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A theory of light scattering by the electron gas in impurity semiconductors situated in a magnetic 
field is constructed on the basis of the general theory of Raman scattering in the one-electron ap
proximation. A two-band model is used for a conductor of the InSb type-with a narrow forbidden 
band. Formulas are derived for the differential scattering cross section at different possible elec
tron excitations. The orders of magnitude of the scattering cross sections are estimated. The re
sults are compared with the available experimental data. In the main, good agreement is observed 
between theory and experiment. Certain experimental data, whose understanding calls for an allow
ance for the interaction between the electrons, are discussed. 

1. Raman scattering (RS) of light by electrons (and 
holes) in semiconductors situated in a constant homo
geneous magnetic field H (henceforth called for brevity 
RS at Landau levels) was first considered by Wolfr1J. 
Starting from the simplest two-band model of the semi
conductors, in which the conduction and valence bands 
are degenerate in spin only, Wolff obtained a formula 
for the RS for a change An = n2 - n1 = 2 in the Landau 
quantum number and a corresponding photon-frequency 
shift = W2 - w1 = - 2wc, where we is the cyclotron 
frequency of the electron in the conduction band. This 
cross section turned out to be proportional to the square 
of the magnetic field. 

Yafet (2J and Kelley and Wrightr3 J investigated RS at 
the Landau levels on the basis of the band model, which 
is a good approximation of the band spectrum in semi
conductors (of the InSb type) with narrow forbidden 
band. They have shown that besides the process pre
dicted by Wolff[1J, in which the change of the Landau 
quantum number is An = 2 and Aw = - 2wc, other 
processes are possible with An = 0, As = - 1, 
Aw = -lg li3H/ti. or An =2, As= -1, Aw = -2wc 
- I g:c I i3Hfn, where s is the spin quantum number, 
equal to ± Y2, gc is the effective g-factor for the elec
trons in the conduction band, and i3 is the Bohr mag
neton. According tor2•31 , the cross section of RS with 
An = 2, As = 0 should be proportional essentially to 
the square of the magnetic field H, and the cross sec
tion for <1n = 0, As = -1 should depend weakly on H, 
nevertheless decreasing with increasing H. 

RS at Landau levels was recently observed with the 
aid of a C02 laser by Patel and his co-workers in 
InSb[4 J and InAs[sJ crystals with electron density in the 
conduction band ne ~ 5 X 1016 cm-3• The experimental 
results obtained in these papers differ fundamentally 
in two respects from the predictions of the theory[l-3 J. 

First, the cross section of the scattering with An = 0, 
As = - 1 increases with increasing H, whereas ac
cording to[2•31 it should decrease slightly with increas
ing H. The quadratic dependence of the cross section 
with An= 2, As= 1 on H, predicted in[l-3 J, is not ob
servE!d in a large interval of variation of the magnetic 
field. Moreover, an increase of H from 26 to 30 kOe 
led in the case of InSb to the complete vanishing of this 

line in the spectrum of the scattered light[4 l. Second, 
inr4 • 51 they observed RS with n = 1, s = 0, which was 
not predicted by the theory of[1-31• 

The reason for such an appreciable discrepancy 
between the theoryr1-31 and experimentr4• 51 is the fact 
that the authors of[1-31 performed all their calculations 
for a single solitary electron in the conduction band of 
the semi-conductor. With such a formulation of the 
problem, in addition to the impossibility of investigating 
problems connected with the RS line width, many RS 
lines at the Landau levels drop out of consideration. 

It is assumed in the present paper that there are 
neV electrons (V -volume of the crystal) in the conduc
tion band of the semiconductor with narrow forbidden 
band (of the InSb type). We derive formulas for the RS 
cross sections at the Landau levels, corresponding to 
different possible changes of An and As. We estimate 
the widths of the SR lines. The obtained theoretical 
results are compared with the available experimental 
datar4 •51 and with the deductions of other theoretical 
works (1-3J • 

2. The general formula for the differential cross 
section of RS in which a photon of frequency w 1 and 
polarization e1 is absorbed and a photon with fre
quency w2 and polarization e2 is emitted in a solid
angle element do2, has in the dipole approximation 
the form 1> (see, for example, [6J ) 

(1) 

where a-cross section per electron in the conduction 
band, ro = e2/ mc2 -classical radius of the electron, 
summation is implied over all the final states of the 
crystal with energy E2 = E1 + ti. ( w1 - w2), with El-
energy of the initial state of the crystal. The com
posite matrix element is 

(2) 

The summation extends here over all the intermediate 

l)Jt is assumed that the values of the dielectric constant of the 
crystal are the same at the frequencies w 1 and w 2 • 
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states 2 ) i of the crystal with energy Ei. In the pres
ence of a magnetic field H (see, for example, rsl), we 
have 

P= ~ p, p= -iliV +.:_A, 
c (3) 

where the sum in the first of the formulas is taken over 
all the electrons of the crystal, and A is the vector 
potential of the homogeneous magnetic field H, for 
which we use the gauge A = H ( 0, x, 0). 

We shall neglect the interaction between the elec
trons in the sense that in choosing the single -particle 
::Jt0 in (7) below we shall take into account only the in
teraction between the crystal's own electrons, in the 
self-consistent field approximation. Each single
particle state in the magnetic field H is characterized, 
as will be shown later (see (9)), by the y and z com
ponents of the electron wave vector k. With the aid of 
(3) and (9) we readily verify that 

<!!'n'ku'k/IPI!!nkyk,> = <11'n'IPI!!n; k,)b(ky' -ky)b(k/- k,), (4) 

where J.1. and n are quantum numbers, which together 
with ky and kz determine the single -particle state 
completely. 

Using, besides formula (4), the well known rules for 
changing over from matrix elements in (2) to the 
matrix elements of (4) (see, for example, [7 l, Sec. 65), 
we can readily transform (1) and (2) into 

nedcr=ro2 <02 ( !!._\' ~ ~ \ 1Mz1(k,)J 2 dk,do2, 
w1 \ 2n I · 

Jl1nl 112n1 

1 
M,,(k,) =- ~ (!!;ndpal !!1n1; k,) (!!znziP~ I fl;n;; k,) (- 1) P"' 

m 
• J.Linf .. 

( ez" e,~ e1a e,~ ) 1 " ')(, n + + 1l + +-LJ (ftznziPal!!;n;;k,) 
\ lWt - E2 Ei - (l)z - E2 Ci m 

1-Lini 

(5) 

.f e2a"'e113 e 1ae2t~· \ 
X(!!;n1 IP~I!! 1n,;k,)(-1)P"'Ifi -+- + 1l + ).(6) 

' U>t- Ei , Ct - CU2- Ei E1 , 

(J.J.·) 
where Ei = En. 1 ( kz) denotes the energy of the corre-

l . 

sponding single-particle state; P~1 is an integer deter
mined by the relative placement of the states J.1.1 n1, 
J.J.ana, and J.J.ini (seer7 l), Sec. 65); repeated Greek in
dices a, j3 = x, y, z imply summation; K = ( eH/nc )1/ 2 -

reciprocal of the so-called magnetic length3 ). The 
summation over J.J.tnt and integration with respect to 
dkz in (5) extend over all the occupied single -particle 
states, and summation over J.1.2n2 extends over all the 
unoccupied single -particle states, for which E2 - Et 
= n ( w1 - w2). In the first sum in (6) the summation 
is over all the occupied states J.J.i ni, and in the second 
sum over all the unoccupied states J.J.ini· (The occupa
tion of all the single-particle state is defined here with 
respect to the initial state of the crystal with energy 
Et.) 

3. The determination of the RS cross section re
®ces, in accordance with ( 5), to a calculation of the 

2)Jf some of the quantum numbers characterizing the states I, 2, 
... , i acquire a continuous set of values, then the wave functions 
should be normalized to li-functions of the corresponding quantities 
(see, for example, [7 ], Sec. 38). 

3)The dipole approximation employed by us is valid under the 
condition that the wavelength of light in the crystal is much larger 
than 1/K. 

composite matrix element M21 ( kz) which requires, as 
is evident from (6), knowledge of the spectrum and of 
the wave functions of the single -electron states. The 
single -particle Schrodinger equation for an electron 
in the crystal, in the presence of a magnetic field H 
at the gauge chosen by us, is of the form 

( ieliH a e2H2 ) 
:Jfo--x--+--x2 "¢= s"¢, 

' me ay 2mc2 
(7) 

where :Jfo-Hamiltonian of the electron in the absence 
of a magnetic field. To solve (7) we shall use the two
band model of a semiconductor, which is known to be a 
good approximation for crystals of the InSb typer9 l 

We introduce, following[ 9 l, the Bloch functions in 
the center of the Brillouin zone k = 0 neglecting the 
spin-orbit interactions, namely S -for the conduction 
band (a function similar to the atomic s -function), and 
X. Y, Z-for the valence band (functions similar to the 
p-functions). When account is taken of the spin-orbit 
interaction, the Bloch functions at the point k = 0 of 
the Brillouin zone can be chosen in the following form 
(see alsor9 l): 

Uct=iSf, u,.j=iS+, edO)=sg, 

u,t = l'lh(X + iY)t, uh i = l''h(X- iY)t, eh(O) = 0, 

U[j = l'"13Zt - l/'MX + iY) L 
u11 =1,'fgZ~ -1-y1/s(X-iY)t, s,(O) =0, 

u,t = l''hZt + 1/fh(X + iY) .j, 

uq = l''/sZ.j. -l'fh(X -iY)t, s,(O) = -~. (8) 

Here and further, the symbols c pertain to the conduc
tion band, h to heavy holes, l to light holes, and s to 
the band split by the spin-orbit interaction. By H we 
denote spin functions corresponding to the electron 
spin projection on the z axis parallel and anti-parallel 

to H. The same symbols tl are used as indices for the 
Bloch functions u. 

Within the framework of the two-band model, when 
only interaction between the states (8) is taken into 
account and the interaction with other bands is 
neglected, the solutions of (7), can be written in the 
form 

(9) 

where J.J., J.J.' = c tl, h II , l tl, s tl; n, n' -integrers, 
<Pn'-harmonic-oscillator functions normalized to unity, 
~-aggregate of spatial ( r) and spin coordinates. The 
coefficients A are obtained from the normalization 
condition 

\ .p;;,t,h •(s)1Jl~l h (!i,)d!;=b(ky'-ky)b(k,'-k,)bw~6n'n· (10) 
• ?J z y z 

The coefficients B, as well as the energy levels E, 
are determined by substituting 1/J from (9) into (7). The 
energy levels E(c), E(l) and E\s} are roots of the 
following algebraic equations: 

fl2p2 
Bn (k,)[en (k,)- eg][en(k,) + M- -;;z[k," + x2 (2n + 1)] 

[ 2 J fi'P'~x' 
)( en(k,)+ 3~ ±3m-2 -= 0, (11) 
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where the upper sign (plus) in the last term on the left 
pertains to states with projection of the momentum 
along H ( I), and the lower (minus) to states with mo
mentum projection opposite to H 0). Here 

(12) 

v -volume of unit cell of the crystal. The energy of the 
states in the heavy -hole band is dh) I I ( kz) = 0, i.e., in 

n 
this approximation the mass of the heavy holes turns 
out to be infinite, and their g-factor 4 ) is gh = 0. 

Expressions for :Bn'B~ (fJ.', n')<l>n'(q) were ob-
z 

tainted by Yafet (see Table I of£2]), where the energy 
levels E are denoted by >.., K 2 is denoted by s, and fi 
= m = 1 ). Knowing B, we can calculate the normaliza
tion coefficients A: 

.i = {t + li2P2 [2k? + x2 (4n + 1)] -1- li2P2 [k,Z + 2K2(n + 1)])-'1• 
3m2e2 3m2(ti + e)2 f 

at fL = cf, l(, sl, n ;:;:- 0, We have 

for 1.1 = h.j., a ~ - 1, (13) 

where for brevity we have left out the indices fl, n, and 
kz of A and E. 

Knowing the single-electron wave functions (9) and 
the corresponding energy levels ( 11), we can calculate 
the matrix elements ( 4). To calculate the scattering 
cross sections (5) it is necessary also to know the 
position of the Fermi level Eo relative to the Landau 
levels in the conduetion band5 ) • In the general case of 
arbitrary concentrations ne of electrons in the conduc
tion band and of arbitrary magnetic fields H, the 
Fermi level Eo is determined from the formula 

This formula pertains to the case of a negative g-factor, 
when the level n t lies below the level n L just as in the 
lnSb crystal. In the opposite case, the upp~r limit of 
integration in (14) should be replaced by E~~) ( 0) + Eo. 

We confine ourselves to the case when only two 
levels, ot and 0), or else only one level Oj, are 
located below the Fermi level Eo. It is assumed hence
forth that hwc > I gc I j3H and gc < 0, just as in InSb. 
Assuming further that the E ( kz) dependence can be 
regarded as quadratic, we obtain the Fermi energy 

4) Since we have neglected terms -mc/m (me~ O.Olm- electron 
mass in the conduction band in InSb ), this means that in fact lmhl - m 
and lghl -1. 

5lit is assumed that the electrons in the conduction band of the 
semiconductor form a completely degenerate Fermi gas. 

(15) 

where we introduce the "spin" electron mass in the 
conduction band, connected with the g-factor by the 
relation m~ = 2m/gc. Expression (15) determines the 
Fermi energy under the condition that only two Landau 
levels 0 I and 0 ~ are located below the Eo level. At a 
specified electron density ne, this condition imposes 
the following limitations on the magnetic field H or on 
K2: 

( I me' I )'h ::s;; xz ~ 1 2n4n} ----
1 

• 

\ rnc , 
(15') 

If only one level Ot lies below Eo, i.e., if 

(16') 

then 

(16) 

For the InSb crystal, where me = 0.013m, gc = -55 
( Eg = 0.23 eV, A = 0.9 eV)l9 J at the ordinary concen
trations ne;;;; 5 X 1016 cm-3 l4 J, the case (15) is realized 
at magnetic fields 35 kOe < H < 70 kOe, and the case 
(16) is realized at H > 70 kOe. Magnetic fields up to 
55 kOe were used in the experiments ofl4 l. 

4. To calculate the RS cross sections we presented 

the matrix elements ( fJ.'n' I pI {J.n; kz) and the energies 

E~) ( kz) in the form of series in powers of fiwc I Eg 
and fi~~/mcEg, confining ourselves in the correspond
ing series for M21(kz) totermsoforder K 3 and k~. 
Omitting cumbersome but fundamentally straightforward 
calculations, we present only the results for different 
(Stokes) RS lines. The differential scattering cross 
section is 

(17) 

where G is determined by the type of the transition. 
A. The transition ot- OL An= 0, As= -1, Wl 

- w2 = I gc I J3H/ti: 

In these and in subsequent formulas, 

(18) 

(19) 

2!1 + 2eg 
a=---

- 2!1 + 3eg • 
w,+wz 

w==-2--, 

If we substitute in (18) Eo from (16'), then we get 
Yafet's formulal2l, which is thus valid only in suf
ficiently strong fields, when I gc I j3H ;:;:- Eo. 

According to (17)-(20), the cross section in an 
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In.Sb sample with ne = 3 X 1016 cm-3 is approximately 
three times larger than the cross section in a sample 
with ne = 5 X 1016 cm-3. lnl4l they observed a five-fold 
increase of the cross section following the indicated 
change of ne from 5 X 1016 to 3 x 1016 cm-3, but un
fortunately the authors did not state precisely the value 
of H at which this dependence of the cross section on 
ne was observed. An estimate of the cross section 
with a radiation polarization e 1 l H, as inl4•51, gives 
for In.Sb at ne = 3 X 1016 cm-3 and H = 50 kOe a value 
da/do210:> 4 X 10-23 cm2. Slusher, Patel, and Fleuryl4l 

give for this concentration a value da/ do2 Rj 10-3 cm2, 
without indicating, to be sure, the corresponding value 
of the field H. At ne = 5 X 1016 cm-3, the cross section 
(17) approximately quadruples when H changes from 
35 to 70 kOe, and this does not contradict the experi
mentl41, in which the cross section nearly doubled when 
H changed from 26 to 52 kOe. 

As to the width An of the RS line, it is easy to 
estimate here that part which is connected with the 
nonparabolicity of the conduction band. The correspond
ing estimates yield 4 cm-1 for ne = 1 x 1016 cm-3 and 
25 cm-1 for ne = 6 X 1016 cm-3 in In.Sb at T = 30"K and 
H = 50 kOe. Experimental values of approximately 5 
and 30 cm-1 for the total line width are given inl41 with
out indicating the value of H. 

B. The transition OU - 1U; An= 1, As= 0, w1 
= W2 =we: 

(21) 

(22) 

This line was not predicted by the earlier theories [l-3]; 
this is perfectly natural, since it vanishes in the limit 
as ne - 0, which is precisely the limit considered 
in[l-3] (at ne- 0 the value of Eo is determined by 
(16) and G- 0 like n~). The fact that da/ do2- 0 as 
n2 - 0 is directly connected with the fact that the 
composite matrix element M21 ( kz) in this case, as in 
cases D and E, is proportional to kz, and conse
quently M21 = 0 is we confine ourselves, just as 
in[1-31, to one electron in the conduction band in the 
state n = 0, kz = 0. 

In the experimentsl4•51, the line considered after the 
line An= 0, As = -1 is the strongest and narrowest. 
For InSb at ne = 5 X 1016 cm-3 and H = 50 kOe, our 
formulas yield da/ do2 R> 4 x 10-24 cm2. lnl4l is given 
an experimental value da/ do2 R> 10-24 cm2 at the indi
cated concentration ne = 5 X 1016 cm-3, but the corre
sponding value of H is again not given. An increase of 
the concentration ne from 3 X 1016 to 5 x 1016 cm-3 
should, in accordance with (21) and (22), lead to an in
crease of the cross section by approximately eight 
times. For comparison we note that in the experi
mentl41 it was observed (at the same change of ne), an 
increase of the cross section by about ten times (un
fortunately, it is again not clear froml4l at which value 

of H this was observed). 
C. The transition 0 U - 2 U; An= 2, As= 0, w1 

= w2 = 2wc: 

- ftwc [ 3 (!too)" 1 J C=l'2a2 -- ljld•+- - ljJ•2 +-crJs , 
Bg 8 8g 8 

(23) 

which coincides with the formulas obtained for this RS 
line by Yafetl21 . Already noted at the beginning of the 
article, the experimental results ofl4•51 on the depend
ence of the cross section of RS with An = 2, As = 0 
on the concentration ne and on the magnetic field H 
cannot be explained by means of formulas (17) and (23). 
A possible cause of this disparity between theory and 
experiment will be discussed at the end of the paper. 

D. The transition 0 ~ - 1 f; An = 1, As = 1, w1 

- W2 = we - I gc I J3H/fi. The RS cross section should 
have in this case a polarization dependence in the form 
I e1- e20-l 2. However, it should be smaller by at least 
four orders of magnitude than the RS cross section 
for An = 0 and As = - 1. At sufficiently large magnetic 
fields (16), when I gc I J3H > Eo, there is of course no 
scattering. In the experimentsl4' 51 this RS line was not 
observed, and we shall not present the corresponding 
formulas. 

E. The transition Ot- H; An= 1, As= -1, w 1 

- w2 = we + I gc I J3H/ti: 

(24) 

(25) 

This RS line is present in principle also in the e2 II H 
polarization when e1 II H, but the scattering cross 
section is in this case smaller by two orders of mag
nitude than the cross sections (17), (24), and (2 5). An 
estimate for lnsb at H = 35 kOe and ne 
= 5 X 1016 cm-3 yields da/ do2 Rj 6 X 10-27 cm2, which is 
almost three orders of magnitude smaller than the 
cross section for the process An = 1, As = 0. In spite 
of this, the An = 1, As = - 1 line was observed inE4l, 
although to be sure in not all samples. 

F. The transition Of- 2); An= 2, As= 1, w 1 

- W2 = 2wc - I gc I J3H/ti. Within the framework of the 
two-band model, this transition is strictly forbidden. 
It was not observed in the experimentsl4 • 5 l. 

G. The transition Of - 2~; An= 2, As = -1, A 1 

- A2 = 2wc + I gc I J3H/ti: 

(26) 

(27) 

For InSb at ne = 5 X 1016 cm-3 , H = 35 kOe, and e1 l H 
we get from formulas (17), (26), and (27) da/do2Rj 4 
x 10-25 cm2, which is smaller by one order of magni
tude than the cross section at An = 1, As = 0, but al
most two orders of magnitude larger than the RS cross 
section at An = 1, As = -1, which, as already noted 
above, was experimentally registered inl41. Neverthe
less. this transition was not observed in the RS spec-
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trum in[4 ,sJ, and this experimental fact must be ex
plained. We shall attempt to do so in the next section. 

5. It was shown above that the theory proposed in 
the present paper is essential1y in good agreement 
with the available experimental data [ 4 ' s] on RS at the 
Landau levels. The same pertains to the nature of the 
transitions in the RS, the polarization dependences of 
the RS cross sections, the dependence of the RS cross 
sections on the electron density and on the magnetic 
field, and also to the orders of magnitude of the cross 
section. Exceptions are the two transitions ~n = 2, 
~s = 0 and ~n = 2, ~s = -1, with the largest values 
of the electron excitation energies-2liwc and 2liwc 
+I gc I j3H respectively (see Sees. 1, 4C, and 4G). 

The discrepancy between theory and experiment can 
be explained, our opinion, only by taking into account 
the interaction between the electrons. In the one -elec
tron approximation assumed in the present paper and 
in[1-3 J, the electron "lives" in the excited states for 
an infinitely long time, if we neglect the interaction 
with the phonons, scattering by the impurity atoms, 
and the spontaneous radiative transitions. Allowance 
for the interactions (collisions) between the electrons 
changes the energy spectrum of the electronic excita
tions and, in particular, limits the lifetimes of these 
exdtations. Insofar as the author knows, no many
electron theory of an electron gas in a magnetic field 
has been constructed, but it is obvious that the larger 
the excitation energy, the stronger its attenuation. 

Let, as before, to< he, i.e., let the electrons in 
the ground state fill the sub-bands corresponding to the 
Landau levels 0 t and 0 I. It is then clear that there 
can be present in the RS spectrum only those of the 
lines considered in Sec. 4, for which 

1 /T: < crF~, (28) 

where a-total scattering cross section, calculated 
from the formulas of Sec. 4, F1-flux density of photons 
with frequency w1, and T has the meaning of the aver
age lifetime of the corresponding electronic excitations. 
At an excitation energy on the order of 2liwc for ~n 
= 2, ~s = 0 and 2liwc + I gc I {:lH for ~n = 2, ~s = - 1, 
the inequality (27) may cease to be satisfied starting 
with a certain magnetic field value H when liwc and 
I ge I {:lH (and with them also 1/T) become sufficiently 
large. At larger values of H, these lines will be miss
ing from the RS spectrum. 

This qualitative explanation agrees with the experi
mental data. Indeed, in InSb[4 l the line ~n = 2, ~s = 0 
drops out at H = 30 kOe if ne = 5 X 1016 cm-3 , but this 

line is not observed at all if ne = 1 x 1016 cm-3, i.e., 
when the collisions in the electron gas become more 
significant6 >. (We recall that the larger the electron 
density ne, the more "ideal" the degenerate electron 
gas, see, for example, [lol, Sec. 56.). In InAs[sJ, where 
the effective electron mass me is double the value of 
me in InSb, the line ~n = 2, ~s = 0 was observed up 
to H = 55 kOe. Finally, the value of H at which the 
lines ~n = 2, ~s = 0 ( -1) vanish from the RS spec
trum should depend also on the intensity of the 
scattered light, or, at a given nw 1, on F 1· This de
pendence was not investigated experimentally. It fol
lows from (27) that the line should vanish at smaller 
H with decreasing F 1· 

In conclusion, the author thanks F. V. Bunkin, A. M. 
Prokhorov, and A. A. Samokhin for a discussion of the 
work. 
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