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A general expression is obtained for the effective nuclear spin Hamiltonian of a paramagnetic center
with hyperfine interaction with several nuclei. The theory of second-order effects in electron-nuclear
double resonance (ENDOR) spectra is developed for sufficiently general cases. The theory is com-
pared with experiments made on F centers in LiF, KCIl, and KBr, and explains fully the complex
structure of the ENDOR lines. By comparing theory with experiment, it is established that the quad-
rupole-interaction constant Q' of the K* nucleus of sphere 1 of the F center in KBr is positive, and
the analogous constant of the Li” nucleus of sphere 1 in LiF vanishes within the limits of experimen-

tal error (Q' < 10 kHz).

INTRODUCTION

THE resolution attainable in the electron-nuclear dou-
ble resonance (ENDOR) method makes it possible to ob-
serve the line structure due to the so-called second-
order effects. The latter are taken to mean effects aris-
ing in the second approximation (with respect to energy)
of perturbation theory with the hyperfine interaction as
the perturbation and of the electron Zeeman energy as
the zero~order Hamiltonian. These effects, interpreted
as the ‘‘indirect interaction’’ of the nuclei, were ob-
served in the ENDOR spectrum by Holton and Blum,t!!
Subsequently Feuchtwang!?! presented a detailed theory
of the second-order structure of ENDOR lines with al-
lowance for the quadrupole interaction, when the ‘“inter-
action’’ of only a pair of nuclei is significant. The the-
ory of [?} was compared with experiment and this com-
parison yielded the sign of the quadrupole constant of
the K*° nuclei of sphere 1 of the F center in the KC1
crystal. The ENDOR spectra were theoretically and ex-
perimentally considered by Kravitz and Piper ®? in the
case of the ‘““interaction’’ of a quartet of spin *4.

However, the formulas of ‘?! for the ENDOR ener-
gies and frequencies do not take full account of the de-
viation of the nuclear-spin quantization axis from the
direction of the external magnetic field H'*! (effective
field), and therefore all the terms proportional to b2/1/0
(the symbols are explained below) in 2! are incorrect
(with the exception of the orientation of H along the
symmetry axes), as is the angular dependence in the
quadrupole interaction. To be sure, for cases when |a|
>> |b| the terms proportional to b?/v, are small, but
the change of the quadrupole terms in the ENDOR fre-
quencies for a longitudinal orientation of H is appre-
ciable, since it can be of the same order as the effects
of the indirect interaction of the nuclei.

In the present paper we consider the theory of sec-
ond-order effects in ENDOR spectra of paramagnetic
centers; this theory takes correct account of the devia-
tion of the nuclear-spin quantization axis from the di-
rection of the external magnetic field. We consider the
energies and frequencies for the cases of a pair of
‘“interacting’’ nuclei and an arbitrary number of pair-
wise ‘‘interacting’’ nuclei when contact interaction pre-
dominates. Account is taken of the asymmetry of the
lines in the ENDOR spectrum of a pair of nuclei with

I =3/,, due to quadrupole interaction in second-order
perturbation theory.

The theory is compared with experiments performed
on F centers in LiF, KCl, and KBr. The comparison
has shown that the structure of the observed ENDOR
lines is fully explained by second-order effects. By
comparing the calculated spectrum with the experimen-
tal one, in analogy with {?, we determine the sign of
the quadrupole constant of the K*° nuclei of sphere 1 in
KBr (Q' > 0); it is shown that for Li’ in sphere 1 of LiF,
the quadrupole-interaction constant can be regarded as
equal to zero within the limits of experimental accuracy
(Q' < 10 kHz).

THEORY

1. Effective nuclear spin Hamiltonian, We start
from the spin Hamiltonian of a paramagnetic center
with electron spin S and isotropic electron g-factor in
the form

= voS: — X (vl + A8 T + A4Sl 4 APSel + Hot). (1)
i

Here and throughout, all the coupling constants are
given in frequency units, v, is the electron Larmor
frequency, the z axis is directed along H, the index j
numbers the nuclei with spins I, v, is the nuclear
Larmor frequency, and Ap (p = 1, 2, 3) are the compo-
nents of the tensor of the magnetic hyperfine interaction
in the principal coordinate system of the j-th nucleus
with axes £, 7, and ¢. Introducing the notation custo-
marily used in ENDOR work, we obtain

3

D Ap=3a, Ay=a— b+ 2bs,

p=t

Ay=a—bi1—by, As=a-+ 2by— by,

@)

where a is the Fermi constant of the isotropic magnet-
ic interaction, and b, and b, are connected with the
tensor of the magnetic hyperfine dipole-—dipole interac-
tion and determine the anisotropy of the magnetic hyper-
fine interaction’ (see, e.g., {*7).

DThe anisotropy constants b, and b, introduced here differ from the
analogously designated constants b [?], but coincide with those customarily
used (see, €.g., the review [°]). The constant bk of [*] equals b, — b, of
[%1, and by, of [*] coincides with b, of [°].
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We write the operator of the quadrupole interaction
in (1) in the form
Ho= Q12— s12) + Q" (12 —12). (3)
We have omitted here the index j; Q' and Q" are the
usual quadrupole-interaction constants.
If the ¢ axis is the axial-symmetry axis, then b, = 0
and Q" = 0. It is assumed throughout that

vo> |4,], 1, 1Q”I. 4)

The last inequality makes it possible to determine the
energy levels and the wave functions by using the meth-
od of effective nuclear spin Hamiltonian that depends
only on the nuclear-spin operators. The eigenvalues of
such a spin Hamiltonian coincide with the eigenvalues of
J from (1), with accuracy to second order of perturba-
tion theory, i.e., with accuracy to terms proportional to
Ap/uo inclusive. In this approxxmatlon the wave func-
tion of the system is ¥ = x pyx', where x’ is the nuclear
spin function, which is the eigenfunction of the effective
nuclear spin Hamiltonian, x ys is the eigenfunction of
§z, and M is the projection of the electron spin on the
z axis. As shown in the Appendix, the effective nuclear
spin Hamiltonian can be written in the form

Hop = voMl + D) (MAyFn® + Ho° + Hry). (5)

The index ¢ numbers here the groups of nuclei. In each
group o there are k; nuclei with identical coupling
constants Ay and unit vectors n. For each nucleus'*
we have (we omit the index j)

Apy — —E 2 2 6
M [p§j (Ap M) apz:, ’ ( )
a,, are the direction cosines of H in the (¢, 0, ¢) sys-
tem of the j-th nucleus, and n = n(M) is a vector whose
direction is determined by the direction cosines,’*!
Ap—va/M
op = —_p’T'V—-/—_ Gp, (7
M
k; k,

JZQ E%J , ¥ =j21 T is the operator of the total

spin of k. nuclei, f‘n is the operator of the projection
of the unit vector n(M), and m,, is its eigenvalue. The
effective second-order spin Hamiltonian is

I'Vn',

o SN@ $.)@ ~
%29": ( +)M,M 1 F+_°— ( +)M+1,IVI F_+°, (8)

Vo Vo

where
1 "
Tigo= - Z D Ay By TF ived) (B £ iy,,f')?,,jiqf', 9)
* pa A
(p, a =1, 2, 3, as before, number the principal axes of

the hyperfme mteractlon tensor) Actually the values of
Ap and Aq do not depend on the numbers j and j’ of

the nuclei contained in the group o. Bi) and 'y%) are the
direction cosines of the axes x and y, which are per-
pendicular to the z axis (to the field H) in the (£, 5, &)
system of the j-th nucleus. Formally, the part of the
operator (8) with j # j’ can be regarded as the operator
of the indirect interaction of the nuclei.

We note that the form of the operator (9) presupposes
beforehand (see the Appendix) that the energy levels of
the individual groups of nuclei are sufficiently well sep-
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arated, i.e., IMAJ —MA | >> A /v,. If this inequality

is not satisfied, then the groups ¢ and ¢’ must be com-
bined into a single group which gives almost degenerate
energy levels if %, and #,of are neglected.

To determine the eigenvalues and eigenfunctions of
the Hamiltonian %¢f from (5), we shall henceforth as-
sume that

[MAM] > |Q], [Q”], (10)
so that (./t’Q +./t f) can be regarded as a perturbation
to Ma,Fg.?

It follows from (5) that the energy of the system is
equal to v,M + %}Eo, and y' = g xY, where EC is the

energy of the nuclei of group o, and x°
function.

2. Effective field. If we omit # and ”zef from
(5), then the nuclear spin Hamiltonian'*!

Fser — voM =) (MArril,)

is their spin

(11)

J
breaks up into a sum of single-particle Hamiltonians,
so that the hyperfine energy is equal to the sum of the
energies of each nucleus, and the wave function is x '
H xJ. The expression MAM/gJ (3 has the meaning of

the effective magnetic field acting on the nucleus j in
the direction along n(M) (g, and B, are respectively
the nuclear g factor and the nuclear magneton). The
energy is obtained by replacing Ih in (11) by the quan-
mp; X!

Addition of the quadrupole interaction does not
change the additivity of the energy of the hyperfine in-
teraction and the multiplicativity of the functions. To
obtain the energy levels with allowance for the quadru-
pole interaction it is necessary to separate the diagonal
part of the corresponding operator. The latter, as can
be readily shown, is

%Qlj = Ooj(inz -

. . . ~]
tum number is an eigenfunction of T.t*

’/31A2) j1 (12)

where®

Qo = 12(305% — 1) (Q"+ Q") + (382 — 1) Q" (13)

The quadrupole contribution to the hyperfine interaction
of the j-th nucleus equals Qf,(mﬁ)z. The angular depend-
ence of the quadrupole parts of the energy is determined
by the orientation of the effective field relative to the
symmetry axes of the j-th nucleus.

The ENDOR frequencies (AM = 0, Am] ==1, Amn
=0, j +j’) take in this approx1mat10n the form

Vi — | Mo+ 09 (2ma — 1) (14)

2For an integer spin S, the case M = 0 differs in that the solution

depends on the relation of [vp| to |Q’| and |Q"'|. The formulas presented
below remain valid when [vn| > [Q'], IQ"'I.

3)The influence of the deviation of the quantization axis from the
direction of H was considered theoretically in a diploma paper by A. A.
Voitovskaya in 1965 (Kiev Polytechnic Institute). We assume that the
principal axes of the tensors of the quadrupole and magnetic hyperfine
interaction coincide. If this is not the case, then (13) will contain in lieu
of 8, and 85 the quantities §] and 83 which are the direction cosines of
n in the system of the principal axes of the quadropole tensor.
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and break up into quadrupole multiplets (ZIj lines in the
multiplet). In many cases |b| << |a|, so that for com-
parison with experiment it is sufficient to use the ex-

pansion® of the expressions (6) and (7):
b
Ay ~ a—vi+ by(3 cos28 — 1)+ by(3 cos? 0; — 1)+‘—sm229
b
+%_25m2291 b (3c0s20 — 1) (3cos20,—1);  (15)
a
_62_~ 1— [ Ay —a a4 As—a w A3a—a g — Apa—a];
ap a a 1
3 by (16)
6% =~ cos? 0 -+ ——sm2 20— 6 —coq2 B cos? 0y,
a a
b b
8.2 ~ c0s? 01 — 6 —= cos? 8 cos B +7’__;z— sin2 20;. 1)
a &
Here @, =cos 6 and @, = cos 6,. We note that the di-
2 1 1

rection of the effective field does not depend on M in
the first approximation in b/2 and v, /a; it is easy to
verify that the angle between H and n does not depend
on M, accurate to ~b?/a’

Permutation degeneracy holds for the group of nu-
clei o, so that the corresponding k; frequencies
ViVI my coincide. This degeneracy can be lifted!® 3! by
taking into account .%'zef from (8) and (9). We shall ex-
amine the manner in which such a degeneracy is lifted
for certain sufficiently general cases, and also how the
ENDOR frequenc1es change and split. It is meaningful
to take %#J%s into account if sphttmgs or shifts of the
ENDOR frequencies of order A2 /4v, can still be dis-
cerned experimentally (for F centers in alkali-halide
crystals it is necessary that A2 /41/0 be larger than or
on the order of several kHz).

3. Arbitrary number of nuclei in group. |a| >> |b],
lvnl. I lal >> [bl, lvyl, then it is sufficient to put

A}~ a in Ty7. We then obtain from (9)

T :_2 I‘JI:t E—(F2+F2)$ ,F'zy (18)

a?
4
3,3’
where I, = Ix + il,, and F? is the square of the total
angular momentum of k; nuclei. By rotating the sys-
tem of axes in (18) towards the quantization axis n and
substituting in (8), we obtain, with the same accuracy
with which Ap is replaced by a in (8),
N . 2 .
Ty = M — (F2— F,2)— St — M) 2 F,.. (19)
2vo 2vo
Let us consider the eigenvalues and eigenfunctions
of the Hamiltonian (5) when the quadrupole interaction
is negligibly small. In this case, as seen from (5) and
(19), the conserved quantities w1ll be Fp = my and F?
=F(F +1); X% = |[Fmg ). If k; > 2, then the energy lev-
el E%’I, F, m, is degenerate in the so-called coupling

scheme!®? (in the intermediate moments). The energy
EY is obtained from (5) and (19) by replacing
M, F,m,

Fn by m; and F? by F(F + 1). ENDOR magnetic-dipole

transitions are possible between the states of one cou-

pling scheme when AM =0, AF =0, and Amj = +1.
From the obtained energy we get for the ENDOR fre-

4 A different expansion of Ay, which is more convenient in the case
when |b, |, [by] ~ lal, is given in [%].
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quencies due to the group o (we omit the index ¢ for
simplicity)

2,_M2 az
VMm = l MAy — L__wz_.

—M:—i-(2m6—1){; (20)

Vo

Ay must be taken from (6) or (15),
eeey =Kkl + 1.

Thus, when account is taken of #,ef, each energy
level (M mg) splits into (ksI + 1 — mg) sublevels corre-
sponding to F = kgI, kg1 —1, ..., mg. The ENDOR fre-
quencies IMAMI split mto 2kl components, which are

separated from one another in our approximation by
Avy = [Ma®/yg|. 1t follows from (15) that the frequen-
cies will contain, in lieu of the Larmor frequency Vn»
the effective Larmor frequency vy, — [8% — M?]a%/2v,.
The intensities of lines with different mg, will be pro-
portional to the number of transitions with a given fre-
quency VOM, my’ Disregarding the *‘oscillator

strengths’’ for the transition (F, mj; ~—— F, mg * 1),
let us obtain the relative intensity J ;n of the frequen-
o

mg = koI, kol — 1,

cies VK/[’ m,* Omitting the proof of formulas (21) and

(22), we write
F=hyl

]m; = 2 NFv
F=mg;
where Ny is the number of states in the group of kg
nuclei with given value of total angular momentum F,
and f(F) is the number of states with projection m
= F, where

Ne=f(F)—f(F —1), 1)

-1

1) =3 k)t | T ()t

m==I

(22)

Here k;, is the number of nuclei in the group o with
projections of the nuclear spin m (|m| <I); the prime
next to the sum denotes that it is taken over all possi-
ble decompositions of the number kg into terms Ky,
under the condition that

m=I m==1

D km=tke, D mhkn—=F.

m=—I m==—I
Taking into account the ‘“oscillator strength,’’ which
is proportional to [ F(F + 1) — m(m; — 1)], the relative
intensities Jy,, are equal to
kol
D) Np[F(F 4+ 1)— mg(me— 1)1
F=mg

It can be verified that the ratio of the numbers Jj,
and Jp,

is a factor that varies strongly with F, and [F(F + 1)
— mg(mg — 1)] is a factor that varies relatively weakly.
For kg=2 we get from (24)

2‘):(21—mq+1)[ 2r—

(23)

"
]mo——

(24)

, differ little from each other, since in (24) Ny

ma) (A1 + dmat1)
6

" (ko = m‘,+1}

(25)
where the first factor is J’ o

Bearing in mind a comparison with experiment, we
present the ratio of the intensities, in accord with (21)
and (24), for ky=2 and ko= 4 (I = %/):>

5)For kg = 4 and I = 3/2, it is easy to obtain the value of N directly,
bypassing (22), by considering the addition of the momenta of two
pairs of particles.
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I {Jg’:Jz’:J{:Jo’:J_,’:J_z’= 1:2:3:3:2:1
T I Ty 0y ] —1:2,3:3,3:3,3:2,3:1,
ke— 4 ]é'_5:]§_4:12_3:.72_2:]2',_1:]{:10”= 1:4:10:20:31:40:40
TosiTysi Tl gt Ty ot 420 0 —1:43:11:21:31:38: 38,
(26)

If Q', Q" # 0, then to obtain the energy levels and
the frequencies 1t is necessary to solve a secular equa-
tion of order (21 + 1)%9 The problem simplifies greatly
when |Q’| >> a®/4v,. The difficulty of the problem
greatly increases if b ~a, k(,> 2,and I > Y,

For the case k=4 and I - /z, the secular prob-
lem was solved by Kravitz and Piper,'®} who obtained
an expression for #,ef in the case of an octahedral
arrangement of the nuclei and for H oriented along the
[001] direction. Naturally, the spin Hamiltonian of their
paper'®! can be obtained as a particular case from (8)
and (9).

4, Case of two nuclei. If the paramagnetic center is
an inversion center, then the most general case of the
group is kg = 2.5%) The axes £, n, and ¢ have the same
orientations for both nuclei of the group, Ap does not
depend on the index j, so that we obtain from (9) (F is
the total angular momentum of the pair)

Tz = -f: Z ApAgFpFq(Bp F ivp) (Bg &= ivg). 27
Separating the parts of this operator that are symmet-
rical and antisymmetrical with respect to (Fqu) and
retaining only the operators diagonal in Fn, we obtain
for Jﬂzef from (9)

diag

Horep® = IMBIF2 — F,2 - 2MCF,2 — 2(St — M) B'F,,  (28)
where
1 To—Ty 1 1
- =-—T) B =—T,
4vy 2 ’ 4vy b 4wy z (29)

1/3To=1/5 ) Ap?(1 — 0p2) = a> — aby (3 c0s?0 — 1) — abz (3 cos? 6y — 1)

P

—1/5512(3 00820 —~ 5) — 1/2 bs2(3 cos2 01 — 5)-b152(3 cos28-+3 cos? 01— 4),
(30)

Ty — S (4,85) ( 2 Apapap) ~ 9(bi2sin? 20 + bs2 sin® 20,
p

bn Ly

— 8b1bs cos? 6 cos? 9;) -+ 0( ~ , (3 1)

Ty = A1420383 + A143098; + AsAdza18 ~ (l2 — ab;(3cos? 0 — 1)
— abs(3c0s20; — 1) + b2[3c0s20 — 2 — Z7[gsin? 20] - b22]3cos? 0y — 2
—[g sin? 20;] =4 b1bao[5 — Bcos? B — Beos? 8; + 27cos? 6 cos? 6]

+0(~b]a, b2v, ] a). (32)

The expression for I'; is determined only by the
orientation of H and does not depend on the orientation
of the effective field; I', = 0 if H is directed along any
principal axis. In the case of axial symmetry I';, =0
also if 6 = 7/2. The approximate equalities in (31) and
(32) are obtained with the aid of the expansion (16). All
the terms in the approximate equality, with the excep-
tion of those explicitly written out, vanish in (32) if
n [|H. In the case of axial symmetry and 9 = 0 we have
B’ =B = (a —b)’/4v,. If |b| << |a|, then B’~ B if we
neglect terms proportional to b? in T'yand T,.

The energies, the ENDOR frequencies, and the wave
functions xcan be obtained by diagonalizing the matrix
of the operator

1119

Hor — voM = [MAp — 2(S* — M) BF,, + 2MB (F2 — F,2)
+ 2MCF,2 + 2 Had + Z )

=t =1

(33)

If the first term on the right is regarded as the zero-
order Hamiltonian, then the second, third, and fourth
terms give the contribution made to the energy in first
order of perturbation theory, and the last term gives
the contribution in second order of perturbation theory,
with '%ézz = Jfé - ‘%JQx , where %3‘21 is taken from (12).

If Q@ =Q"=0, then the ENDOR frequencies are de-
termined by formulas (20), except that a®/4 v, in the
quasi-Larmor term is replaced by B’, and the frequen-
cy splitting is Avy = |4MB - C).» For the case
S =2, 1= 7%, in which we are now interested, we can
use the correct zeroth-approximation formulas and the
tables of the ENDOR frequencies and energies as ob-
tained by Feuchtwang.!®! However, although the effec-
tive spin Hamiltonian of the paired particles was ob-
tained correctly in 2} " its diagonalization has been
inaccurately performed Therefore the quantities B, C,
and Q, of Tables II and III of 2} should be replaced by
the values given here and obtained from formulas (29)-
(32) and (13). In addition, the quantity (A_ + D_) in [22®
should be replaced by (/2 A,,+B) In 21 the states
are determined by the quantum number Mp—the total
projection of the spins of the two nuclei on the magnetic
field. This number should be replaced by m, the total
projection on the quantization axis n(M), so that the
functions of the nuclear spins become, generally speak-
ing, dependent on M.

The diagonalization in !?! is inaccurate because in-
correct account was taken of the deviation of the nu-
clear-spin quantization axis from H. This is manifest
in the fact that the coefficients B and C in the energies
of [?) contain the incorrect terms ~b?/v,, and the con-
stant Q, contains not the direction cosines Op but o
When |b| << |a|, the inaccuracies connected with the
terms ~b /1/0 are insignificant. As regards Qo, its rel-
ative change as a result of the deviation of the quantiza-
tion axis is ~b/a. Even when b/a ~"/,, (sphere 1 of the
F center in KCI), the change of @, due to the deviation
of n from H is of the order of or larger than B (when
6 =w/4). In the case of axial symmetry and 6 =0, 7/2,
the value of @, from ! coincides with our data.

The correct zeroth-approximation functions are
characterized by a total spin projection of the two nu-
clei my and parity with respect to their permutation. t*
In the first approximation of perturbation theory, the
degeneracy is completely lifted. Magnetic-dipole tran-
sitions are possible between states of like parity, and
the ENDOR frequencies are given by the condition AM
=0, Amg = + 1. The characteristic feature of such a
spectrum is its symmetry relative to the frequency v,
= |MApM — 2MB’|.

6)The wave functions |[Fmg) are in this case even or odd relative to
the permutation of the nuclei, and their parity is equal to (— 1)21-F
[61.
DIn the effective spin-Hamiltonian of [?] it is assumed that B' = B,
which in general is incorrect.

8)In tables I and III of [3] it is necessary to reverse the sign of C,
and in the 14th line of Table III it is necessary to reverse the sign of the
term 5B.
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Experiment shows, however, that in the case of axial
symmetry and 6 # 0 the spectrum is asymmetrical.
This may be caused by the quadrupole interaction, or
more accurately by its nondiagonal part, the contribu-
tion of which was not taken into account in 23,

Taking into account the quadrupole interaction in sec-
ond order of perturbation theory, we have calculated,
starting from the known correct zeroth-approximation
functions, the corrections to the ENDOR frequencies and
energies of a pair of nuclei with I = /2 (see the table) in
the case of axial symmetry. The following notation is
used in the table:

(A int )

II= A—'/z( T sin?2¢ 2(1—1.—0.2)5 9),

8307/ 1—a® 1 « .4)

Il = - (1+a2 sin' 2q>+7 T sin‘g |,
30% ., .
IV= A sin? 2¢;

e =[(Qo+ B)*+ 24B7h, n=1[(200+ 4B)2+ 9B, (= [4Qs*+ 9B",

g Qt+B—e
2BYV6

The states j and j’ are numbered in accordance with
Table II of the paper of Feuchtwang:'?! g and u are
states that are even and odd, respectively, relative to
permutation of two nuclei; the letter c denotes that the
transition is forbidden if Q, = 0; f denotes a forbidden
transition. For transitions indicated in the parentheses,

ENDOR frequencies of a pair of
nuclei with I =34 (M = —'%).

Y _ye,m, it = V-2t C(2m —-1)

@) (2 . _1
+ ijl +VijI, V—1/2 = /2 A-1/z
+ B’
parity m ¥ Qi
12 - 11 —1
(16 — 15) 2 3B 1
u
9-8 .
3-2) (—1) —Qo+2B+te 11
& c
6— 4 0 -
('7;6) ) —Qo+B—e4n II
21 —2 -
(10— 9) 3) 200+ 5B v
g
b2 —1 -
9-17 (2 Qo—2B+e 111
g
6—3 0 .
(316) () |—Qo+B+e+tn I
14—~ 12 0
45— 14) 1) —2B+¢ v
u
15— 13 1
(13- 12) ©) 2B+ v
Uy C
8 5, 1
{5;’ 3) ©) QGo—B—e4q| I
7-5 1 -
(5—4) 0) Qo—B+e+n| II
g f

the frequencies V]@; must be taken with the opposite

)  should be taken the same

Qjj’

sign, and the frequencies v
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as for transitions without the parentheses; m is the

larger of the two numbers m or m — 1; Vj(]?; is the addi-

tion due to #Q, + #sef; V]5j22 and €, 7, ¢, and @ are

given in [?) while B, C, and Q, are taken from the

formulas of our paper. v}, is the addition due to &Qz.

Qj
(2)

The frequencies v,.., are given for the case of axial

symmetry. For M = /., the frequency v -, /2 shcluld be
rezplaced by vi/2 = /24172 — B, and the quantity Q, in
V]sj)’ should be replaced by —Q,, A-1/2 in Vgl?j, should

be replaced by A,,z, and the sign of B should be re-
versed in the expression for a.

The asymmetry effect can be separated by calculat-
ing the centers of gravity of the three groups consisting
of six lines each (see the table). Then the difference
Av, — Av, (see Fig. 1) has the following form (M = — '/):

FIG. 1. Asymmetry of
ENDOR spectrum of a pair of
nuclei with I = 3/2. The solid
lines characterize the shift of the
centers of gravity of three groups
of lines when account is taken of
the quadrupole interaction in sec-
ond order of perturbation theory
while the dashed lines represent
their previous symmetrical projec-
tion.
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Here cos ¢ = 8, from (7). For |a|>> |b| it is neces-
sary to use the expansions (15) and (17). For M = /2,
the quantity A_, , in (34) should be replaced by 4, ,.
If a < 1, then (34) goes over into the analogous for-
mula for a single nucleus with I =%/, (the values of
a are given in the table).

5. Single nucleus. If k,= 1, then #,s is given by
(28), but the momentum operator ¥ of the pair of nu-
clei should be replaced by the operator i, so that

Hop= (vo+ 2BI)M 4 (MAN — 2[8? — M2 B') ],
+ [Qo—2M (B — C) 1%+ H q. (35)

We have left out the insignificant term (-4 Q,1%. A
det[avi]led analysis of the single-nucleus case is given
in "7,

In concluding this section, let us clarify when the in-
direct interaction between nuclei of different groups o
can be neglected. Let aj ;5 be the maximum constant
of hyperfine interaction with the nuclei, and a% the con-
stant of interaction with nuclei of group o. It follows
from the foregoing that the energy of the nuclei o
changes by an amount ~(a%)?/v,. On the other hand, it
can be verified that the nondiagonal operators (relative
to F) introduce into the energy of the nuclei ¢ a cor-
rection of the order of a%(ay, %/ V) It can be neglected

if a%amax > amax/Ve.

(34)

EXPERIMENT

We used for the measurements single crystals of
KCl, KBr, and LiF grown by the Kyropoulos method in
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air. The F centers in KC1 and KBr were obtained by
electrolytic coloring, and in LiF by y irradiation. The
F-center concentration as given by optical measure-
ments was ~10'® cm™>,

The investigations were made with a superhetero-
dyne ENDOR spectrometer operating in the 3-cm band
(Wmicrowave = 9290 MHz).'®!

1. LiF. A detailed study was made of the spectra of
coordination sphere 1 of the F centers. Figure 2 illus-
trates the ENDOR line from a pair of Li’ nuclei at 6 = 0°

FIG. 2. ENDOR spectrum of a pair of Li’ nuclei of sphere 1 of the
F center in LiF, 6 = 0°, T = 20°K. 'The vertical segments correspond to
the theoretical frequencies (lower scale), calculated from formula (20),
and their heights are calculated in accordance with (25). The upper scale
represents the experimental values of the frequencies. a = 38.15 MHz,
b=3.06 MHz, x"' is the imaginary part of the paramagnetic susceptibility,
Vnuc is the frequency of the applied radio-frequency beam.

and M = — . The line structure is due to second-
order effects, as is confirmed by the good agreement
between the theoretical values of the frequencies calcu-
lated from formulas (15) and (20) with the experimental
values (a%/ 4y, for ky= 2 must be replaced in (20) by
the exact value of (B — C) from (29); for 6 = 0 we have
(B —C) = (a—b)?/4v,). The relative intensities of the
structure lines are also in good agreement with those
predicted by formula (26).

Since according to °! the quadrupole moment of Li’
differs from zero, we calculated the dependence of the
frequencies of the second-order structure for the afore-
mentioned ENDOR line on the possible values of Q. A
comparison with experiment had shown that the possible
value is |Q’|< 10 kHz.

Since b/a ~ %, in our case, we can expect formulas
(20) and (25) to describe sufficiently well the line struc-
ture for kg > 2. The case k= 4 is realized in sphere
1 of the F center when H|[[100]. Figure 3 shows the
theoretical values of the ENDOR frequencies and the
experimental spectrum for the quartet of Li’ nuclei of
sphere 1. Some difference between the intensity ratios
of the experimental lines and those calculated by for -
mula (25) is apparently due to the overlap of the rather
broad lines in the experimental spectrum.

2. KCl. The influence of the deviation of the nuclear-
spin quantization axis from H and of the quadrupole in-
teraction, taken into account in second-order of pertur-
bation theory, was investigated on the F centers in KCI.
We studied the spectra from the pair of K*° nuclei of
sphere 1. The angle 6 was varied from zero to 45° in
the (001) plane. A detailed comparison of theory with
experiment was made for 6 =30° (M = —/,). At this
orientation, a high-frequency forbidden transition was
also observed (the low-frequency transition was over-
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FIG. 3. ENDOR spectrum of a quartet of Li’ nuclei of sphere 1 of
LiF, 6 = 90°, T = 77°K. a=38.16 MHz, B = 3.05 MHz. Vertical seg-
ment - theoretically predicted values (in accordance with formulas (20)
and (25)).

lapped by lines from other nuclei). The frequencies of
the observed transitions are well described, within the
limits of the measurement errors, by the formulas
given in the table, provided @, and B are taken from
expressions (13), (17), and (29)=(32). On the other hand,
the use of the formulas of ?} for @, and B results in
a discrepancy on the order of 20 kHz.*

The asymmetry of the spectrum observed at 6 = 30
agrees with the theoretical asymmetry. Thus, accord-
ing to formula (34), (Av, — AV,)theor = 12 kHz and
(Av, — Av, also agrees in the indicated interval with
the quantity given by expression (34).

3. KBr. The second-order effects were taken into
account also in the spectra of a pair of K*° nuclei of
sphere 1 of the F centers in KBr for orientations of H
with 6 = 0° and 6 = 90° in the (001) plane. For both
orientations, the theoretically calculated frequencies
were compared with the experimentally observed ones.
In analogy with ‘z], it was found from the comparison
that for this case Q' > 0. An example of a comparison
of the theory with experiment is shown in Fig. 4.

i
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FIG. 4. ENDOR spectrum of a pair of K3 nuclei of sphere 1 in KBr,
0 =90°, T = 20°K. a) Experimental spectrum, b) theoretical spectrum,
Q' > 0; ¢) theoretical spectrum, Q' < 0. a = 18.228 MHz, b = 0.769
MHz, IQ'l=0.190 MHz.

91n calculating the theoretical values of the ENDOR frequencies
in KCl, we used the following values of the hyperfine constans: a = 20.72
MHz, b = 0.930 MHz. The experiment was performed at T = 20°K. The
error in the measurement of the ENDOR frequencies did not exceed
3 kHz in KCl and DBr and 5 kHz in LiF.
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Thus, it can be assumed that the fine details of the
ENDOR spectra of F centers in alkali-halide crystals
can be explained on the basis of the foregoing theory,
and that the spin-Hamiltonian (1) describes well the in-
teraction between the electron and the nuclei, as is
demonstrated by experiments on KCl, KBr, and LiF
crystals. Zheru®! has predicted additional terms of
the spin Hamiltonian (1), of higher order in the spins.

It can be concluded that the coupling constants for these
terms are so small, that they do not appear in the ex-
periment.

The authors are grateful to M. F. Deigen for con-
stant interest in the work and for a discussion of the re-
sults, to V. V. Udod for preparing the samples, and to
N. P. Baran for help with the experiments.

APPENDIX

CONCERNING THE DERIVATION OF THE SECOND-
ORDER SPIN HAMILTONIAN
We divide the spin Hamiltonian (1) into three parts:
B = Po+5, + o,
where
5%1 = Z [— anizj + S:(Aljaijilj + Azjflzjjzj + Aaj(lajfsj) + fif’q],
i
o = Sx Z (ijﬁijfij + Azjﬂzjfzj + Aajﬁajf3j)
i

+ 8, (Aviyiily + Apiyilyi - Agivaily).

i

(A.1)

The notation here is the same as in the article; ap, Bp s

and y] are the direction cosines of the axes z, x, and
y, connected with the field H, in the coordinate system
(£, m, £) of the j-th nucleus; J, is the zeroth Hamil~
tonian which does not depend on the nuclear spins; 9% L
and 2’6 are perturbations, with ./t’ a dlagonal operator.
As shown in [ , the dlagonahzatlon of #, accurate to
second order of perturbatlon theory 1nc1us1ve is equiv-
alent to diagonalization of the matrix

M(m) | 3| M (m")) = vobomymn + M (m) | 51| M (m"))

+ 2

MAm”)

(M (m) | o] M (m') ) <MY (m”) | F) M ()
EMO—‘EM”O

(A.2)

By m is meant a certain complete system of nuclear
spin functions. The matrix v;6y,m’ + (M(m) I %, {M(m ))
is obviously equivalent to the operator 2, + i, ,
which S; is replaced by the projection of the electron
spin. Upon rotation to the quantlzatlon axis n(M), t4
this operator takes the form #,ef + ./fQ, where Hef is
given by formula (11), and %’Q 205 ggQ.
i

After simple transformations, the third matrix in
the right side of (A.2) can be represented as the matrix
of the operator

(S4) 2t a4

2
Gpogg = Bt i, (A3)

Vo Vo
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where

liw = “i‘ Z EAPquj'(ﬁpj Fiye’) (B =% quj')ipji:zj’v (A-4)
j -

and §; = 84 + i§;. Thus, the problem of solving the
Schrodinger equation with Hamiltonian (A.1) has been
reduced to the solution of the Schradinger equation with
Hamiltonian % ef + Jt’Q + 4. The operator #,q¢ is
considered in the last expression as a perturbation and
should be taken into account in first order of perturba-

tion theory, together with Q- Since we can write
kﬂ

=31,
i=1

(A.5)
it is evident that 7%, 1ef is the sum of k; single-particle
operators of the nuclei, with respect to the permutation
of which the Hamiltonian J,ef + #g is invariant. Con-
tributions to the secular perturbation matrix of the
group of nuclei o will be made only by those nuclei in
(A.4) belonging to this group. Retaining in (A.4) j, j’
=1,2,..., kg, we obtain the value of et given in (8)
and (9). In other words, the Hamiltonian matrix ¢
consists of diagonal blocks of dimension (21 + 1)k Ac-
count should be taken only of the perturbation operators
contributing to the matrix elements of these blocks.
Such an operator is %) ¢ %¢- Since the unperturbed op-

é\tie;f i '\’OM == Z g?fef, jffef == IMAMGI?‘:,L""7
o

erator of the group of nuclei w1ll be the operator of the
total projection of ky nuclei ¥J, the contributions to the
diagonal blocks will be made by those parts of #,ef
which have nonzero matrix elements between the states
with mg=2sm) = const.
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