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A nonlinear theory of penetration of a field into conductors with current carriers of both signs is de-
veloped assuming a normal skin effect and ordinary opacity, in which case the real part of the linear
dielectric permittivity is negative. It is shown that with increase of field amplitude of the incident wave
the boundary of the opacity region shifts towards lower frequencies. As the field frequency approaches
the ordinary opacity limit, the critical field amplitude at which nonlinearity of the material field equa-
tions becomes important decreases. For amplitudes exceeding the critical amplitude, when nonlinear
transparency becomes possible, the field penetrates the conductor at a depth greater than the usual skin
layer. In this case the field in a conductor with low dissipation is first characterized by rapid anhar-
monic spatial oscillations with a period and amplitude that vary slowly with the penetration depth. Sub-
sequently the period and amplitude in a small region of the order of thickness of the ordinary skin layer
change into an aperiodic field where damping can be described at a greater depth by the linear theory.

1. As is well known, the nonlinear properties of a con-
ductor become manifest under conditions when the os-
cillation energy of an electron in the high-frequency
field becomes comparable with the electron kinetic en-
ergy. The study of the electromagnetic field in conduc-
tors under such conditions was undertaken in a number
of papers' ™. We develop in this communication a non-
linear theory of the reflection of a plane monochromatic
electromagnetic wave from the surface of a conductor.
We confine ourselves to normal incidence of the wave.
In addition, we confine ourselves to frequencies for
which the films are not transparent in the linear theory.
In other words, the frequency of the external field will
be assumed to be smaller than the plasma Langmuir
frequency of the carriers, when the real part of the
ordinary linear dielectric constant is negative. Dissi-
pative effects will be assumed small; this is possible
when the alternating frequency of the field is large
compared with the effective collision frequency.

Considering the penetration of the field into the con-
ductor, we shall show that under such conditions, depend
ing on the field amplitude, the transparency limit shifts
towards lower frequencies. In addition to studying
damped solutions of the field, corresponding to the
opacity region, we develop also a theory of penetration
into the conductor of a strong field attenuated by dissi-
pative processes. In the latter case the field near the
conductor surface is characterized by fast spatial os-
cillations. On penetrating deeper into the conductor, the
minimum and maximum values of the field intensity in
these oscillations decrease slowly, and then the depen-
dence of the field on the coordinates becomes aperiodic
and rapidly damped.

2. We assume that the conductor occupies the half-
space x > 0. Then the electric field in the conductor

can be written in the form
E(z,t) = Ej(z) sin ot 4 Ea(x) cos ol. (2.1)

Assuming that the dependence of the field on the coor-
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dinate x is such that the square of the electric field
averaged over a time longer than the oscillation period
becomes dependent on the coordinate x, we can use the
ordinary concepts of the potential of the high-frequency
forces™ ™!, Then, for conductors with positive and
negative carriers, we can write for the electric induc-
tion (see™)

D(z,t) = {1 — (eno/ 0)*f(Ei(z) + E#(2))}E (2,1). (2.2)

To normalize the constant ko, we assume that £(0) = 1.
In particular, if the mass of the electrons is much
smaller than the mass of the positively charged parti-
cles, then c%*§g = sze = 477e2Ne/m, where N, is the num-
ber of electrons per cm? under conditions when there is
no electric field.

In the case of a Maxwellian particle momentum dis-
tribution

F(£) = exp{—L/Ex?},

2
8w? m_my

e? m++m;%T' (2.3)
On the other hand, if the charge carriers have a degen-
erate Fermi distribution, then

Q) = (1 —¢/E), Ep= 2p%w?/ €2, (2,4)
where po is the end-point momentum of the distribution.
For relatively weak fields, it is possible to retain in
(2.3) and (2.4) only the terms linear in {. We consider

specially the case

10 =1—t/Ep (2.5)
since, first, we can write in this case simple analytic
expressions for the field, and, second, for weak fields
(2.5) is equivalent to the formula obtainable from (2.3)
and (2.4).

Using the material equation (2.2), we can easily ob-
tain with the aid of Maxwell’s equations

Ey + [I2 — nof (B + E*) |E; = 0,

B’ 4 [ — wtf (B2 + E2) 1Bz = 0, (2.6)
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where kc? =
The system (2.6) has as an integral
(2.7)

which is a reflection of the conservation of the electro-
magnetic-field energy flux. Another integral of the field
equations (2.6) is

Ei\Es’ — E3E{ = M, = const,

E/+E;’
(Ea)2 4 (EY) > + KX(E2 + Ef) — ne? § dtf(f)= & = const. (3 g)
B2,
The integrals (2.7) and (2.8) enable us to find the sought-
for solution.
Something must be said, however, concerning the
boundary conditions. In the region x < 0 we have a wave
incident on the conductor as well as a reflected wave

E(z,1) = Einc{cos(kz — ot) + R cos(kz + ot + ) }. (2.9)

Here Ej, ¢ is the specified amplitude of the incident
wave, and R and ¥ are the reflection coefficient and the
phase shift of the reflected wave, which must be deter-
mined. According to the condition for the continuity of
the tangential components of the electric and magnetic
fields on the surface of the conductor, we have

E((0) = —EincR siny, E2(0) = Einc(1 + Rcosp),
E/(0) = Ejp k(1 — Rcos ), Eg'(0) = —EinckR sin .

(2.10)

The electric field (2.1) can be written in the form

E(z,t) = E(z) sin[o? + ¢(z)]. (2.11)
Then the relations (2.7) and (2.8) take the form
—E ()¢ (z) = M,
e e (2.12)
(E)+Z + R | afQ)=¢.
, (2.13)

E

From the boundary conditions (2.10) we get

R?=1— M(0) / kEy, 2
_ Rsinv
1+ Rcosvyp

E(0) = Eyp YT+ B2 + 2R cos p,
E(0)E’(0)

ctg@(0) = M(0)— kE?(0)+ 2kE 2 (

tgp = 2.14)

We are interested in the case of a transparent con-
ductor, when the field vanishes as x — +«. According
to (2.13), it is obvious that E = 0 is possible only if

Mg = 0. This immediately leads to the equality ¢’(x) = 0.

The latter, according to (2.14), signifies that the reflec-
tion coefficient R is equal to unity. This, in particular,
makes it possible to write down the relations

E(0) = 2E;,.cos($ /2), E'(0) = —2kEj, sin(yp/2). (2.15)

It follows further from (2.13) that for the case of an
electromagnetic field that vanishes at infinity we have
& = 0. Then, taking into account the fact that Ep,i, = 0
and considering the relation (2.13) at the point x = 0, we
obtain the following equation for the phase shift of the
reflected wave:

1
k2 = ne? 005212-(5 dEf (4§Em§ cos? %) . (2.16)
Finally, from (2.13) we get the relation
E 3 i
=+ S e (mz S[dg(g)_kzgz) , (2.17)

E(0) 0
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which determines the dependence of the electric field on
the coordinate.

3. Let us consider the applications of formulas (2.16)
and (2.17) for the charged-particle density dependence
described by formulas (2.3)—(2.5). We note that the
function f(¢) is by definition a positive quantity. This
means that expressions (2.4) and (2.5) can be used only
in the region f = 0. The vanishing of the function f re-
flects the possible containment of the charged particles
by the high-frequency field.

Let us turn first to the simplest case when the parti-
cle distribution (as a function of the field) is described
by formula (2.5). We then have from (2.17)

v ES _ (3.1)
cosz—z— = 4E1'.m:2(1 a),
where
o= VI — 8E,2K2 ] Eio. (3.2)

We note that Eq. (2.17) also has a second solution, which,
however, does not satisfy the condition that f be positive,
and will therefore not be considered by us.

According to (3.2), the electric field intensity of the
incident wave cannot exceed a critical value

Ee = 271 (no / k) E,. (3.3)

At the same time, according to (3.1), when the amplitude
of the incident wave approaches the critical value (3.3),
the inequality 2Ej ¢ > Eo should be satisfied. Therefore
the electric field intensity of the incident wave can
reach the critical value (3.3) only for values of k less
than a critical value

ko = 27"y, (3.4)
When E;j,. = E¢p, formula (3.1) takes the form
2 ¥ (kY
cos® =5 ()’.o} . (3.5)

The right side of this formula is twice the value ob-
tained from the linear theory.

Let us proceed now to consider the field in the con-
ductor. This will help, in particular, to understand the
meaning of the results (3.3) and (3.4). According to
(2.17) we have

E2(1— W/n)

E(I = N
ch(zYn® — k24 A)

(3.6)

where
A=W[200 = /%% —V2(1 — & /%) — 1 —a)] —InVI — a.

This field, as was assumed by us in the derivation of
(2.17), tends to zero with increase in the coordinate x.
This property of the field, described by formula (3.6),
is obtained upon integration of the right side of (2.17)
only if the inequality

2ER(1 — k2 [ ne?) > E2(0) = E(1 — a). (3.7)

is satisfied. Therefore the damping of the field on pene-
trating into the conductor takes place if

B <x?[1—1%(1—a)]. (3.8)

It follows hence that an increase of the incident-wave
field amplitude leads to a shift of the point of the onset
of opacity into the region of lower frequencies. The
largest shift takes place when Ejje = Eqp, when the
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opacity point corresponds to the frequency w = cko/V2
= ck.p, as against the value cko from the linear theory.

According to (3.6), we can readily see that when the
incident-wave amplitude reaches the critical value (3.3),
the field on the surface of the conductor becomes equal
to Eo. In other words, the function f vanishes on the
surface of the conductor in this case, and with it the
carrier density, corresponding to complete containment
of the carriers by the high-frequency-wave field.

It follows from (3.7) that at values of k larger than
critical, the field on the surface of the conductor is
smaller than Eo, and consequently, it is impossible to
contain the carriers by means of the high-frequency
field of the incident and reflected waves. Moreover,
according to (3.7), which for ko > k> k¢ can be written
in the form

Eind < B[ — 12/ w], (3.9)

it follows that the maximum incident-wave field ampli-
tude allowed by this condition decreases with increasing
k. On approaching the usual transparency point (k — k),
the field of an incident wave capable of producing in the
conductor a field that decreases at infinity decreases
like (k2 — k?)'’2. We note that when the maximum field
amplitude allowed by (3.9) is reached, the function A(k)
vanishes and consequently .

_ 2Binc (3.10)
ch (zYxo® — k2)

Finally, we write out here the field in the case of low
frequencies (ko > k), but at the same time Ej, ¢ = Ecp.
Then

E(z) _ ¥2
E, ch(zno+In{y2 —1]) (3.11)

The field is substantially different from the result of
the linear theory at relatively small values of xk¢, or in
other words, within the skin layer.

4. a) In the case of a Fermi particle distribution,
when formula (2.4) can be used, we obtain for the phase
shift of the reflected wave

¥ Eg? { [ Eg k? 'r/s}
2 = 1—|1—10—;— .
o0 2 4E ind Ex? %

(4.1)

Complete containment of the carriers by the high-fre-
quency field takes place when Ef,. = 0.1(ko/k)*EF, and
the corresponding value of the phase shift is determined
by the relation cos?®¥/2) = (5/2)(k/ko)®>. Complete con-
tainment is possible here only for values of k smaller
than the critical value K¢, = v0.4ko. The last quantity
determines also the smallest possible frequency for
which there are no solutions corresponding to opacity
in a strong field.

The coordinate dependence of the field, according to
(2.17), can be described by the relation

—  Enad/Er
xozl/%- = { @i—az—01 -2

EIE,

(4.2)

where a = (5/2)(k/ko)? and Ep5x represents the maxi-

Table I

1.5 1,75 2 2.25 2,5

a k <i| 1.25

Emax/EF‘ 1 ’0.885 t0,775 I 0.66 I 0.53 ’ 0.37 | 0
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Table II
a

E/Ep .

0 0,10 0,25 0,50 0,75 1.00 1,25 1.5 2.25
1 0,00 | 0,00 | 0,00 0.00 0.00 | 0,00 — - -
0.9 | 0.40 | 0,105 | 0,114 | 0,136 | 0.18 | 0,39 — — —
0.8 [0.20]0,21 |0,23 0.25 0.33 | 0,60 | 0.45 — —
0.7 |0.31|0.32 |0.34 0,40 | 0.48 | 0.78 | 0,70 | 0,47 | —
0.6 | 0.43 | 0,44 | 0.47 0,53 0.64 | 0,97 | 0.91 [ 0.78 | —
0.5 | 0.56 | 0.58 | 0,61 0.68 0.8 144 | 113 [ 1,06 | —
0.4 | 0.7 0,73 | 0,77 0,86 0.99 | 1,35 | 1,36 [ 1,33 | —
0,3 |0.90]0.93 | 0,97 1.07 1,22 | 1.64 | 1,65 | 1.65 | 1,29
0.2 | 1,16 | 1,19 | 1.25 1,37 1.55 | 1,95 | 2.03 | 2,08 | 2.41
0.1 1,60 | 1.65 | 1,72 1.8 2,07 | 2,53 | 2,66 | 2,79 | 3,92
0.05 | 2,04 | 2.09 | 2,18 2,36 2,60 | 3.07 | 3.25 | 3,50 | 5.28
0.01 | 3.06 | 3.14 | 3,26 3.49 3.82 | 4.40 | 4.69 | 5,12 | 8.51

mum possible amplitude of the field on the surface,
corresponding to a decrease of the field at infinity. For
values of k lower than critical we have Ep 3¢ = Ew, and
for ko > k > V0.4Ko, the maximum value of the field is
determined by the equation

1= a(Emax /EF)2 + [1 - (Emax7 EF)2]B/7.

The solution of this equation (Ep,54(2)) is shown in
Table I. On approaching the point of ordinary transpar-
ency (k — Ko), we have

Enax = Er}*/s(1 — K2/ %e?). (4.4)

Table II lists the values of the right side of (4.2), and
Fig. 1 illustrates the solutions of this equation; the
ordinates represent E/Ef and the abscissas v0.4 xKo.

It must be emphasized that the field on the boundary of
the conductor, obviously, never reaches the value Ey,gx.
However, even in this case it is easy to obtain the values
of the field in the conductor with the aid of Table II.

b) In the latter case, corresponding to a Maxwellian
particle distribution, when formula (2.3) holds, we ob-
tain for the phase shift of the reflected wave

Ex? 4E 2k
cosz—‘z£= - 4532 In {1 —EMIZKOZ }E

(4.3)

k? 1
E—Eglnh-—ﬁ—), 45) r (4.5)
where B = E{jx8/4Ef  k® is the ratio of the thermal mo-
tion of the particles to the field pressure. According to
(4.5), obviously, B = 1. At the same time, the inequality

B < kc,2=x02% {— In (1 — %\}_‘ .
(4.6)

should be satisfied. We see therefore that when the am-
plitude of the incident-wave field increases, bringing
the field pressure closer to the particle pressure, the
boundary of the opacity region shifts towards lower fre-
quencies. On approaching to the point of ordinary trans-
parency (k — ko) we get from (4.6)

(4.6)

a5
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(Bine/ En)? <*h(1 — B/ ne?) < 1. (4.7)
The field inside the conductor, according to (2.3) and
(2.17), is determined by the relation
Epox/En

§ dz(t—(k/mo)22 — ),

E/E,,

TRy =

(4.8)

where the upper limit of the integration corresponds to
the vanishing of the radicand. Table III characterizes
the dependence of (Emax/En) on (k/Ko)®.

Table III

wyxg 004 04 | 02| 03| o4 | 05| 08| 07| 08| 09

0.87 | 0.68 | 0.46

S

EaxlEny| 5316 | 2.24 | 179 | 1.49 | 1.26 | 1.06

Finally, Table IV lists the values of the right side of
(4.8), and Fig. 2 shows for illustration the plot of E/Ejp
against kox for several values of (k/ko)°. Just as in the
analysis of the solutions of (4.2), we can determine with
the aid of Table IV the field in the conductor also in the
case when the field on the surface is smaller than Epax.

In strong fields, when E > Ejpg, we obtain in accord-
ance with (4.8)

E = (%/ k)Encos kz. (4.9)

When the condition k < ko is satisfied, formula (4.9)
becomes inaccurate in the vicinity of kx = 7/2. Noting
that the formula (4.9), which was obtained with exponen-
tial accuracy, corresponds to a field in vacuum, it is
easily seen that one can speak with the same degree of
accuracy of compression of the carriers by the high-
frequency field. An appreciable particle concentration

is produced thereby precisely in the vicinity of kx = 7/2.

5. Owing to the dissipative effects, as is well known,
sufficiently thick conductors are opaque also when the
real part of their dielectric constant is positive. We
shall investigate below a similar effect under conditions
when the nonlinearity of the material equations of the
field is appreciable. We confine ourselves to the case of
greatest interest, when the effective frequency v of the
collisions causing the dissipation is small compared
with the frequency of the electromagnetic field, although
a number of the general premises developed below are
valid also in the case of appreciable dissipation. Then
the mla:terial equation can be written in the form (see
(2.2)

D ={1— (22 1@+ 5D (1 4+ 22 L E@D.  (5.1)

Representing the electric field in the medium in the
form (2.11), we can readily obtain from the electromag-
netic-field equations the following two equations:

PE__ M2

= ES'—[kz—onf(Ez)]Ev (5.2)
ddl‘i‘r_ — lm we?f (E?) E2. (5.3)

DWe note that » may contain a dependence on f. For example, in
the case of a fully ionized plasma v ~ f. However, we shall disregard
this dependence here. The necessary generalization is trivial, as can be
readily verified by the reader.
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Mg is defined in (2.12), but here this quantity is no lon-
ger conserved, since the energy of the field is absorbed
by the medium if dissipation is taken into account.

Equations (5.2) and (5.3) enable us also to write the
following:

‘Zﬁ; :%‘%: —2%n02f(E2)M,, (5.4)
where & is defined by (2.13), and is likewise not con-
served as a result of dissipation.

Since the right sides of (5.3) and (5.4) contain the
small parameter v/w, we can speak of a relatively slow
variation of Mg and & with increasing coordinate x. On
the other hand, even at constant Mg, Eq. (5.2) describes
a rapid dependence of the field E on the coordinate. The
possibility of such a separation into fast and slow de-
pendences afford a deeper insight into the behavior of the
field in the nonlinear conductor considered by us.

Let us discuss first the fast alternating field depen-
dence. We neglect here the possible slow dependence
and assume that Mg and & are constant. Then the de-
pendence of the field on the coordinate, according to
(2.13), can be characterized by the relation

= ! 1

e=x| (84w | @W@Q—FE—MYE) 4 (5.5)

E® EZ.,

Formula (5.5) describes the nonlinear periodic solu-
tions of the field equations in a medium without dissi-
pation, which were first investigated by Volkov™?.
Indeed, when Mg # 0, the minimum of the field corre-
sponds to the vanishing of the radicand in the integral
of the right side of (5.5). It is therefore determined by
the equation of the turning point:

M2+ IPEmin = &E} i (5.6)

From this it follows, in particular, that & = 0. Further,
inasmuch as the radicand in the integral (5.5) vanishes
like the first power of £ — Epip in the vicinity of the
point in which E = Epjp, the field assumes a minimum
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value at a finite value of the coordinate x. Then the field
increases with increasing coordinate x. Such an increase
of the field can be limited by two factors. First, the
function f can vanish, corresponding to the absence of
carriers, or, what is the same, to the presence of a
second surface bounding the conductor. Second, a second
turning point is possible, in which the field reaches the
maximum value defined by the relation

2
Emu:

My
- e — et § dLf(0)= 8.

max

(5.7)

g2

min

We shall assume this last possibility, since the first is
realized only for conductors of finite thickness?.

In the vicinity of the maximum field, the radicand of
the integral (5.5) behaves like Eyygx — E. Therefore the
maximum field occurs at a finite value of x. Thus, in
the presence of two turning points the field in the con-
ductor depends periodically on the coordinate x, and we
have for the period of the spatial oscillations

E

“max 2

{ &—nsp—re 1w § ay )_ll’dg.

E

L=2

Emin min (5'8)

According to (2.13) and (2.14), the reflection coefficient
and the phase shift of the reflected wave are determined

by the relations
E,*1+2R c0s Y+R?)

2RE2 (14 R?) = & + e S dtf(g).
E? (5.9)

Bearing in mind also relations (5.6) and (5.7), we can
see that R and ¢ are determined by the minimum and
maximum values of the field in the conductor. For the
approximation considered now, in which neglect dissipa-
tion completely, we can speak of the existence of an un-
damped high-frequency field in the conductor; this field
determines the field of the reflected wave. It is easily
seen that if damping is neglected, this field can be
chosen such that wide ranges of arbitrary values can be
obtained for R and ¥.

The foregoing demonstrates the importance of taking
dissipative processes into account. Under conditions of
small dissipation, one can speak of a slow variation of
the parameters determining the fast oscillations of the
field with increasing coordinate x. Namely, a slow
change takes place in the period of the spatial oscilla-

M = k(1 —R)E.2

inc »

2) A periodic structure may occur in the conductor when the action
of the field gives rise to a conductor-insulator periodic structure.
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tions and in the maximum and minimum values of the
field, and therefore a change takes place also in Mg
and &. To describe such a slow dependence, we can use
the method of averaging over the trajectories'?!. The
equations for the quantities averaged over the period of
the fast oscillations can be then written in the form
M, _ € oY i (5.10)
dz'“ Ez—‘-— 20 M(f(E )>Ma~
We shall use here the old notation for the averaged val-
ues of Mg and &, and we define the averaging operation
as:

_v x2XE2f(E?)),
®

2 Emax £ )
FEp=-—2 § rw (8 —otymy— ket | a)| .
“E
(5.11)

Equation (5.10) describes a slow variation of the
parameters characterizing the fast oscillations. It
should be noted that the field becomes weak upon suffi-
cient penetration of the conductor, and therefore the
nonlinear effects become negligibly small for suffi-
ciently large x. Obviously, when k* < k2 it is possible
to use here the results of linear electrodynamics, ac-
cording to which the field decreases aperiodically and
exponentially, like exp{—xvkZ— k? }, even without allow-
ance for dissipation. The corresponding asymptotic
solution of (5.2) and (5.3) can be obtained by putting
f =1. As a result we get®

min 2

min

Ms r) = E? — e
O=EE) By (5.12)
E(x)== const-exp{ — Vx> — k2 —-:/_5_[1 + "/ﬁvzl’/z} , (5.13)

where ¥ = (v/w)k3/ (k5 — k%). In writing out these formu-
las it is assumed that k3 > k°.

We can now describe the nonlinear picture of the
penetration of the field into the conductor in the follow-
ing manner. At large incident-field wave amplitude, the
depth of the nonlinear skin layer can greatly exceed the
depth of the linear skin layer ~ (k% — k?) /2, Near the
surface of the conductor, where the field is strong, slow
nonlinear spatially-damped field oscillations are pro-
duced. These solutions go over into the aperiodic ex-
ponential field attenuation mode only after appreciable
penetration into the conductor. It can be stated that a
layer of order of magnitude equal to the linear skin
layer separates the penetration region from the conduc-
tor region in which the field does not penetrate. In the
penetration region the field is described by anharmonic
spatial oscillations.

We have already seen that when dissipation is neglec-
ted there is an ambiguity in the determination of the
field from the specified incident-wave intensity Ejne.
The ambiguity remains also in the case of sufficiently
weak dissipation. To demonstrate this, we must con-
sider the question of satisfying the boundary conditions
on the surface of the conductor.

Bearing in mind that the electric field E as a function
of Mg is determined by the equation
dEN\ _ Mg

W - —E‘S‘_{kz—%ozf(Ez)]Ey

v d (v
— w’E?f(E?) — = | — %?E?f (E?)
o dMs< © (5.14)

3)We note that Mg > 0 leads, in accordance with (2.12), to the in-

equality ¢’'< 0. The latter denotes that the nonlinear wave travels from
left to right.



960

and also taking into account the asymptotic connection
between E and Mg when these two quantities are small,
we easily see that the electric field and its spatial
derivative are determined uniquely by Mg. Therefore,
knowing the solution of (5.14) at specified values of k
and Ejpc, we can determine the boundary value Mg(0)
(and consequently also E(0) and E’(0)) with the aid of
the equation

4Ejn? = [E'(0) / k]2 + E*(0) [1 + M.(0) / kE*(0) %, (5.15)

which follows from the boundary relations (2.14). Ac-
cordingly, the phase shift and the reflection coefficient
can be calculated with the aid of relations (2.14) using
the already determined boundary values of E, E, and
Mg. Finally, the spatial dependence of the field on the
coordinate x is determined by integrating (5.3) after
substituting into it the solution of (5.14), and ¢(x) is de-
termined by integrating (2.12).

The ambiguity in the determination of the field* is
connected with the possible existence of several solutions
of (5.15). In particular, when v/w = 0 and periodic an-
harmonic solutions are obtained, the same value of E
corresponds to two values of E’ with opposite signs.
When v/w differs from zero but is small, Eq. (5.15) can
have, for specified Ejyc and k, a large number of solu-
tions, corresponding to a slow variation (and therefore
a large number of close values) of Epy 5% and Ep,ip.
With increasing dissipation, the possible number of the
solutions of (5.15) decreases. We shall show in the next
section, using an example of universal significance, that
when the dissipation is sufficiently strong, the solution
of the boundary-value problem for specified Ejpc and k
turns out to be unique.

6. Let us consider in detail the penetration of the
field into a conductor near the point of the ordinary
transparency (k3 > k). As we have already seen, the
nonlinear effects become manifest here already in a
relatively weak field. This is precisely the case to
which we shall confine ourselves below. In accordance
with this, we can assume in (5.3) and (5.4) that f = 1, and
we can substitute in (5.2) the value of f in the form (2.5).
By making the change of variables

T=2Vn? — Kk, v/ie=vy(1—k/n?), & = ex®2E2(1 — k?/n?)?,
E? = P22ER[1 — 12/ u?], M@= p24Eg(no® — k2)®/ net,
(6.1)
we can rewrite the system (5.2)—(5.4) in the form
&r _ u?  dut de
= 213+73—, E——Y’z, E—_ZYIL (6.2)

Equations (6.2) reveal the analogy between our problem
and the problem of the motion of an anharmonic rotator
whose moment (u) dissipates, per unit time, in propor-
tion to the square of the radius r.

When v is small and we can speak of separation of
the fast and slow variations of the quantities character-
izing the field, it is meaningful to consider an approxi-
mate solution of (6.2) in which p and € are assumed
constant. We then obtain

P i — Asn2([t — w] YA/R2, k) (6.3)

91n the nonlinear theory of a longitudinal field in the plasma, the
solution had three values near the plasma resonance [7].
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where sn(z, k) is the Jacobi elliptic sine function.

A =1l oy~ Thin kK= VA/(2rf ax + Thyin — 1), and the
minimum and maximum ‘‘turning points’’ are determined
by the relations

2 & 6
&min -+ Tmin — T'min — W2 = 0,

P = 1/2(1 — Fisin) F /2 [ (1 — Fin)? + 412/ Thninl®.

We note that r?nax + r?nin = 1, and equality occurs only
for € = u = 0, when k = 1 and the minimal turning point
vanishés while the maximum becomes equal to unity.

Formula (6.3) describes the spatial oscillations of
the field, with a period

12

]/%o k?‘ A

ey, (6.4)
where

/2

= (do/yT—Tsint g
0

is the complete elliptic integral. Owing to the dissipa-
tive effects, this period changes on penetrating deeper
into the conductor, and the maximum and minimum
fields also change. For the description of such a slow
variation in the case of small ¥ we obtain, following the
averaging method, the equations

2 D(k)}

de du {
—_— = -V = max—A‘_ £y
i A e A G K (k) (8.5)

where
/2

D(k)= { dpsin?q/71 — ks’ g
[1]
is the complete elliptic integral.
Equations (6.5) have a stationary point € = 0 and
4 =0, in the vicinity of which

64 64
£ = _,1_ p2ln — + const, pln—=— 4yt + const.
4 u? f

(6.6)
It follows therefore that the representative point in the
(€, 1) plane arrives at a stationary point within a finite
‘‘time’’ 7. For the case of interest to us, when the
field decreases at infinity, the passage through such a
stationary point is necessary. Moreover, the solution of
the averaged equations (6.5) is suitable only until this
point is reached.

The system (6.5) can be solved in quadratures.

Namely:
= ik _ G(k)—D(k)
A= A(k)= AoexP{S ke (1 — 2 G(ky— 2B ( k)} (6.7)
P Pk 42(k2) (1 — B)K (k)
Ey‘s(co 7) ) T (A= k) C (k) — 2E (k) (6.8)
AU 4 (1 B2) A (k) [ + (1 — 2K2) A (R) — 12+ (2 — k2) A (k) ]}~

Here ko and A, are the initial values of the functions k
and A when T = 7o and E(k) and C(k) are the complete
elliptic integrals

n/2 /2 - 5

§ dp7T— Ksintq, C(k)= SM“’,

o o Y1 —kisinte

E (k)=

Formulas (6.7) and (6.8) describe the variation of the
slow variables up to the stationary point, at which A =1
and k = 1 (and accordingly ri;,x = 1). Inasmuch as pass-
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age through the stationary point is necessary in order

for the field to decrease at infinity, we get the condition

dk2 G(k)—
— k) C(k

1=A(1)= Aoexp{ —2E(k) } (6.9)
Passage through the stationary point, and hence the de-
crease of the field at infinity, is possible only if the
condition (6.9), which is imposed on the initial values
Ao and ko, is satisfied.

After passing through the stationary point, the field
oscillations stop and r(7) tends monotonically to zero.
The asymptotic solution of (6.2), which describes such
a ‘“‘rotator decay’’ and which is suitable for small values
of r and u, is of the form

r'_'[L(l‘*‘W-sz)‘/m] {1 [ (1+‘y’1—+?)v¢ }

v 345142
91 [_7_2(1+w+v2)% ]
2 4+57IFyily 3+5Y1F (6.10)
1 199 4 8971 + y2 — 14042 2 (Y1) T
il 897 4y L_[V—( Jﬂ/i)_u} +0(m)},
2 G5+ (IS H1TYI+H y 3+5714y?

212 (1 4 Y14y2) "
Jr_1’_(_—H’+v
Y

31571 Fy? H= —YfV§(1+V1+Y2)"’+ const. (6.11)

The fast decrease of the field goes over relatively
rapidly into the decrease described by the linear theory.
Figures 3 and 4 show plots of r, v = dr/d7, and u

u
against 7<—7 = y'lf du/rz(u)> , obtained by numerical
0,01
integration of the system (6.2) and of the equation

y2r2(]p’< ...)_r—273+— (6.12)
at values y = 0.2 and 0.05.

We note that formula (6.10) for ¥ = 0.5 leads to re-
sults which coincide practically with the results of
numerical calculation up to values of r corresponding
to rmax = 1, i.e., up to the stationary point of (6.5).
This indicates a direct transition of the asymptotic
solution (6.10) into an oscillatory dependence, which
can be conveniently described by formulas (6.3), (6.7),
and (6.8).

Let us discuss, finally, the question of satisfying the
boundary conditions on the surface of the conductor, and
respectlvely on the uniqueness of the obtained solutions.
Putting E, = n'2E2(1 — k*/k%) and using (6.1), we can
rewrite (5.15) in the form

'r,——LF—i]vz+r2[1+ V—-—1]

Figure 5 shows plots of 7 against p for k%/k* — 1 equal
to 0.25, 0.0625, and 0.01 and v = 0.2. We note that, as
follows from (6.1), by bringing the values of k and &,
close together for a specified v, we arrive at smaller
values of v/w. We can therefore state on the basis of
Fig. 5 that at small values of ¥/w each given value of 7
corresponds to several values of u, and when the dissi-
pation increases this ambiguity vanishes.

The discussed ambiguity of the solutions, which
corresponds to the possible existence of several sta-
tionary solutions, is typical of a number of nonlinear-

(6.13)

OF PENETRATION

y=005 Yy

" y=02

FIG. 4.

oscillation problems. It is possible to use here the con—
cepts developed in the theory of nonlinear solutions "
concerning the stability of such stationary amplitudes.

In particular, one can speak of oscillatory hysteresis
under adiabatic variation of the amplitude of the incident
wave. The course of such an oscillatory hysteresis is
indicated by the arrows in Fig. 5.

FIG. 5.

7. Conclusions. The foregoing analysis shows that
the limiting frequency of the transparency region shifts
with increasing incident-wave amplitude towards smaller
values. We studied the penetration of the field into the
plasma of a conductor under conditions of nonlinear
transparency and weak damping. We have shown that
several stationary solutions can exist under such condi-
tions, a fact which can become manifest by oscillatory
hysteresis under adiabatic variation of the amplitude of
the incident wave. We note that the phenomena under
consideration can take place in relatively weak fields,
when the plasma instability known to occur in a high-
frequency field do not develop. Finally, in order to pre-
vent excessive heating, which can greatly hinder the
understanding of the phenomenon, it would be necessary
to use in the experiment high-frequency field pulses
with duration not greatly exceeding the free path time
1/v. For relatively weak fields, in which the aforemen-
tioned phenomena are possible, the stationary field dis-
tribution investigated here will apparently become es-
tablished within such a time.
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