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An exact solution is obtained for the problem of a quantum oscillator with a time-dependent fre-
quency w(t) whose law of variation is arbitrary. The probabilities wmn are found for quantum
transitions between states of the discrete spectrum which are stationary as t —+ «, The variation
of the adiabatic invariant I = E/w under the action of the variable frequency w (t) is calculated for

an arbitrary initial state.

l. As a rule nonstationary problems in quantum mechan- p(0). Several specific examples for the variation of

ics are solved by approximate methods (time-depend-
ent perturbation theory, the adiabatic approximation,
the method of sudden perturbations, etc.[*»2!), Only in
rare cases is it possible to solve a nonstationary prob-
lem exactly. Such a solution is always of interest if
only from the point of view that it enables one to clarify
the accuracy of various approximate methods. As an
example one can point out the problem of an oscillator
acted upon by an external force f(t); the solution of
this problem was obtained in articles™®,

The present article is devoted to an examination of
a quantum oscillator whose frequency w(t) is an arbi-
trary function of the time (one can easily reduce the
general case when both m(t) and w(t) are time-depend-
ent to this case with the aid of the following substitu-

t
tions: t' = fdt/m.(t), w’ = mw). The principal possi-

bility of solving the Schrddinger equation (1) now follows
from a well-known result of Feynman.!® As shown
in'®) the formula ¥(x,t) = exp{iS(x, t)} is exact if the
potential V(x, t) does not contain x to a power higher
than the second (8 is the classical action). Many as-
pects of this problem were considered by Husimi;[s] in
particular he found an explicit expression for the
Green’s function. However, the formulas given inl®
for the transition probabilities wmyp between station-
ary states are complicated in form and yield to analy-
sis with difficulty. In that important case when the
frequency w(t) changes adiabatically, the quantum
transition probabilities wpy are calculated in the
article by Dykhne.!”

Let us enumerate the basic results of the present
article. The Schrédinger representation is used in
Sec. 2. Formula (11) is obtained for the transition
probabilities wp, and various limiting cases are
considered. For certain initial states (a coherent state
I a) and a Planck distribution) the populations wp are
found as t — ., The Heisenberg representation is con-
sidered in Sec. 3, a connection with the noncompact
group SU(1, 1) is pointed out, and formulas (33) are
obtained which give a complete solution of the problem
for arbitrary initial conditions. The question of the
exactness of the conservation of the adiabatic invariant
I = w™(H) is discussed in Sec. 4. The relative change
€ = (I, - I.)/1. is given by formulas (39) and (43),
which are valid for an arbitrary initial density matrix

w(t) are analyzed in Sec. 5; one of these is of interest
in connection with a theory of the parametric amplifica-
tion of light,[®*%]

2. The Schrodinger equation for a quantum oscillator
with a variable frequency w(t) has the form (m =h
1o 1

ﬂ’-: ——‘~+Eﬁ)z(t)$zl|).

"ot 2 022 1)

With regard to w(t) we shall assume that"

_ Jo- for
m(t)_{w+ for

t<<0
t— 4 oo.

Under these conditions stationary states exist for
t — +o

)

Yn (7,£)=gn(z, mi)exp{-— i_<" _{_%5))(%,}‘3

Y Y e 22V o,

and transitions occur between these states. We shall
calculate the probability wmn for a transition from the
state ) to the state i ).

In order to solve this problem we introduce the
generating function

(3)

(pn(x,m)z{

Gzt = D pa(e,1) =, @)
n=>0 VVL'
where z is a subsidiary complex variable,? and
$p(x, t) is that solution of Eq. (1) which goes over into
Y as t — —, From (3) we find

G(z 2; t = 0) = (0-/n)"exp {—o(0-2? — 2)20_zz + 22)}, (5)

which is a Gaussian packet with respect to the variable
x. Therefore for t > 0 one can seek G(z, x;t) in the
form!®!

G(z, 7; i) = (0-/m)"exp {—'2(az® — 2bx +-¢)}, (6)

where a, b, and ¢ are functions of t and z. After

DThe assumption that the frequency w(t) starts to change at the mo-
ment t, =0 is introduced only in order to simplify the calculations. In
the final formulas one can regard the moment t, of “switching-on” as ar-
bitrary. If the perturbation %2[w?(t) ~ w_21x? is switched on adiabati-
cally at t > —oo, then one should assume t, = — o<,

2 The introduction of G(z, x; t) is essentially a transition to the Fock-
Bargmann representation for the harmonic oscillator. [!!-!2]
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some calculations we obtain
E(t) V20_
a(t) = — b(t)y=—2z,
W="lrqy PO=y?
e(t) = 220 - In E(¢). (7)
Here £(t) =| &(t)] el7(t) is the (complex) solution of
the classical equation of motion:

E+ 0?2 ()E =0,

Expanding (6) in powers of z, we find the form of
the wave functions ¥n(x,t) at any arbitrary moment of
[ zVw

time: o
1 _ 'k 2

\P"(x’t)={2"n!§(t)v%} eXp[—<%—+mY>] "\Te) |> ®)

w- | £(t)]|"? which guarantees

We note that Re a(t) =
the correct normalization of the wave functions
dn(x,t). As t — +o

§(t) = e¢io~t for ¢-» —oo. (8)

E(t) = Creiott — Coe=iott,

' sioye (10)
| N D S LV, —
|§(t)|'*[ m+(1_[s|z)] [1—se-20.t] a )—co+1 e

(s = C2/C1, 0 <] s|<1). From here it is clear that
¥n(x, t) oscillates periodically (with a frequency w.,)
even as t — «, However the transition probability
wmn tends to a constant value:

. 2
Wy = Tim |t (2) | (0) —m —0 | Povimfs (Y1 — p)

o0

>IZ_‘

(11)

Here

ne = min (m, n), n= = max (m, n),

p=|s]2=|C2/Cyl?,

and an( x) is an associated Legendre function. The
value of the integral (A.11) (see Appendix A) is used in
order to obtain formula (11). We emphasize that in
order to determine p it is sufficient to solve the
classical equation (8) (in regard to other methods for
evaluating p and certain specific examples, see Sec.
5). In the adiabatic case when w(t) is a slowly-varying
function of t which is analytic in a certain region

|Im t| < e, the quantity p is exponentially smalll****]

Now let us discuss expression (11) for wmpp in
more detail.

1) Transitions occur only between states | n, w-)
and |m, w,) for which the numbers m and n have the
same parity. This is related in an obvious way to the
parity of the potential V(x, t) = Y>w?(t)x?

2) In quantum mechanics the adiabatic invariants
are the quantum numbers and also the distribution with
respect to the energy levels.!*®! The adiabatic case
corresponds to p — 0; in this connection from (11) we
obtain

Wy =1— l/Z(nZJF‘ n -+ 1)\0 + 0(92)1

ns! e (s -+ 1) P

Wmn = 2%(m)2n<Tpk[1—< 1 +1>7+”']’ 12)
c = lolm—n| =0,1,2,.

The main terms of this expansion co1nc1de with the
result obtained by Dykhne.m The correction is of
order nzp; therefore the accuracy of formula (12)
rapidly deteriorates with increase of the initial excita-
tion n, For n >>1 a case may be realized in which
p < 1 but n? 2 1. Then in Eq. (12) it is necessary to
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sum over all the terms in the series, which gives®

|7 (Ymnp) |2 (13)

Wmnp A ——
(mnr)* n<!

(the conditions for the validity of this formula are:
m,n>>1; p K1) If mnp < 1 then expression (13)
automatically goes over into expression (12).

3) The quantity An =1 — wp, is of special interest
(it gives the probability that the oscillator changes its
initial state). Graphs of the functions Ay = Ap(p) are
shown in Fig. 1. From this figure and also from for-
mula (13) it follows that the adiabatic approximation
(12) for the transition probabilities wmp is valid only
upon fulfillment of the conditions p < 1 and mnp < 1.

4) Expression (11) for wmn simplifies considerably
for n =0 and n =1 (in these cases transitions only
occur upward, m =n):

(2n)! (2n41)!

w. _— (] — 2o Wy p—
2n, 0 B ()2 (1—op)"p 2, 1= 5o (nl)?

(1 —p)pr (14)
(in a somewhat different form, these expressions are
contained in article(®),

5) In the opposite case when n>>>1 (and p is not
too small), in (11) one can substitute the quasiclassical
asymptote for the Legendre functions. Assuming m to
be a continuous variable, let us transform Eq. (11) to
the form

4cos? Myn

(15)

Win = -
" Jt[(m—ml) mo—m)]

where

1—1’9

= o= F

1+VP
and &, is a rapidly oscillating phase. The distribu-
tion of the transition probabilities wpyy is primarily
concentrated in the region m; = m = m;; for m <m;
and m > m; the probabilities wy,, decrease expo-
nentially (see Fig. 2). Averaging wmn over the rapid
oscillations, we have

St
1—7o

(15a)

One can obtain this distribution within the framework
of classical mechanics (see Appendix B for further
details). The oscillations represented by the factor
cos®®mn are a quantum effect. An explicit expression
for the phases ®mn is given in Appendix B.

The maximum value of the transition probabilities
Wmn is reached for m close to m; and m.. Compari-

op = 2| 5y (. — m1) (mg — m).

FIG. 1. The quantity Ap =1- wpp
as a function of p for various values of n.

8,(p)
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31n the simplest case m = n, formula (13) can be generalized to ar-
bitrary values of p. Applying Hilb’s asymptotic expression [17 ] for Py
(cos 0), from expression (11) we find
wan ~ 0ctg 0Jo((n+ t2)0) |2,
where n > 1, but p = sin? 8 is arbitrary.
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FIG. 2. Probabilities wmp for transitions from an initial state |n,
w_ ) into the state [m, w. ) for different values of n and p (o = sin® 9):
Fig. 2aisforn=0, p =0.75;Fig. 2bisforn=6,p=1.1 (8 = 18°);
Fig. 2c is for n= 20, p = 0.12 ( = 20°). The dotted curves indicate
the classical envelope Wy, see formula (15a). The deviations of the
probabilities wyp from the dotted curves represent a quantum effect
and occur due to the presence of the factor cos? & . The tables
given in [**] were used for the construction of these graphs.

son of formulas (14) and (15) indicates a substantial
difference in the behavior of wyp for n~1 and
n > 1, This difference is clearly evident from Fig. 2.

6) From the general principles of quantum mechan-
ics it follows that the transition probabilities wmn are
symmetric with respect to the initial (n) and final (m)
states if w(~t) =w(t). As is clear from (11), the
equality wmp = wnm is actually observed for arbitrary
dependence w(t). One can understand the reason for
this additional symmetry if p is related to the coeffi-
cient for reflection from a one-dimensional barrier
(with regard to this reason, see Sec. 5).

We emphasize that only the absolute value of the
ratio C;/C, but not its phase enters into formula (11)
for wmn. Such will not always be the case. Let us
consider, for example, the evolution of a coherent
state:®

o) S, (162)

Ll 1
2 aot?!

la) = 0xp<—

\I)a(-r, O) = <I|U~>
= (- /1) "exp {—s[0_a® — 2J20-0z +a®+]a|2]}. (16b)

Comparison with (5) shows that, to within a constant
factor exp(-%z]a|?), ¥a(x,t =0) coincides with the
generating function G(e, x; 0). Therefore, for arbi-
trary t > 0

Ya(z, 1) = exp (—2]a|2)G(a, z; 1), am)

where G is given by formula (6). Since a(t) = w(t)
(even for t —«, see Eq. (10)), the state ¥4(x, t) is no
longer coherent for t > 0. As t — +« the energy level
distribution becomes stationary:

4)Coherent states were introduced by Glauber ['®], and at the pre-
sent time they are widely used in quantum optics. [!°] With regard to
their properties, they are nearest to the states of a classical oscillator. If
one sets & = reiy, then r is related to the amplitude and ¢ is the phase of
the classical oscillation.
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_ o < _1_97 i 45)'2
wn(a)—wo(a)w—n! H, ST lafet@o )t (18)

Here Hp(z) is a Hermite polynomial, a = |a|el?, and
C2/C* =Vpe?l® In contrast to (11) the distribution
wp (@) is not determined by only the single quantity p,
but also depends on the phase ¢ of the initial state
| @). The quasiclassical nature of the coherent state
appears in this,

In the adiabatic region this formula simplifies to:

_rm=

) cos2(0—)+00) |
(19)

wa(a)= e [ 1490 (v =2
(v =]al?).

As an example of the latter let us assume that at
t = 0 the oscillator is in a state of thermal equilibrium:

pmn(0) = (1 —E)E"0mn, E= exp(—ﬁm_/kT) (20)

(a Planck distribution with temperature T). In this case
as t — o the populations wp are given by

1_
wn:(i—g)gn< P

thy | — &2\ "2 1—
) Vi) ).
(21)

Since the initial state (20) is an incoherent mixture of
n-quantum states, the phase of the ratio C,/C, does
not enter into (21).

We note that the generating function

G (2,1) = D Wi (1) 2™,
m=0

which corresponds to transitions out of the n-quantum
state, also has the form (21). In order to obtain
Gn(z, t) it is only necessary to omit the factor 1 - §
in (21) and replace the variable £ by z. With the aid
of Gp(z,t) it is not difficult to obtain formulas for the
average value n(t) and for the dispersion AnZ(t).

3. Let us go on to a consideration of the Heisenberg
representation. The coordinate operator %(t) satis-
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fies the equation X + w?(t)X = 0. Therefore
Z(t) = cnd(0) + cub(U), D) = ez (0) + cp(0), (22)

where the cjj are real functions of the time. One can
express them in terms of the function £(t) introduced
in (8):

E+¢ E—&
€1y = — ) Clo = —- ’
2 fw—
cor == é11, Ca2 = éro, det (cy) = 1. 23)

Let us denote by a (t) the Heisenberg operator which
satisfies the initial condition

(24)

(Here a(w) (without the caret) is a time-independent
operator in the Schrddinger representation: a(w)
=(2w) Y3(wx +ip).) From Egs. (22) and (24) it follows
that

a(t) = a(w)e-iot for t— —oco.

a(t) = (2o-)h(0-2(1) +ip(t)). (25)
Hence
a(t) = w'a(0) + o'at(0), a*t(t) = ¢"a(0) + ua*(0), (26)
where

(i) =@ +ioE), V() ="a(E+i0E).
Since the commutator [2(t), 4*(t)] =1 does not depend
on t, then | u’|?= | v'|®=1 (which is not difficult to
verify by a direct check). From here it follows that the
transformation (26) (let us denote it by S(t)) belongs
to the group SU(1, 1).

Now let us introduce the transformation T corre-
sponding to a change in the frequency of the oscillator
functions: TYp(w.-) = ¢¥n(w,). It is not difficult to see
that it is also contained in the group SU(1, 1):

a(0s) = u”a(0-) +v'at (o),  aH(os) = "a(0-) + et (0-),

@7)
where
" O O Y Wy — W
u =, V=
270+ 0- 2Vot 0=
The matrix element for the transition | n, w_)
— m, w.) now takes the form
(m, 0| Pn(t)) = {m, 0_|T+S(2) |1, 0_). (28)

Since the states inside the brackets now pertain to the
single frequency w., Eq. (28) represents the matrix
element of a finite ‘‘rotation’’ for the group SU(1, 1).
An arbitrary transformation of SU(1, 1) is determined
by the three parameters ¢, §, and ¢ and has the form

U= ( vov >, 0= chieiww)/z, U= shiei(w—w)/z (29)
vtout 2 2

(the range of variation of the parameters is given by:
0= 9,9 =21, —o < 6 <), By multiplying T and S
we can determine the values of u and v corresponding
to the transformation U = T*S:

A erf, i 19/ i 30
wmy V(g E) o= ;(H;ﬁ)' (30)
In particular, as t —«

_Ver o =t
lu] 10)*[ ==

1 —
As is well known,®#] two irreducible representa-

tions of the group SU(1, 1) are realized by the wave
functions of an oscillator: the states with even n form

ol = )2, the- =75 (31)
4]

one of these representations, the other is formed by
states with odd n. The irreducible representations of
the group SU(1, 1) were investigated in articles(%#!
in which the matrix elements of finite ‘‘rotations’’ were
calculated. In terms of Bargmann’s notation,!?*! the
representations we are considering are related to the
discrete series Dj; with values of the parameter

k = ¥, (even n) and k = ¥, (odd n). Therefore the transi-
tion probability is wmn = | Anl;n(e) |2, where a®) g
the analogue of the Wigner D-function for the indicated
representations of the group SU(1, 1), and the angle 6
is given by formula (31). In principle this is the easiest
way to obtain formula (11). However, certain transfor-
mations are required in order to bring the formula
given in!®! for Agil)l(@) to the form (11).

The Heisenberg representation of the operators X
and p is even more important because it enables us to
explicitly write a solution of Eq. (1) for an arbitrary
initial state. In this connection it is convenient to work
with the characteristic function y and the Wigner
quasiprobability W:

x (A us 1) = Sp {p(4) exp [i(23(0) + pp(0))1},

Wiz, p;t)= —(2-%; S dhdp g (h, p; t) e 0x0R)
(the properties of the functions y and W and, in par-
ticular, their relation to the density matrix are set
forth, for example, in[®'%**}) From (22) we immedi-
ately obtain

x (15 1) = x(cuh + cup, e + cppp; t = 0);

(32)

(33)
Wiz, p; t) = W(caz — ciof, —ca1zx + cup;t == 0).

Thus, the time evolution of the functions x and W re-
duces to a linear transformation of their arguments,
having exactly the same form as in classical mechan-
ics.”

We emphasize that relations (33) are valid in the
most general case when the initial state of the oscilla-
tor is a mixed state and is described by a density
matrix. The problem of the evolution of an arbitrary
initial state is in principle completely solved by the
same equations (33). However, the transition from (33)
to the populations wm requires an evaluation of rather
complicated integrals.

4. In the quantum case

0o oo

[:§<n—|——;—>]cn|2 <1f w:chl}O)A

n=t

(34)

serves as an analogue of the adiabatic invariant Ic;
= E/w. One can determine the change of I as follows.
Let us write the density matrix of the initial state in
the form of Glauber’s P-representation:[*®]

0(0)= { ®aP(a)|w)al,

(35)

S)Similar relations for a system of N coupled oscillators are derived
in article [*°]. In contrast to [1°] in our case it is possible to obtain ex-
plicit expressions for the coefficients cij (t) — see formula (23).

A transformation of the coordinates xj (t) and momenta Pj (t) for ar-
bitrary N belongs to the group of real symplectic matrices Sp (2N, R)
of order 2N. In the case N = 1, as is clear from Eq. (23), this transforma-
tion is contained in the group SL (2, R). This is a characteristic of the
elementary case N = 1. As is well known from the theory of groups, all
three groups Sp (2, R), SL (2, R), and SU (1, 1) are isomorphic among
themselves.
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where P(a) is a weight function. Then for arbitrary
t>0

p(t) = § daP (a) |9a (1)) () ], (36)

where Yq(t) is determined by formula (17) (in the x-
representation). Hence for an arbitrary operator A we
have

(4 =5p{p ()4} = { 2P (a)pa(t) |4 |pa(t)). (37)
Thus, it is sufficient to average A over the states
Pa(t). After simple calculations we find
(n-) = |al?,
(38)

) === lo+|al2(1 0 — 25 cos2(p— 8))]

(here (ni> are the average values of n for the state
Pa(t) as t — +», ¢ =arg a, and 6 is defined in Eq.
(18)). From Eqgs. (37) and (38) it follows that

_ L 2 [ /o (‘4 2i6
E=—"" =1—ol? Vo Re( ¢ )]

(39)

where
A= (a")-= S d2a P (a)a'?,
1
B=1I_= SdzaP‘(a)(laP-{-——z—). (39a)
Formulas (39) are valid for an arbitrary state.
From the uncertainty relation it follows that | A |

= (B2 - Y,)"2. Therefore the quantity € is always
confined within the limits
- —2}/—‘)_ <e<< —2}/—9:
1+7e 1—7%o
If the initial state is stationary, then P(a, to)
= P(| a ), whence A =0; consequently
L—I. 2
I ~ 1—p
(a result which is independent of the specific form of
this state). In particular, formula (41) is valid for all
n-quantum states. For n =0 or 1 it is not difficult to
verify this directly from the distributions (14).
As is evident from Egs. (40) and (41), on the average
I. > I_. Having considered an oscillator with a slowly-
varying frequency, one can easily understand the rea-
son for the increase of the invariant I. Let w =w,
+ Aw, Aw K we:

p* 0z Ao p2 Aw \2 p2
- E e (- 2)+(2)
20)+ 2 0+ 2 * ®o* + [O1) 20)o+

(40)

(41)

g =

Averaging this operator with respect to the unperturbed
wave functions, we take into consideration that accord-
ing to the virial theorem, ( p?) ={ w2x®) = wol,, from
which it follows that

1=10{1+%(9‘%)2} >1,

By a similar method one can find the average even
for operators which are more complicated than n. We
shall present an expression for the dipersion AnZ
={n® - 1n%){_. . In this connection since the general
formula has a rather cumbersome form, let us confine
our attention to the case of a stationary state (for
t — — ). Then

1+ 4p + o*
(1—190)2

20
R

Angt = (A2 a-+1). (42)

V. S. POPOV and A. M. PERELOMOV

If the variation of the frequency w(t) takes place
adiabatically, then p — 0. In this case formulas (39)
and (42) take the simpler form

¢ = —2Re<%R), Ang = An 22 (72 + -+ 1+ 3An), (43)
where R = p/2¢210
(see Eq. (44) below).

The problem of the change of the adiabatic invariant

I for a quantum oscillator was considered earlier by
Dykhne.["] The formula for € obtained by him is in
agreement with (43) in that case when A =B. This
equation is satisfied only for quasiclassical wave pack-
ets ¥ = Zcy|n) for which all of the expansion coeffi-
cients cp have the same phase. Thus, if a coherent
state | @) is taken as the initial state of the oscillator,
then

is the coefficient of reflection

2|al?
1+ 2]al?
(a = |a|e®).
Therefore € is not determined by only the real part of
the reflection coefficient R, but it also depends on the
phase ¢ of the initial state.

5. As already mentioned above, the solution of the
problem of a quantum oscillator is completely deter-
mined by the values of the constants C,, C,, and
p = | C2/C. |2 In principle one can find these quantities
by directly solving the differential equation (8). There
is, however, a more intuitive interpretation of p as the
coefficient of reflection from a one-dimensional poten-
tial barrier.” Namely, out of £(t) and £*(t) we form
a linear combination ¢ (t) with the following proper-
ties:

% = e29 > ¢2i¢ for |a|>1

eio_t | Re—io_t for t— — oo

Deio.t for t—» 4 oo’ (44)

@()=§(t) +RE (1) =
From here it is clear that ¢ (t) coincides with the wave
function of the one-dimensional Schrédinger equation if
we replace t by x and w(t) by k(x). The coefficients
R and D are the amplitudes of the reflected and trans-
mitted waves. From a comparison of (44) with (10) we
find

D c RD*
TA—R]Z’ T 1—|R]®’

Thus, the solution (44) corresponds to a wave inci-
dent on the barrier from the left. Time reversal
(t — —t, w(t)— w(-t)) corresponds to the transition
to a wave which is incident from the right. Denoting the
coefficients of reflection for these two waves by p and
p’, we have wpn(p) = woym(p'). But, as is well
known,m o’ =p; the additional symmetry of the transi-
tion probability wy,, with respect to the indices m
and n, mentioned in Sec. 2, also follows from here.
Since w?(t) > 0, the question concerns above-barrier
reflection. This analogy enables us to apply methods
developed in quantum mechanics in order to evaluate
p. Thus, if w(t) =woe[1 + €f(t)] (¢ — 0) then the
formula of perturbation theory["zl is valid,

G o =|R[ (45)

©

p= 52' ®o S dt f(1) etioot 2 (46)

6)This idea is due to L. P. Pitaevski\f, see [7].
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If w(t) is changing adiabatically, then one can apply
the quasiclassical method developed by Pokrovskii and
others.!# %] We shall confine our attention to several
examples in which Eq. (8) can be solved exactly, but we
shall also consider the especially interesting case of
parametric resonance.

1) Let

02— 0l ay?
(M(_t)=m_2+ 1++ 7 + =D 47)

(such a dependence for w(t) corresponds to the Eckart

potential which is well known from quantum mechanics).

Here a > —(w, + w-)?/ 4% or else w?(t) takes negative
values. The function w(t) has a minimum for -a, < a
< —a,, a maximum for a > a,, and for |a| = a, it
changes monotonically from w_ to w, (here a,

=(ws +w-)¥y% a, =| 0 — w?|/y?). The coefficient
of reflection for (47) is given by'®]

ch(a— B)+ cosi

ch(a + B} cosh
e=n>", ﬁ:n%', A=mya+1. (48)

2) With the aid of (47) one can accomplish a contin-~
uous transition from the adiabatic region to an abrupt
change in the value of w(t). Assuming a =0 we have

. [sh(m—p)/z]2
" Lsh(a+B)/2

oxp( —2n 35)
Y

for y<<o=zx

(49)

W4 W 2 3'(2(1)+0]~ ] '
—_— )| 1= +
<”++ m) [ 3y + for v> o

The value p =(w: — w-)*/(w, + w-)? corresponds to an
abrupt change in the frequency and may be obtained by
the method of sudden perturbations.fz]

3) One can indicate a law of variation for w(t) for
which, in general, no reflection is present. Namely,
let £(t) be an arbitrary function satisfying only the
conditions f(t) — wy as t — +«, Then for

_ F 3 /7F\ (50)
ot1=F+5—7 ()
Eq. (8) has the exact solution
const ;
E(f)=——expqi \f(¥')dV (51)
Vi (@) So }

and p = 0. Here wmp = dmn, i.e., the oscillator re-
mains in its initial state. A number of specific exam-
ples of such types of w(t) are considered in article!#7,
4) As is evident from (46) one can expect a notice-
able increase of p in that case when the spectrum
w(t) contains a component with the doubled frequency
2w, (for a simple explanation of this fact, see!?®)), This
is the case of parametric resonance. Assuming wz(t)
= wé[1 +2¢ sin (2 + 6)wot], where | €], |6]| K 1, we
find g?sh?t
IpF T etsht for |&|>]9]
p= e?sin?t (52)
m for | & | < l d |
(here u =Y, V][€2~062] and T = pwet). For |e| > 5]
(a region of instability for Mathieu’s equation) p in-
creases monotonically from 0 to 1. For [ e| < | §]
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the solution has an oscillatory character, and its maxi-
mum value is given by pmax = (€/6)°< 1. In both
cases strong excitation of the oscillator (p ~ 19 is
possible for an arbitrarily small value of €. This
example may serve as a model for a quantum para-
metric amplifier (with a single mode). The theory of
two-mode amplifiers is considered in articles!®?],

6. From unitarity it follows that 0 < wpyn(p) =<1
for arbitrary m, n, and p. One can somewhat
strengthen the upper bound for wpp. In fact from the
inequality

[Pr(z) | < [+ m)t] (l—m)1'" (—1 <z<<1)

it immediately follows that
(53)

(for p >0 and m +n > 0 this inequality is strict). For
a given value of p the probability weo(p) has the maxi-
mum value, which is in complete agreement with Fig.
1.

Wmn (p) << woo(p) == Y1 —p

In conclusion we note that inequality (53) enables us
to find a simple example of unitary inequivalence of
the canonical commutation relations [ aj, aj* ] = djj for
a system with an infinite number of degrees of free-
dom.” For this purpose let us consider two systems
of oscillators with frequencies w; and wj (i =1, 2,
3,...). Transformation (27), which corresponds to a

change of the frequency, may be written in the form
i = (0;7/ 0t)'"

(54)

The scalar product of the vacuum vectors &; and &;
is given by

pit=cibi, @it =TT

= g
K@t | O 2= ] V1 — i = H 1—_503

=1 i

(55)

where pj = w{ - wi')z/(w{ + w{)2 (this value for pj
corresponds to an abrupt change of the frequency from
wj to wi* ). Because of the fact that the product in (55)
contains an infinite number of factors, it may be equal
to zero even if all c¢j = 0. In this case the vacua &,
and 3 are orthogonal to each other. Now let us take
two arbitrary basis vectors d){n} and <I>{ m} from the

Hilbert spaces #. and 4. spanned by ®; and &5:

- +
Oy =, 0173 g, 027500, Dy == | My, @1+; My, 02750, (56)

With inequality (53) taken into account we find
I(‘D(;)[(D(;))IZ =11 Wi i, (91) < | Do+ Do |2 (57)
=1
Consequently if the vacuum vectors are orthogonal to
each other, then any two vectors &' and &~ from the
spaces o, and . are orthogonal: (&* | &~) =0, i.e.,
the representations of the canonical commutation rela-
tions which are realizable in the spaces 5, and 78. are
not unitarily equivalent.®

D See, for example, articles [2°3°] for examples of inequivalent re-
presentations. One can find a more detailed discussion and references to
the literature in the book [311].

8)The condition M2¢j/(1 + cj?) = 0, which is necessary and sufficient
for unitary inequivalence of two representations, is not new and is men-
tioned in [3!]. As is evident from the account set forth here, utilization
of inequality (53) gives a very simple derivation of this condition.



744

The authors are sincerely grateful to B. Ya. Zel’
dovich for a detailed discussion of this work and for a
number of useful remarks. We thank S. M. Rytov and
also all participants in the ITEF Theoretical seminar
for a discussion of this work.

APPENDIX A

Let us deduce the values of certain integrals which
are required in order to obtain the formulas of Section
2.

1) Let

o

I (0, B)= S e~ox't2bx [, (z)dz, Rea > 0.

—oo

(A.1)

Let us transform the generating function

o

. " R — a2
g(t)zzt_I (a, ﬁ)zl/%exp{u a)t+2ﬂt+l32} (A.2)
n=0

Qa

(the generating function for Hermite polynomials is
used in order to obtain this formula). Expanding in a
series in powers of t we obtain

=V5e (=) m():

2) Now let us consider the integrals Jmn:

(A.3)

S e=“*H, (B12) Hp, (Box) d

—c0

]mn(ay ﬁi-,ﬁ2)= (A.4)
(Jmn = 0 if the numbers m and n have different
parity). Let us form h(t;, t;) according to:

o

1
Bty )= 2 g LU

m, n=0

— V 7 { (B1ts + Bziz) (A.5)

(ziz+t22)}-
Introducing the polynom1als dmn(x) which are deter-
mined from the expansion

o

exp(ti + 12 + 2zlity) = D} gmn (2)14™", (A.6)
m, n=0
from Eq. (A.5) we obtain
Jom = min! Vﬂ <ﬁﬁ — 1>W2< B2 _ 1)7”2
a N a a (A7)

i
””<m»—aﬁé—me

One can relate the polynomials qp,(x) to the associ-
ated Legendre functions. In fact, from Eq. (A.6) we

have
— %}(21)11/1:1( ’";k)v<n;k)'

; e =min (m, n)).

Grn ()

(A.8)

h=ne, e — 2, Nc—4,...

On the other hand

(1 4 z5)r2pm (

m(lm)! A §
231

x
e )— ” (z 4 icas @)t cos mo de.
x= :

(A.9)
Expanding the binomial (x +1i cos¢ )l, integrating
term-by-term, and comparing the result with Eq. (A.8),
we arrive at the desired identity:

Im—nl/2 (

ir)=(2 V1 + @) ML gy ) (A.10)

i">n=qmn (—

V14 a2
Taking this equality into consideration, we transform

V. S. POPOV and A. M. PERELOMOV

Eq. (A.7) to its final form:

T/ — A\ -
Jmn=n<!v%< 1_};) (2 YAz + ke — 1) minyz.

(A.11)

Im—nl2 7»1}/::
P(m+n)/2 (V M Fi— 1) )
where x; = BZ/a and ), =B3/a.

We note that the polynomials qmyp(x) can be ex-
pressed in terms of a hypergeometric function:
(2z) "< F<

(/alm —n)Inzl

ne 1 N<

B et SR Ll B
SR LR A R ?)
(A.12)
One can verify the validity of this equation if the hyper-
geometric function is expanded in a series and it is

taken into consideration that

<—%>k< 1;n)k =2”‘(n7i2k)! :

Relations (A.10) and (A.11) also follow from here if the
expressions for PP (cos 6) given in book!** are used.
Finally, by performing a transformation of the argu-
ment of the type z — z”! in Eq. (A.12), we obtain

Gnn (T) =

1
Gom, Zn(z)‘;l’—TF( m, —n,/y; 22),

2z

Gomtt, 2n 41 (T) = ——— F (
m!n!

(A.13)

—m, —n,3/52?).

APPENDIX B

Expression (15a) for a classical oscillator follows
from geometrical considerations. The initial state with
a random phase uniformly distributed in the interval
0 = ¢ = 27 is represented in the phase plane by the
ellipsoid (p%w-) + w-x?=2I.. According to Eq. (22)
the time evolution of x and p leads to a rotation and
an elongation of this ellipse with conservation of its
initial area (since det (cjj ) =1).

The distribution with respect to I, = wi'E (for
t — «) (the adiabatic invariant I plays the role of the
number of quanta) has the form

2%
. do ( 2 i—ZI)-_—
w(ly)= §§[—6 Awyx +M)+ - J_[

1
[(I+—I1) (1>

— 1+)]‘l,’
(B

where Vo, x = V2.1 cos ¢, p/Vw, =V2Lsing, I, = AL, I,

= 2'1_, and (Aw,/w-)"2 is the coefficient of elonga-
tion of the ellipse where A=(1-=+vp)(1++Vp)™". One
can find the distribution w(I,) in similar fashion even
in that case when in addition an external force f(t) acts
on the oscillator. In this connection the initial ellipse,
besides rotation and elongation, also undergoes a dis-
placement in the phase plane.

Thus, the envelope of the distribution (15) can be
found from purely classical considerations. However,
in (15) there is also a factor cos®?®mn which leads to
quantum oscillations of the probabilities wyp around
their average classical values (these oscillations are
clearly shown in Fig. 2).

In order to obtain the phases &y, we shall use a
quasiclassical asymptotic expre551on[2] for the associ-
ated Legendre functions. In the limit m, n >>1 we

obtain
g 7»>}

d]mn f I - n[
Vi—p
(B.2)

{(m-l-n)?»—]m —n|arcctg<—+-——ct
m
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where

m 4 n YrP —
2 1—a2

2
o — Ymn
m-+n

and the parameter ) is introduced according to the
equation V1 - p =xocosx () varies within the limits
0 = ) = sin"'Vp; the value A = sin”*V p; corresponds
to m =n). From Eq. (B.2) we find

m—n|

——— ctg x)}

(B.3)
From here it follows that the inequality 0 < 3&/om

< 7/2 is satisfied for m; <m < n, and for n<m

< m, we have 0 >98%/9m > —n/4. At the point m =n
the phase ®mn as a function of m has a break, where
énn =n sin™'Vp. Since &y, =0 for m = m,, m, and
|8®mn/8m| < 7/2 then the number N of zeros of
cos®®myp is given by N =21"'&py < n. The average
distance between the zeros characterizes the period of
quantum oscillations of the distribution (15); it is equal
to

k(z)=

ny_ 0
om om

1 . I
dr = 7{7\ — sign(m — n)arc ctg

Yi—p

——mz—m‘zzn V;

An = — . (B.4)
N (1 —p)arcsinyp

Note added in proof (February 28, 1969). We note that the quasi-
classical approximation (15) for the transition probabilities wmn is only
valid upon fulfilment of the conditions: n, m, - m,, m,; > 1. This cor-
responds to the values p > n?, (1 - p) > n™!. In the limiting case p > 1
(a strongly excited oscillator, n(1 ~ p) < 1) one can reduce formula (11)

1 q/2(0—p) Vm(i—p; —m(1—p)
2np! V nm Ha? ( 2 ) exp{ 2 W}’

Wyn =

i.e., Wmp is essentially proportional to the square of the wave function
of an oscillator in the n-quantum state. In this connection the maximum
value of the transition probability is reached for a value of m close to

4n/ (1~ p).
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