpo ¢

=—T do’ \ d. .
2Y2n2 %% ¢ § ()

In the zeroth approximation in d/£,, this yields

A(y)

A(y):'_”';"_n""_rzﬁ(m)exP[_eH(%z__yzﬂ, (79)

i.e., A(y) can be written in the form

A(y) = Biexp[—eH (/4 —y?)]. (80)

To determine the constants o, 8, and A,;, we solve
Eq. (78) in the zeroth approximation in d/£,. In this ap-
proximation, the integral in the right side of (78) is
equal to wd/v. Substituting the expression (80) for A(y)
in (78) and using (73), we obtain

a(w) i(l)

{02+ (AD)%

plo)= (81)

- ()
T 02+ (AD)E

where

3 _eHd2> 82)

o=o(1, =5
is the confluent hypergeometric function. Substituting
the value of B(w) from (81) and (79) we obtain an equa-
tion for A;:
[ mpo A
Ay = 2700 — .

' 2 o2+ (A@)" 83)
in (83) it is necessary to replace ® by unity when
w > evHd. Equation (83) for A; was obtained earlier
by Thompson'®’.

The density of states is expressed in terms of the
Green’s function G_ iw Py means of formula (56), where
G_j,, is the analytic continuation of the function G,
from the values w = 7T(2n + 1) to the imaginary axis.

Accurate to terms d/£,, we get from (65) and (70)
21
1

p(0)= 901m4—;d§ fi(— i0)dydQyp — 0o Imf—‘zin» § do § dzBy(—iw).

0 0 (84)
Substituting in (84) the expression for B; from formula
(76), we get

in od
p(0)=poTm{ia+ 2"

¢ di oxp(wtd/v) — exp(— wid/v)
T }7 (1 + a)exp(wtd/v)+4 (1 — a)exp(— wid/v) } (85)

where the values of o and 8 are determined by formulas
(73) and (78), with the substitution w — —iw. In the
zeroth approximation in d/£,, only the first term re-

mains in (85). Using expression (81) for a, we obtain'®!

859

(0]
p() = po | 0T — @y O A? 86
0, o <A D, ( )

where @ is given by (82).

In the first order in d/£,, the density of states differs
from zero also when w < A;®. From (85) it follows that
to find p with accuracy to first order in d/£, it is neces-
sary to know ¢ with the same accuracy. Since A(y) is
real in all orders in d/£,, it is sufficient to know A(y) in
the zeroth approximation in d/£, (formula (80)). Carry-
ing out the analytic continuation of the expressions in
(78) with respect to w and replacing w — —iw, we ob-
tain, with account taken of terms of order d/&,,

m_di exp (wtd/v)— exp (—wid/v)

ahd = — P ({2
a U # (14 a)exp(wid/v)+(1— a)exp(— old/v)

He ()

(87)

where o = ¢(—iw), B = B(~iw), and we used expression
(80) for A(y). The formulas (73), (85), and (87) deter-
mine the density of the states at arbitrary ratios of w
and A;®. In the simplest case, when w < A;®, the
integral in (87) can be readily evaluated, and we obtain
for o the expression

o | TE(3) od o

o(—io)= TA® a2 v AD

(88)

Substituting this value of ¢ in (85) and calculating the
integral contained in it at w < A;® (which corresponds
to la| € 1), we obtain
d 21
L5+ .

27 e tae 69)

p ()= po
v
The presence or excitations with energy € < A;® can
be observed, for example, in experiments on tunneling.
Allowance for such excitations leads to the appearance
at T = 0 of a single-particle current at eV < A;®. For
the case when one metal is normal, the expression for
the current is of the form®!
Vv

1 o(w)
eR * dw_po : (90)

L)

I =

<

Here V is the voltage on the contact, B is the resistance
of the contact in the normal state. Substituting in (90)
the value of p(w) from (89), we get

V eVd [ n 7 eV
-5 2@ 1o

7. CONCLUSION

We obtained boundary conditions for the integral of
the Green’s function with respect to £ for the case of
diffuse reflection from the walls. These boundary condi-
tions coincide, in the approximation linear in A, with the
diffuse boundary conditions for the distribution function
of the normal metal. It is customary to use the method
of classical trajectories!”'"! for diffuse reflection of
electrons from the wall, but this method is not valid in
the presence of impurities in the superconductor*’. In
addition, in this method correlation functions of four and
more momentum electrons appear, in the expansion in
terms of the field. To find these functions it is neces-
sary to make additional assumptions concerning the cal-
culation method. This causes the correction of third-

-‘, eV AOD.
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order in the field to the penetration depth to deviate at

& ~ &, from the corresponding result of the classical-
trajectories method!™.

An expression was obtained for the critical current
near To. For T = 0, the critical current was calculated
with logarithmic accuracy. In the remaining tempera-
ture region, algebraic equations were obtained for the
determination of the critical current; these can be
solved only numerically. We also obtained the excita-
tion spectrum of thin films in the presence of a current
as well as in strong magnetic fields. The presence of
gapless excitations can be observed, for example, in
tunnel experiments. Allowance for such excitations leads
to the appearance of a single-particle current that does
not vanish when T — 0.

In conclusion, I am grateful to A. I. Larkin for a dis-
cussion of the problems considered here.
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