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We investigate the dynamics of quasilinear relaxation of an electron beam in a plasma in the presence
of a strong magnetic field (wyg >> wo). We show that the plateau 8f/8v, = 0 on the longitudinal velocity
distribution function, which occurs under Cerenkov excitation, is unstable against cyclotron excitation
of oscillations by the anomalous Doppler effect. This instability leads to an increase of the transverse
energy in the beam and to an inclination of the longitudinal-velocity plateau, with 8f/av, < 0. A solu-

tion is obtained for the quasilinear system of equations describing the dynamics of this relaxation

stage.

l. Several recent papers'™®! are devoted to investiga-

tions of quasilinear relaxation of an electron beam,
made under the assumption that the spectrum of the ex-
cited oscillations is one-dimensional. As is well
known’®? the assumption that the spectrum of the
Langmuir oscillations is one-dimensional is satisfied if
the magnetic field in the plasma-beam system is suffi-
ciently strong, such that wy > wo. In this case the
maximum of the growth increment corresponds to
Cerenkov excitation (k v;es = wk) of oscillations propa-
gating along the magne%ic field. The diffusion of the
beam particles in the field of the waves excited by them
leads to the formation of the plateau Bf/avz =0 on the
longitudinal-velocity distribution function, and to a limi-
tation on the growth of the Cerenkov branch of the os-
cillations.

We shall show below, however, that the plateau
af/avZ = 0 on the distribution function is unstable against
cyclotron excitation of oscillations by the anomalous
Doppler effect (k,vE€S = wy + wy). For this reason, the
analysis in"™®! describes only the initial stage of the
process of quasilinear relaxation of the beam in a strong
magnetic field with wy > w,. During the succeeding and
slower stage, oscillations are excited by the anomalous
Doppler effect, and lead to diffusion of the resonant par-
ticles along the lines

v 24 v2—2 S%dv, = const.

z

On these lines we have

dv, v, — ox/k,

= — <0

dv, vy
and the diffusion is thus accompanied by an increase of
the transverse energy in the beam and by a decrease of
the longitudinal energy, i.e., an inclination of the
plateau. The plasma relaxes to a state in which 9f%/av,
< 0 for the resonant particles (see Fig. 1). An examina-
tion of this stage of relaxation is contained in the pres-
ent paper . The results obtained here are in accord

1)During the performance of this work, the authors learned that
analogous considerations concerning the existence of an instability
mechanism connected with cyclotron excitation of oscillations, and
leading to an inclination of the plateau, were advanced by B. B.
Kadomtsev and O. P. Pogutse in connection with a discussion of
collisionless heating in the Tokomak device.
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FIG. 1. Quasilinear relaxation of
the longitudinal-velocity distribution
function in the interaction of a beam
with a plasma.

i
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with experimental investigations performed by Frank'®’
and by Kharchenko et al.""®) It was shown in these pa-
pers that the process of collisionless relaxation in the
plasma-beam system does not terminate when a plateau
is established on the longitudinal-velocity distribution
function (8f/6v5 = 0). The oscillations continue to build
up in the system, and an inclination of the plateau takes
place (8f/dv5 < 0). It should be noted, however, that the
mechanism of ‘‘plateau’’ transformation considered by
us is not the only one. Thus, Mikhailovskii and Jung-
wirth "'’ considered the possibility of a quasilinear
transformation of the ‘‘plateau’’ in a spatially-inhomo-
geneous beam, connected with the development of a
beam-drift instability. To explain the mechanism with
which the experimentally-observed inclination of the
plateau is connected, it is necessary to perform addi-
tional measurements. Thus, if the inclination of the
plateau is connected with cyclotron excitation of oscilla-
tions, it should be accompanied by an appreciable in-
crease of the transverse energy in the beam. In addi-
tion, in the case of cyclotron excitation decreases the
growth increment of the oscillations with increasing
ratio wy/wo, therefore an increase of this ratio should
be accompanied by an increase of the characteristic
time within which the inclination of the plateau takes
place.

2. The quasilinear equations for the distribution func-
tions of resonant particles f(t, v, v,) and the spectral
density of the oscillation energy |Eg(t)|* in a lon$itudinal
magnetic field Ho Il Oz have the following form?’;

of e? = /nog 0 ]
—=——\k,dk 2 2 )
ot 2mm? S L n§m ( v, v, v,
I 1Ex|? Tn2(A) (nog  Of of
i P el L S
k |v: — dox/dk,| \ v, vy v,
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In this paper we confine ourselves to electron distribu-
tions that decrease monotonically with the increasing
transverse velocity, 8f/8vi < 0%, Then, inasmuch as
II > 0, we get from (6) that in the velocity distribution
f(w?®) the increment for the branch B is positive if the

vpn P (v2) < vph®(vz) (7)
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| Ex|? 4nZe? @y° <

= — dv,J.2 ()

at k] k) =2_w5 vila2(2)
nog Of aof

X< ——k, Ey|%
vy vy § ov, \ | kl
ks = o+ nom, A= UL o _ffl“ condition
[0) 24 me
(012 — 0p?) (0x2 — 0 — 0n?) 4ne?ng
I = 2 .
(ox) olor?(0f + op® — 2mx2) @ m 2)

The frequency wy, as usual, is determined from the
equation
(.002 k;z (r.)o2 kJ_Z

t= —(o—;{k—z—‘r ol — op? 2 (3)
It follows from (3) that the plasma oscillations exist
only when 0 < wy < min(wo, wy), or else at max(wo, wy)
< wg < (w§ + wip"® For such wy, the function M (w) is
positive.

Changing over in the right sides of (1) and (2) to the

variables v, and

w(n, ki) =vl2+1’12—28 %‘dvz

(the dependence on n enters in w via the resonance con-
dition k,v, = wi + nwpy) we write down these equations
in the following manner:

©

f e k2 1200 of
A y v 9 2
ot 2nm?2 g kudhy H:Z_&t?uz[ Ex] 2 v, — doy/dk,| v, ] , (4)
OEx|2  4dute? o)’ ‘%‘ . af 2
Gt Tk k] M(ox) 2 dedLJ71 (k)a—yz |Exl2. (D)

N=—o0

It follows from (4) that the diffusion of the resonant
particles occurs only along the lines w = const. In the
general case, this diffusion is not one-dimensional,
owing to the crossing of the lines corresponding to dif-
ferent n and k). The diffusion remains one-dimensional
only in the case of excitation of oscillations at definite
values of n and k|, as is the case in a strong magnetic
field, when the maximum of the increment corresponds
to Cerenkov excitation (n = 0) of oscillations with k; = 0.
In this case the diffusion leads to establishment of a
plateau along the line v, = const. The increment of the
Cerenkov excitation (n = 0) vanishes in this case for all
k|, but, as can be shown, the increment remains positive
when n > 0.

Indeed, let us consider the stability of the plateau
along the lines

we=v,24v2—2 K vpn®dv, = const

(Vph = wy/k,) against excitation of any definite branch of
oscillations leading to the diffusion of the particles along
the lines

wh=1p,24v2—2 SUP}‘B dv, = const.

Determining the growth increment for this branch from
(5) and substituting the distribution function in the form
f = f(w¥), we obtain

hrte? oy a
b= 2 K (o T,2(h) —
V= ey 1w fave () 5!
8n2e? wy?
x [0 2 §(epme gy | = 5 o)

of
(’JUJ_Z ’

X [vph B(vz) — vph®(v)] S dvy J:2(})

is satisfied for v, lying in the region of the plateau. In
the case of Cerenkov excitation vy = v,. Substituting
vhy = v, — nwy/k,, we find that in the state with the
longitudinal-velocity plateau 8f/8v, = 0 all the resonan-
ces with n > 0, corresponding to excitation of oscilla-
tions by the anomalous Doppler effect, make a positive
contribution to the increment (5) (see also Fig. 2). This
result, which was first obtained by Andronov and
Trakhtengerts ™®?, does not always signify, however,
instability of the plateau, since the stabilizing action on
the spectral of the resonances with n < 0 may turn out
to be appreciable. However, in our case of a strong
magnetic field, when the frequencies of the excited os-
cillations wg ® weky/k < wyy, resonances with n < 0
correspond to interaction of an exponentially small num-
ber of particles with the oscillations. It is therefore
possible to neglect in (5) the terms with n < 0, and the
‘“‘plateau’’ 8f/8v, = 0 thus turns out to be unstable.
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FIG. 2. Diffusion lines of resonant particles: I—diffusion lines in the
case of Cerenkov excitation (n = 0), II—-diffusion lines in the case of
cyclotron excitation by the anomalous Doppler effect (n > 0). The
height of the plateau on the lines I decreases with increasing v.1. For
such a velocity distribution 8f/dv; >0 along the lines II, and this can
lead, in accordance with (5), to instability of the plateau.

3. In the succeeding sections of this paper we shall
examine, with the aid of the quasilinear equations (1)
and (2), the time variation of the distribution function of
the beam and of the spectral density of the excited os-
cillations. We shall assume here that the stage of
formation of the plateau 8f/8v, = 0, which has been in-
vestigated in detail earlier, has already been completed.
In this stage, the beam excites one dimensional (k il Ho)
oscillations with frequencies wi = wo and wave vectors
k, = wo/vz. The energy of the excited oscillations is

2
&C = % L%'— ~ mmuy Av
(n;—density in the beam, vo—initial beam velocity,
Av—width of plateau). The characteristic time of this
stage is

2 By the same token, we exclude from consideration the instabilities

connected with the presence of an average transverse velocity of the beam
particles. The linear theory of such instabilities was considered in [*3!4].
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(!a"glax and «‘a”E are the final and initial energies of the
Cerenkov branch of the oscillations), and in a suffi-
ciently strong magnetic field the cyclotron excitation of
the oscillations with k; = nwy;/vy cannot develop within
that time. However, cyclotron buildup continues also in
the state with a plateau on the distribution function, and
should lead to a slow transformation of the plateau.

In the investigation of the quasilinear equations we
shall assume that the Larmor radius of the beam parti-
cles is small, A < 1. In this case only the resonance at
n =1 is significant. In addition, we note that in a strong
magnetic field, wyg > wo, it is sufficient to take into ac-
count the cyclotron excitation of oscillations with fre-
quency wk = wekz/k. When 8f/8vy = 0, the growth incre-
ment for these oscillations is equal to

vn=12—e—2—lkL @0 de..l_f(t IIJ_Z)‘ (8)

m (073

The increment for the oscillations of frequency

(002 !_f:___]__i)
20g% k2
is small compared with (8) in the ratio wo/wy.

The cyclotron buildup of the oscillations leads to
diffusion of the resonant particles along the constant-
energy lines vi + v; = const (Vph < v, for the cyclotron

branch in a strong magnetic field). The particles diffuse
to smaller values of vy, and the plateau of the longitud-
inal velocities becomes inclined. As a result of the dif-
fusion, the increment for the cyclotron branch of the
oscillations decreases. However, owing to the mechan-
ism of the Cerenkov absorption, the plateau 9f/dv, = 0
is restored, and the energy of the Cerenkov branch of
the oscillations previously excited in the plasma then
decreases. By the same token, conditions are again
created for cyclotron buildup of the oscillations, etc.
This process continues until the Cerenkov branch of the
oscillations attenuates to zero. A stationary spectrum
of cyclotron oscillations is excited in the plasma, and
the distribution function of the resonant particles will be
constant along the lines v} + vy, = const.*

The quasilinear system of equations describing such
a process can be obtained from (1) and (2), and has the
following form:

wk=mg(1+

2
% ,2:”22_ 01‘1 [ 1, Sko‘kJ‘IEkclz ] Sﬂm2 v_J_t?_v:_—E):v_z

x| § a2 1o (ua—i’i—%;,v—f)] ©)

ﬂ%x;ﬂf:/:jj ook § dum |ExC]?, (10)

6|E;;t”2— —%%% S va.(”J.b‘i‘i‘"%%) |ExP[2 (11)

In the derivation of (9)—(11) we confined ourselves to

3 The quasilinear relaxation of the electron distribution in the oppo-
site limiting case wq >wH, kvl >wH was considered in [¢]. In that case,
even if the spectrum of the oscillations excited in a direction perpendic-
ular to the magnetic field or at an angle to the field is one-dimensional,
the oscillation energy does not suffice to establish a plateau at all values
of the resonant-particle velocity. As a result, the oscillations attenuate
to zero, and only a certain approach to a state with a plateau (quasi-
plateau) occurs in the course of the resonant-particle diffusion.
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FIG. 3. Distribution function and spectral
energy density of the oscillations for the solu- |
tion described by (15). The spectrum bound- | ]
aries remain stationary when the instability i '

- oo,
N

develops (af/avzlv =vo *u,

the higher-order terms in the parameter wo/wy; [EC|?
in these equations is the spectral density of the os-
cillation energy at k; = wo/vy (Cerenkov branch of the
oscillations), and IEII{)I2 is the same quantity for

k; = wg/Vvz (cyclotron branch of the oscillations, excited
by the anomalous Doppler effect).

It follows from (11) that the growth increment of the
cyclotron oscillations is maximal when k2 2k2, and

thus |EP[? should have a sharp maximum at this value
of kl‘”. Using this circumstance, we can simplify Egs.
(9)—(11), introducing into consideration the spectral en-
ergy density of the oscillations, integrated over the
transverse component of the wave vector, W(vy)

= [dk k| |[Eg/[*:

of e B[Wcaf] e? (1 a a 1>

9t 2mm? ov, L v, dv, 12nm2 \v, v, v, v,
wo 6f vJ_z af \1
[ )] 12
v, VL aUJ_ v, 0v, ( )
awe 4n2e? aof [or
— —_we = 1
ot mk,? @ S i v, we, ke v, ( 3)
owr 2n%e?  wo of vy ? of

- 20 ( gy < g W

at 3tmk, oy S vLlve vy v, Ov, ) ’
k= —2 (14)

v,

4. We consider first the solution of the system
(12)—(14) for the model transverse-velocity distribution
shown in Fig. 3, wherein a narrow spectrum of oscilla-
tions, with an increment independent of kyz, is excited in
the plasma. In this case we seek the solution of
(12)—(14) in the form

f=A4@.? —l—B(t v,2) (v: — wo),
ug® — (v — wy)?

we = oy W n)
Wo=D(t) 2 _(l;’_"")z (15)

If the conditions Bu, < A and vouo < v—i is satisfied, we
have for the quantities B(t, v"_’,_), C(t), and D(t) the follow-
ing system of equations:

oB a v,?

—=— ——— (B—B>~)D,
5 aBC 6 = ( B=)
oc

E—= 6() SBU_LdU_LC_‘

%)= 8\ (B— B=)v,3dv, D. (16)

e

4 Actually such a spectrum of IElk)I2 is quasistationary. If we take
into account in (11) the next higher order of smallness in the parameter
~wo/wH, then we find that the energy in the spectrum should be pumped
over to smaller vph, i.e., to larger k1, with an increment ~yDwq/wH.
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Here
=2n:2uo’ ﬁc=8mi::oi”°’

B = 2vodA/dvi < 0 is the value of B as t — =, when the
distribution function is constant along the lines v + v;,
= const. The system (16) has an integral
2 ©o

%[cu) + 3'/2%%1)@) ] + § dvyvy (B(t,v,2)— BY(v,2)) =0, (17)
corresponding to the usual energy integral of quasilinear
equations. In (17) we put B® = B(t = 0), and in its deriva-
tion we neglected the contribution of the initial noise,
proportional to C(0) and D(0).

During the initial stage of the instability, when the
excitation of the Cerenkov branch takes place, it is
possible to neglect the terms ~ D(t) in (16). During this
stage, within a time

(YC = p¢ S B, dU.L>

0

c~max
")

1
¢~ Y_Cl
the function C(t) reaches a maximum equal to

oo
C"‘”=E—SB"U_LduJ_,
Rl

while B(t) decreases to zero. Subsequently, excitation of
the cyclotron branch with a characteristic time

ve? X B, dv,
D~ .1_1 Dmax c (.OHZ 0\

~fC
¥ " D(0) o

S |B>|v 3dv,
¢

(YD= —pP SB“UJ_stJ_>
0

takes place. With this, in accordance with the first
equation of (16), the derivative 3f/8v, = B(t) becomes
negative, and the quantity C(t), which determines the
spectral energy density of the Cerenkov oscillations,
begins to decrease with time. It is important, however,
that in accordance with (17) the maximum spectral en-
ergy density of the cyclotron oscillations is smaller by
a factor w§/wj; then that of the Cerenkov oscillations *’,

ﬁC moz

pDmax —
3'ha wg?

§ dvLv, (B — B=).

[

Therefore in this stage of the instability, when both
branches of the oscillations exist simultaneously, by
virtue of the smallness of the ratio D/C < 1, !B| re-
mains small and can be neglected compared with |B™|
(the condition of applicability of such an approximation
will be clarified later). Then the last equation of (16)

$)The total energy ~ fdkzWD of the cyclotron oscillations is smaller
than the energy of the Cerenkov oscillations by a factor wy/wH, inas-
much as the width of the spectrum for the cyclotron oscillations is
larger by a factor wH/w,, namely, AKIZ) ~ Ak; wp/we- The smallness
of the energy of the cyclotron oscillations is due to the fact that in the
case of cyclotron excitation in a strong magnetic field, the lines of dif-
fusion of the resonant particles are close to the constant-energy lines
(the difference is in first order of smallness with respect to the parameter
~wo/wH).
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can be easily integrated:

D(t) = D(0) exp (yt), (18)

and substitution of C(t) from (17) into the first equation
of (16) yields the following equation for

o0
1= [B(t, vv,dv;:

0

dl

dz

] ) J Sy L (19)

zl0
In this equation

D 3'ha oy

cjo c
A WY

I'=\ B%, dv,, z= _—, =- =
§ L P 10 BC g ¥P VP

When 1 — v > 1/V6, we can neglect in (19) the deriva-

tive dI/dz and the nonlinear term ~I*. Then
I=—1/8(1—z). (20)

This solution cannot be used when z — 1. Putting in (19)
z=1- ¢, < 1, we obtain the equation

dl /1 _
FHu{—g)=nr @1)
the solution of which is (see''"?)
I =Io[;___";‘£(,_ﬁ/.ﬁ], (22)

Y20 d(Y8/2%)
where

PO (r)= S e~tdt.

when ¢ > 1/v6, using the asymptotic form

5.\ ) 1 v 1
xpq—L2 (@ —)=-—(1— ,
e‘(p{ ZC J (V25> V26§K 6§2>
we obtain (20) from (22). On the other hand, if £ < 0
and [£|>> 1/5, then we get from (22)

1 /0
I——I°[§~————-ex ——;ﬂ.
V2n6 p\ 2

At sufficiently large ||, when |¢| ~ I*/I°, the condi-
tion |B| < |B®| is violated. However, for appreciably
smaller ¢|, when || 2 1/V8, we can confine ourselves
in (23) to only the first term which is linear in ¢. This,
as can be readily seen, corresponds to the fact that
only the contribution from the cyclotron oscillations is
significant in the equation for B. Namely, using (17), we
can show that C(t) is exponentially small under these
conditions:

(23)

BC
C=—2(1—1g)="" " e (24)
a

When 6¢ > 1 we obtain for B(t, v3) with the aid of (23)

B = I 2B / §Bevsdv,.
[}

In the case when only the cyclotron branch of the os-
cillations is significant in (16), the solution of this sys-
tem of equations can be readily obtained also without
assuming that |B| is small compared with |B®|. Its
form is

(25)

B = B~[1 —exp (—BPr;%1)], (26)
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BC w? x "
=%Eﬁ[lo_§ dvy v, B (1—-exp(——ﬁ”vf’r))]. 7)
The connection between t and 7 is determined from
the equation

a 1

== [10 — § v v.B=(1— exp(—pPu.2)) ]_‘. (28)

[

At small values of 7, when, in accord with (27),

I’ 2 s
= [%"‘z_ﬂn —r]fp S dvy vy B> = I/ S dvy v 2B,
formula (26) for B(t, vi) goes over into (25). At large
values of 7 we have B — B*, corresponding to a plateau
along the lines v’ + v = const, and D — Dmax,

5. The solution obtained in the preceding section
describes the dynamics of the quasilinear relaxation of
the velocity distribution, shown in Fig. 3. With such a
distribution, there is excited in the plasma a sufficiently
narrow oscillation spectrum, all the harmonics of which
with respect to k; have the same increment. Let us
proceed now to investigate the system (12)—(14) in the
case when the plateau 3f/ev, = 0 is established in a
broad velocity interval vipin < vz < Vijax> Vmin © Vi,
Vmax =~ V2 (see Fig. 1). The maximum of the growth
increment of the cyclotron oscillations with respect to
k, is determined in the states with the plateau by the

formula

202
YoP = %,%0% 2 S dvof(t,v.?) (29)
and consequently, it is primarily the cyclotron oscilla-
tions at vy = vo which build up and reach saturation.
Subsequently the boundary of the region in which the
energy of the cyclotron oscillations is maximal shifts
towards smaller v. ® 1t can be expected that, just as in
the case of excitation of the Cerenkov branch of the os-
cillations, considered by Ivanov and Rudakov '®’ , the
solution of (12)—(14) will be a wave whose front moves
in accordance with vy = u(t). The distribution function
f(t, v{, v,), which is the solution of Egs. (12)—(14), will

be sought in the form
f=rh, v + A v ).

Ahead of the wave front, i.e., as wD — 0, the distri-
bution function is close to the longitudinal-velocity
plateau. Indeed, for f, we have in this velocity region,
in accordance with (12),

ofy 2nm? v, (v, — v1) 8o

61}1: e? We(v,) ot

(30)

The value of WC ahead of the front, Wr%ax’ will be deter-

mined from the energy integral of the quasilinear equa-
tions (12)—(14):
8n3mvz3"<

dv, vy (f(2,v)— [(0,v)). (31)

2
WE(0,) 4 3% —L WD (,) =
(1)02 o v
Hence

8xdmuv,® (v,

W,Sax(u,)= - - —u) S av,fo(t,v,2) (31")

©)We assume that when v;>v, ~v, the distribution function de-
creases sufficiently rapidly with increasing velocity, and the cyclotron
oscillations do not build up at these values of v;.
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FIG. 4. Distribution function of the
resonant particles and spectral density of
the oscillation energy vs. vy.

(we are considering the values of v, such that f(t = 0)
= 0). Substituting WS, in (30), we obtain

1 4 D
hra P Vet
Y

v¢ ot
On the wave front, the distribution function changes
from a value fo(t, v7) to a certain value f(t, v} + v3),
WC(VZ) attenuates to zero, and WD(VZ) increases from
an initial value WP to a value

D @o?

Wmux(vz)= 3 ron? W:m:(vz)
H

(see Fig. 4). Following %) we seek the solution on the
wave front in the form
filt,vi® ve) = filt, v % v, —u(t)) = fi(t,vi%n),
W(t,v,) = W(t,v,—u(t)) =W(,n).

The width of the wave front An is small
(An ~u ln’I(Wgax/WP), see below), and we therefore
assume that the following conditions

| 9h h
! ot an

aW| 4
|5l <la

ot |

<] (32)
are satisfied on the wave front (the dependence on 7 de-
termines the rapid variation of f; and W on the wave
front, while the dependence on t determines the slow
variation of these quantities as the front advances).

Using conditions (32), we rewrite Egs. (13), (14), and
(31) on the wave front as follows:

owe 4n2e? afy
u— - 12} C —_—
i o W §av. o (33)
. OWP 4n2e? - v.® ofi
— - D L Ot 34
B = T | av. (142 o ), (4
awe 2 gWD 3mud
OWE | gy 0m* OWP _ 8rimu § dv.s. (35)
01‘] wo? a’l'] o

We consider first the solution of these equations at val-
ues of 1 such that in terms of the variables (34) and (35)
we can neglect the terms proportional to af,/on and f,.
Then these equations can be simply integrated and lead
to the following relations for WD and WC:

WP(t,0) = Wz (W) Z(n),  WE(t,n)= Wiax () (1 — Z(n)) (36)

(n < 0). We put here
4n%e® wo u .
Z(m)= exp [—mm}‘g dufon]
C D i
and Wy . and Wi were defined above.

Integrating (33), we get

§ avofi= —Z"Tzezw,,‘;—zlnu—zm)] (37)
and
o ei 1 Z()
§ v =~ Mg
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It follows from the last equation that the condition

o Oy,

—a;l' 1~ Ul S 0fidV_L<SfodV_|_

is violated only if
, @o? V_J.Z
1—2Z(n) m_gz7<1’
when WD ~ Wgax(u). Then, as before

§ravi< foav..

Thus, up to values WP ~ WD the buildup of the
cyclotron oscillations proceeds with the increment given
by formula (29). The displacement of the wave front
boundary u(t), can then be determined from the following
approximate equation:

W
n Wb *

3hm o?

t
u(t) S dt’ S dvifo(t',v12)= (38)

4n%e? wo
For the front width Ay we have from (36) and (38)

3/ . D
An z(‘g/_m“iu /ﬂ dvu‘o! ~ u/ln Wnasx

U 4mzer wy u!

The small width of the front makes the derivative
af,/6m on the wave front large if f; is small. The equa-
tion for the determination of the function f; on the wave
front can then be simplified, retaining only terms con-
taining the higher-derivative with respect to7n. As a re-
sult, from the Eq. (12) written in terms of the variables
N and t,

dfo 4 oh €& We(t,n) of
o 01] _m6n< u an )

e2 s1 9
127m? kU_L vy

AV

Ofe  vi? 60fi
+ u on u N ____)

dv, u an/’
we get, integrating once with respect to7n:

O _vs O o (e, m)

an  6u duy WE(L,m)+ (v12/6ut) WP(tm)
In deriving this equation we neglect the terms that are
small compared with ln'l(WII%ax/WP) < 1and uan/v?

< 1. Inasmuch as V2 ~ va(v, — u) (see (49') below), the
last condition denotes smallness of the front width com-
pared with the distance traversed by the wave. When
wC > (v /u*)WD, we get formulas (37) from (39). In the
opposite 11m1t1ng case, WC <« (v V2 /u?)WD, we get from
(39)

(39)

L Y

an vy vy a v/

Substituting 6f,/8n in (34) and (35) and integrating, we
find that for these values of  we have wD — Wgax’
and WC tends to zero quite rapidly, with a characteris-
tic value

mma 'z

Ay = Jwi [ vL Cdvy 0fo

! 24mer b | "

~AN— — << Ay

[ANS dl_L WH" u

(the rapid attenuation of WC in this region of 7 is due to
the large value of the derivative 8f,/a7n).

According to (39), the total change of f on the front
of the wave is small:

uln 0fe

Mg
Uy
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Therefore the distribution function behmd the wave
front, i.e., as wC — 0, is equal to folt, v_L +v —-u (t))

6. We now proceed to derive an equation for folt, V2 D
To this end, we integrate (12) from v; to v*. Inasmuch
as we have WC = 0 when v = v, and vz = v* (see Fig. 4),
we obtain as a result of the integration

o
' 2 (19 a P
S%—dvz=-__e_ __v_LS anD(t,")< fo vy f1>
Ll 12nm? Wy 0v, u gv.  w om

=t}
v, =V

In the right side of this equation, the integration was
carried out over the region of the wave front. Substitut-
ing under the integral sign 8f,/8n from (39), we trans-
form the integral in the following manner:

1 of 1 of
vy Ovy v, Ou, ) (40)

vy
—we (2, v2) 2
v

2 a [
i ,_11 by ldn WP (1,9) < fo Uil)
127m? vy dvy u dvy u on
e 1 0 dfo wowe

= Dantu v, G0, L au, fan WO T (0.2/6u?) Vo

e ¢ 1 9 s auu—uv) 1 8 0f
=% (anwo(t,n) ————v, 2> = — o) 2 9, G
12nm2u( g ( 71) L Ovy oL vy 2 vy 0vy v"‘évJ_
(41)

In the integration we have neglected the narrow region
of 77, in which WC < (v /u’)WD, which makes a small
contribution to the integral, and used formula (36) for
WD(t, 7). We transform the second term in the right
side of (40) by substituting the distribution function at
Vg = v* in the form

f=fot, v 2+ v —u2(t)) + . (V),  fo<<h (42)

Going over to the variables v, and w = v{ + v, we write
down this term as follows:

ez py? 1 of 1 of
— Py, <__ ——-)
12nm? v2 (t,v:) vy Ovg v, au, v, =v*
e W) (43)
12nm? v} ﬁvz Py— ’

where the derivative with respect to v in the right side
of this relation is calculated at w = const.

The equation for the determination of the distribution
function behind the wave front, where only the cyclotron
oscillations are significant, has in terms of the varia-
bles vz and w the form

of e 9

Vit Of
ot 12mum? v,

v, Ov,

Substituting f from (42) in this equation and integrating
along the line w = const, we get

e? v,2 0t
—_ —u? = D )2
,,S: It w =)l den = 12nm2W (hv2) U2 vzl o —ue (44)

In this equation

( Y, if w<wv?

Um_l Vg, lf w>1722 ’

With this

VVD(Uz)UJ_ZIvZ=vm =0

Using (41)— (44), we rewrite (40) in the form
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K]
u

S th (t,v:2)dv: + § %(t w— u2(t))dv,

(45)

The contour of integration with respect to v, in this
equation is shown in Fig. 5.

| ‘ | FIG. 5. Contour of integration
—_ | with respect to v, in Eq. 45: I-v1*<
4i=c . l <v,?—u?, lI—vl? >v,2—u?
i 7 [ NG
I .
uie) Upy Uy 0.

Neglecting small quantities of order An/u, we replace
v* by u within the integration limits. Integrating with
respect to v,, we obtain finally the following equation
for fo(t, v}):

a
[vm(vas u)—va]—fg——[vm(u, u)—ul
afo uu(u—vll 1 i’ 0fo 46
6vJ_ 2 ZBUJ_L 6vJ_“0' (46)

We have put here

vm(vy,u) = (v 2+ u?)
if viz<<v®—u?
vm(vi,u) = vy if 0,2 > v? —ul

Equation (46), as well as the initial equatlon (12), was
obtained under the cond1t10n x=Kkiv l/ “’H < 1. Inasmuch
as ki ~ ki ~ wij/v, and v§ ~ vz(vz —u) for cyclotron os-
cillations as will be shown below, it follows that the
condition for applicability of (46) is

WDa
1/1n e &

(the distance traversed by the wave is large compared
with the width of its front, but is small compared with
the width of the plateau). For (46) to be valid at all
values of t, this condition must be satisfied by the lower
boundary umip of the spectrum of the cyclotron oscilla-
tions: Ve — upip K va.

In the present paper we consider the case when upmin
is determined by the Cerenkov absorption of the cyclo-
tron branch of oscillations on the plasma electrons.
When this absorption is taken into account, the formula
for the increment of the cyclotron oscillations with
k, = wy/v, becomes

af

Up

D“'YoD(UzH- 30m Vp S va. (47)

Vp=000,/V30

The first term in this formula determines the cyclotron
buildup of the oscillations by the beam particles with
velocity vz. In the state with the plateau on the distribu-
tion function, this term is given by formula (29). The
second term in (47) determines the Cerenkov absorption
of the same oscillations on particles with much smaller
velocities, vp = wovz/V3wy < vz. When vp > vy, this
absorption is insignificant, since the distribution func-
tion at such values of v, is close to the plateau. When
Vp < v,, the absorption becomes large and can change
the sign of the increment. Indeed, assuming that when
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vp < vy the distribution over the longitudinal velocities
is Maxwellian, we obtain from (47) and (29) the following
formula for the increment:
_rrw,,2
exp P } .

Determining v, from the relation (see’)

{ muv,2 2nT
S\ T T ~no mug

non ol v 19/n (mv,,2 )’/2
6V§ no O vy 2 6

we can readily show that when v, < v, we have yD < 0.
Thus, the lower limit of the spectrum of the cyclotron
oscillations is

Umin = 3%wpvs [ 0o > vy,

In the case considered by us, the inclination of the
plateau takes place only if upin < vz < v.. When
vz < Umin, the distribution with respect to the longi-
tudinal velocities remains close to the plateau, but an
appreciable smearing of the distribution with respect to
the transverse velocities takes place; this smearing is
described by Eq. (46). Confining ourselves in this equa-
tion to terms of first order of smallness in the parame-
ter (vo —u)/v; < 1, we obtain
dfo uil 0 ﬁfo_vm—u(viz?fo_ajl
du/’
v 2 << 2v2(va—u)
v,2> 20 (v —u)

Ly = A
ou 2 vy0v, Tovy L v, 0vy

, {u+vJ_2/2v2 if
1"-— z

U2 — Uy

In the highest order in the parameter (v —u)/v, < 1,
when the terms transferred to the right side of (48) can
be neglected, the solution of this equation entails no
difficulty. Thus, if the initial distribution with respect
to the transverse velocities is Maxwellian, the distribu-
tion fo(T; Vzl) remains Maxwellian in this approximation

_ ng m muv -
fo(t,vi2)= p— exp( )>

and the change of the transverse temperature on ap-
proaching the front of the wave is determined from the
equation

dT | du ~ —mu, i.e.,

(49)

T(u) = To+ m(ve® — u?) | 2 = muvy(ve — u)

(49")
(The initial value of T is assumed to be sufficiently
small: To << mvy(ve — u)).

When small terms ~ (v, — u)/v; are taken into account
in (48), the height of the plateau with respect to the
longitudinal velocities, ~ f fodv |, changes. This change
is a result of the diffusion of the resonant particles on
the wave front in the region v, < u. We then get from
(48)

2v,(va—u)

n 1
—[— dUJ_U_L<
UVa— U1 LUy

%Sfodv_]_= 1723 6f0 %)

vy 6U_L ou

v2 Ofo  fo )] ]

vy 611_,_ u

+2(v2 —u) S dUJ_U_L(
2vAvo—u)
Substituting in the right side of this equation f, from (49)
and integrating with respect to u and v, we get
S fodvy e 22K

e (va—uy)?’

(50)

Owing to the increase in the height of the plateau dur-
ing the considered stage of relaxation, an increase takes
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place in the longitudinal energy of the resonant particles
when v < upin. In first order in the parameter

(ve— u)/vs < 1, the increase of this energy is equal to
A8 = %AS fodvy Y vl dv, =

e

ramn (V2 — Umin) (V2 + vov1 + V47)
Ge vy — Uy

1Mo Vo — Umin)
N (51)
(in obtaining the last relation we replaced approximately
V. by v, and neglected v, compared with vy).
For the increase of the transverse energy of the
resonant particles upon relaxation, we have from (49)
and (49'), with the same accuracy,

(52)

The distribution function of the resonant particles in
the region behind the front of the wave v, > u(t) is, in
accord with (42) and (49),

6
A8 = nT = nymvo (Vo — Umin).

fo— - eXp[— 2T7u) (v12+ vt —uw?) ]

T e — vy 2nT (u)

The inclination of the plateau in this velocity region is
accompanied by loss of energy by the resonant particles:

oo vy
nm exp {—muv, 2/2T¢}
AEO ~ —— 2 (4 d 22 I:_____ﬁ_
8N oy VL J dun(ost o) To/m

0 Umin

+

(53)

exp {—m(v.2 4 v2 — umin) /2T} ] _ 1umug (Do == Umin)
T/m = 2e )
Finally, the change of the energy of the Cerenkov
branch of the oscillations in the relaxation stage under
consideration is

A&C = nimvo(vo — Umin) (—l— 1>.

e

(54)

The first term in this formula is the increase of the en-
ergy of the Cerenkov oscillation branch when v, < umin,
connected with the increase of the height of the plateau
and determined from (31’). The second term is the en-
ergy of the Cerenkov oscillations in the state with the
plateau when vz > umjp. In the stage under considera-
tion, the Cerenkov oscillations in this region of v, i.e.,
behind the wave front, attenuate to zero.

The energy of the cyclotron branch of the oscilla-
tions, as shown above, is smaller than A §C by a factor
wo/wy. Thus, (51)—(54) yield the energy conservation
law in the higher order in the parameter wo/wH: the
energy lost by the oscillations and by the resonant par-
ticles with velocities vz > upjy is equal to the energy
acquired by the resonant particles at v, < upip.
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