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Conditions are given under which the wave functions of a one-particle Schrodinger equation at points of 
a positive discrete spectrum superposed on the continuous spectrum have the property of quadratic 
integrability; this allows us to put this spectrum in correspondence with bound states with positive 
energy. By means of separable potentials examples are constructed of attractive and repulsive inter
actions which give rise to positive discrete spectra. The nature of the scattering amplitude and of the 
wave function at a point of this spectrum is studied. The differential cross section for scattering by a 
positive discrete level is a characteristic two-hump curve. If a bound state with positive energy plays 
the role of a virtual state, the cross section is described by the Breit-Wigner formula. This allows us 
to draw a parallel between different quasiparticle models and positive energy levels. A treatment of 
these levels as states of unstable equilibrium of a quantum-mechanical system is proposed. 

UP to the present time the most fruitful method of ap
proximate solution of many-particle problems has been 
the use of effective one-particle models. Important ex
amples are the concepts of the selfconsistent field and 
of quasiparticles in solid-state theory and in atomic and 
nuclear physics, the quasipotential approach in field 
theory, and so on. In all of these cases one often has to 
solve the one-particle Schrodinger equation for the 
radial wave function: 

iP l(l+ 1) 
H1R1(k,r)= --R1(k,r)+---Rl(k,r)+ V1R1(k,r)= k2R1(k,r), 

dr" r2 (1) 

where the interaction operator is in general nonlocal 
and can usually be represented in the following form: 

00 

V1R1 =g) K1(r, r')R1(k, r')dr'. (2) 

We consider a Hermitean Hamiltonian, which means that 
Ki(r, r') = Kz(r', r), and we shall assume that the kernel 
K z(r, r') satisfies the relation 

0000 l'' 
~ ~~K1 (r,r')~t(r)v(r')drdr' < oo, 
0 0 1 + )'rr' 

where J.J.(r) and v(r) are arbitrary bounded functions. 

(3) 

For scattering problems one needs continuous solu
tions of (1) with the required asymptotic behavior for 
positive k2 (continuous spectrum), and for the descrip
tion of bound states one uses continuous quadratically 
integrable solutions for a discrete set of negative values 
of k2 (discrete spectrum). In principle the Hamiltonian 
H can also have a positive discrete spectrum superposed 
on the continuous spectrum, but so far as we know there 
have been no definite statements in the literature as to 
what the nature of the interaction V must be for this to 
occur. 

It has been shown in [l, 2 l that even under broader as
sumptions about the form of the Hamiltonian than indi
cated in Eqs. (1)-(3) the scattering amplitude is boun
ded at points of the positive discrete spectrum (PPDS), 
and one of the solutions of the Schrodinger equation is a 
wave function which vanishes at infinity and is peculiarly 
suited to describe a bound state of positive energy 
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(BSPE). The question arises as to whether the BSPE is 
a mathematical abstraction-that is, whether the BSPE 
has a physical meaning and can be observed experimen
tally in some other way than through a zero value of the 
scattering amplitude, since this last also occurs in the 
Ramsauer-Townsend effect[3 J for sufficiently strong 
attractive potentials. 

We note here the following fact. The theory of the 
activated complex in quantum chemistry, the concept of 
the compound nucleus in nuclear physics, and various 
theories of quasiparticles, often appeal in the last analy
sis to the idea that a system of a large number of parti
cles can be in an "almost stationary" state with a posi
tive energy. InS-matrix language, as is well known, 
such states correspond to poles on a nonphysical sheet 
of complex values of k, near the real axis. It is the fact 
that 1m k r 0 that leads to the finiteness of the lifetime 
of the "almost stationary" states. 

In the framework of the one-particle approach of 
Eqs. (1) and (2), in the present paper we propose a 
treatment of BSPE as quasi-particles of the type of an 
activated complex or compound nucleus. The poles of 
the S matrix then "slide," as it were, onto the real axis 
of the k plane (for physicalZ), thus leading to the forma
tion of stationary BSPE. This picture will be confirmed 
by the fact that a Hamiltonian which differs by only a 
small term from the Hamiltonian with PPDS produces 
near the BSPE a sharp maximum of the scattering 
cross section, of the type of a Breit-Wigner resonance. 
Nonlocal separable potentials will be used to construct 
examples of interaction operators which form BSPE; 
the special features of these operators and of the wave 
functions of the BSPE will be studied. 

INTERACTIONS WHICH LEAD TO THE APPEARANCE 
OF BOUND STATES IN THE SPECTRUM OF POSI
TIVE ENERGIES 

We can write Eqs. (1) and (2), together with the 
boundary conditions 

R1(k, r)-+ rjz(kr) + i-lA1(k)ei•r, r-+ oo 
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in the equivalent form of the integral equation 

R1(k, r) = rh(kr)- g f R1(k, x)dx r ikrx'h(kr.<)hi1>(kx>')K1(x'1 x)dx', 

0 0 (4) 

where j z(z) and h/,ll(z) are the usual notations for spher·· 
ical Bessel functions. At PPDS there are nontrivial 
solutions of the homogeneous integral equation 

p1n(k,r)= -g fp,n(k,x)dx ~ ikrx'h(kr<)h:l) (kx>')K1(x',x)dx', (5) 

but by using a method of proof due to Fadeev[4 J it is not 
hard to show that the original equation (4) is soluble and 
that the solution consists of a term rj z(kr) and a quite 
definite linear combination of solutions of Eq. (5). The 
functions Pz(k, r) vanish at infinity and satisfy the rela
tion 

r krh(kr)dr S K 1(r,x)p1n(k,x)dx = 0. (6) 
0 0 

If an inequality stronger than (3), namely 

~~ )'rr'(1 +l'rr')J.t(r)v(r')K1(r,r')drdr' < oo, (7) 
0 0 

is satisfied, then the eigenfunctions Pz(k, r) of the BSPE 
belong to L2 (0, 00 ) and consequently satisfy all of the 
requirements for wave functions of bound states in quan.
tum mechanics. Since pf(k, oo) = 0, the asymptotic be
havior of Rz(k, r) is determined only by the free term 
rjz(kr), and there is no scattering at a PPDS. 

We can write Eq. (5) together with the condition (6) 
in the form 

Pin (k, r) = gik f rx [h(kx) h?) (kr)- h(kr)h~l) (kx)] ~ K, (x, y) p,n (k, y) dy. 
0 

(8) 

In the special case of a local potential Kz(x, y) 
= V(x)o(x- y) the integral equation (8) contains a 
Volterra kernel, and consequently has no solution which 
is not identically zero. This is the well known result 
(cf., e.g., [sJ) that there is no positive discrete spectrum 
for a central local potential under the conditions 

V(x)=o(x-1-•), V(x)=o(x-Z.H); e,6>0. 
x~o 

It is shown in [sJ that there is also no discrete spectrum 
of positive energies in the case of a noncentral poten
tial "lJ (x) which satisfies the estimate 

00 

~sup l"ll (x) jdr<oo, R0 >"0. 
Ro Jxl=r 

Let us take as the interaction the nonlocal separable 
potential 

N, 

K,(x, Y) = 21
4: 1 m~1f\m1gm1/m1 (x)[fm'(y)]'; (9) 

with {3~ = ±1, g~ > 0, 

/m1(r) = o(r'I.H), fm1(r) =. o(ri-e); e, 6 > 0. (10) 
HO 

In this case we can write an explicit expression for the 
scattering amplitude [?J 

A 1(k) = 2i Im [D1(k)] I D 1(k), (11) 

where 

D'k)=det [6··- 4g;'fl;'pr B;'(q)B;'(q)d 
l \ N l '1 21 + 1 ~oo q2 - k2 q 

4ni .z .l Bi1(k)B;'(k) J 
+ 21 + 1 g, ~1 k ' 

(12) 
00 

B;'(k) = i-l ~ krh(kr)/;'(r)dr 

(P indicates the principal value of the integral). 
For simplicity let us consider the s wave. Then Eq. 

(8) can be written in the form 

r sink(r-x) r 
Po(r) =- J k dx J Ko(x, y)po(Y)dy, 

r 0 

(13) 

and the condition (6) has the quite intuitive meaning 

po(O) = 0. (14) 

In the special case l = 0, No= 1 we have (dropping the 
indices) 

A(k)= Sni:g jB(k)l'[1-4flgPJIB(q)j' q'~k' 
+ 4n:g IB(k) I' r. (15) 

00 

B(k) =,) f(r)sin krdr. 
0 

The condition for solubility of Eq. (5), or, what is the 
same thing, (8), is the vanishing of the Fredholm deter
minant, i.e., in the present case 

D1(k) = 0, 

or in more concrete form, in view of (15), 

1-4flgP f IB(q)j' d +4ni" jB(ko)l' 
J 2 k 2 q pg k 

-ooq-o () 

(16) 

0 (17) 

From this we get a necessary condition for the forma
tion of a BSPE: 

B(ko) = 0, (18) 

which imposes a definite restriction on the form of the 
functions f(r) which describe the interaction operator. 
If (18) is satisfied, then by the choice of the sign {3 and 
the size of the coupling constant g one can always satisfy 
the relation (17). The only exceptions are the extremely 
rare cases in which (18) necessarily brings with it the 
equation 

(19) 

The spectrum of eigenvalues corresponding to (1 7) is 
actually discrete and consists of a finite number of 
points, as is directly verified without difficulty if the 
function IB(qW = o(q) for q- 00 and has no nonintegra
ble singularities. In fact, let us consider a point of the 
spectrum 

B(kQ)= 0, (20) 

u(ko) = 1-8pg 1 IB(q) l'(q2 - ko2)-1 dq = 0. 
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Let us assume that for y(ko) > 0 we have B(k1) = B(k0 + y) 
= 0 (the necessary condition is satisfied); then 

u(k,)=u(kt)-u(ko)=-8~g(k,2 -ko•) s- IB(q)i• dqo 
o (q•- ko•) (q•- k,•) 

The integrand is negative only in the interval q E (k0 , 

k0 + y), and for sufficiently small but finite y it is ob
vious that everywhere in the interval k E (k0 , k0 + y) 
we have u(k) f 0. Noting that for sufficiently large 
finite K E (ko, co) the integral in (20) becomes less than 
unity and that a uniform estimate for y(k) can be chosen 
in the interval k E (0, K), we conclude that the set of 
points at which (17) can be solved is finite. A general 
theorem stating that the set of PPDS is finite under 
other conditions is proved in[4 l. 

We shall consider several examples. 

1. f(r) = e-vr, y > Oo (21) 

By means of (15) we find B(k) = k/(y2 + k2). Fork> 0 
the condition (18) cannot be satisfied; there can be no 
PPDS in this case. 

20 f(r)= { 1, o,;;r,;;a 0 
0, r>a ' 

(22) 

B(k) = (1 - cos ka)/k. Obviously B(kn) = 0 for 

kn = 2:rtn/ a, n = 0, 1, 2, 0 o o (23) 

Equation (17) takes the form 

1 --'- 4naMJr2 = 0, (24) 

and can be satisfied only in the case (3 = 1, i.e., only in 
the case of a repulsive interaction. 

3o f(r) = (y2+ko2)e-••- (6"+ko")e-6•o (25) 

Here B(k) = 0 at a single point k = ko, and (1 7) leads to 
the equation 

1 -4ng~ (y-11) 2 (ko2 -yll) O, 
yll(y +II) (ko2 + y2) (ko2 + 112) 

which for a sufficiently large coupling constant has solu
tions for both repulsive and attractive potentials. 

It is not hard to show that in the last example there 
can be values of the parameters for which the condition 
for the formation of bound states is satisfied simul
taneously for both positive and negative energies. The 
examples considered give a single PPDS, but it is easy 
to assume functions f(r) such that there will be as many 
BSPE as one wishes. In this connection it is important 
to point out that the potentials we have given can form 
only one ordinary level each with negative energy[a,a] 
(the case of attractive interaction is of course that 
with (3 = -1). 

It is interesting to find out the shape of the eigenfunc
tions of the positive discrete spectrum. For the 
Yamaguchi nonlocal potential [Iol with functions of the 
form (22) we find p(r) by means of Eq. (13). Writing 

.. 
~ f(y)p(y)dy =c. 

(26) 

we get 
0 

{ 
cosk(r-a)-1, o,;;r,;;a 

p (r) = - 4nCgpk-2 0 

0, r;;,;. a 

From (14) we find the condition (23) and 

Ck 2 { sin2 (knr/2), 0,;; r,;; a 
p(r)= Bng~ n- O 

r;;,;. a 

Comparing this expression with (26), we easily arrive 
at the previously obtained relation (24). The eigenfunc
tion p(r) can obviously be normalized. In the given 
special case it is finite. 

In concluding this section let us study the BSPE for a 
somewhat more complicated kernel K(x, y), namely for 
the sum of a local potential V(x) = o(x- a) and a Yama
guchi potential: 

g, 2g. ( ) 
K(x,y)=-;;:ll(x-a)ll(x-y)+z;a e-MY)Ibo 27 

In order not to introduce (3 1 and (3 2 , we shall suppose 
that the coupling constants g1 and g2 can have either 
sign. The normalization of the potentials is chosen in 
the following way: for g1 = 0 and g2 ::s -1 there is an 
ordinary level; the same is true for g2 = 0, g1 :::; -1. 
The local potential V(x) considered here has the unique 
property that it can be put in the form of a nonlocal 
separable potential 

K'(x, y) = 6(x- a)ll(x- y) = ll(x- a)ll(y- a), 

and we could use the general expression (12), but it is 
more convenient to go back again to (13). We note that 
the potentials which compose the expression (27) cannot 
separately form BSPE: for the second this has been 
shown earlier, and the first is a local potential [if we 
regard it as a nonlocal separable potential, then at points 
where B(k) = 0 we arrive at Eq. (19)]. 

Substituting (27) in (13) and using notations of the 
form (26), we get expressions for the eigenfunction of a 
BSPE: 2g.c 

p(r) =- b(1 + k2b2) e-r/b 

g, { sink(r-a), o,;;r,;;a 
--p(a) 

ka 0. r;;,;. a 
From this we have 

p (a)= - 2g.c 6-atbo 
b(1 + k2b2) 

By means of (14) we arrive at the equation 
sinka 

g1 ~e--afb+ 1= 0, 

(28) 

(29) 

and after substituting p(r) in (26) we find a second rela
tion: 

1 :~•b• { 1 + (1 + k•!•)sin ka [kb(cos ka- e--afb)- sin ka] }+ 1 ( 3o0) 

The eigenfunction (28) falls off exponentially at infinity 
and can be normalized, and the system of equations (29) 
and (30) can almost always be solved for g1 and g2. If, 
however,. we regard (29) and (30) as equations fork for 
given g1, g2, a, b, it can be seen that the set of such 
solutions has zero measure. 

It follows from (29) that the inequality lg1l ~ 1 is 
necessary, i.e., that the local potential must be above a 
certain strength. For b » a and kb « 1 it is not hard to 
show that g1 ~ - e- a/b ~ - 1, g2 ~ - a/2b: the nonlocal 
interaction term can be arbitrarily small, but then the 
energy of the bound state is close to zero and the inter
action reduces to a pure attraction. For example, in the 
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case ka = 371/2, b = 2a the local potential is repulsive 
and the nonlocal potential is attractive: g1 ~ 8, g2 ~ 
-100. It is very easy to get the opposite situation 
g1 < 0, g2 > 0. Finally, taking as an example 
cos ka = e- a/b, 0 < kb < 1, we find that both potentials 
are repulsive. 

POSITIVE-ENERGY BOUND STATES AND RESONANCE 
SCATTERING 

We have so far been mainly considering only the 
question of the legitimacy of the concept of BSPE in the 
one-particle problem from the mathematical side. It 
can already be said, however, that at a PPDS there is 
no scattering of the corresponding partial wave; the 
asymptotic form of the wave function is rjz(k0r), and 
the amplitude Az(ko) = 0. Since in general this last equa
tion does not hold for k f ko, in the neighborhood of a 
PPDS k = ko the differential scattering cross section 
az(k) = JTk-2IAz(kW must follow a two-hump curve with a 
zero at the PPDS. It is shown inl1' 2l that a(k) = o(k- ko) 
for k - k0 , and in our case the cross section has a zero 
of at least the second degree at k = ko. In the case of the 
nonlocal separable potential (9), (10) this result clearly 
follows when we use (11), (12). Using the Yamaguchi 
potential with the functions (22) under the condition (23) 
and with n 2: 1, we get from 15 

2i(1- cos ka) 2 

A ( k) ~ -:-::--;:;--:--'-;--::-:-:----:-:-::-'---:--:-::
k'a(kn 2-k 2)+i(1-coska)2 (31) 

The relation (31) allows us to answer the question as to 
what the minimum degree of nonmonochromaticity of 
the beam of incident particles must be for it to be im
possible to resolve the dip in the cross section at k = ko. 
If we set 

1 k+ll.k 

cr av(k) = 2/).k ~ cr(k) dk, 
k-!l.k 

the indicated condition is obviously satisfied by a value 
of .:lk such that d2aav/dk2lk=k ::s: 0. From this we get 
the equation ° 

cr' (ko + tlkmin) - cr' (ko- :t1kmin) = 0, 

and after substituting (31) and performing some manipu-· 
lations we get a.:lkmin ~ tg(a.:lkmin/2), and consequently 

,/).kmin ~ a-1• (32) 

We can also arrive at the same relation when we 
study Yamaguchi potentials of different form. In spite 
of the dip at the point k = ko the unaveraged cross sec
tion in the neighborhood of the PPDS is characterized 
by a spike. The width of this spike is obviously roughly 
indicated by (32) also for the case of a general form of 
the interaction-operator kernel Kz(x, y), a being given 
by the size of the region where the interaction is in
tense, that is, where Kz(x, y) is large. 

It is necessary to point out that it is in general 
rather rarely that all of the conditions for the appear
ance of a BSPE are realized. Negative levels neces
sarily appear when the coupling constant is sufficiently 
large, if the interaction is not purely repulsive. Here, 
however, we need, first, some special form of the func
tions that describe the interaction, for example (18) for 
the Yamaguchi potential, and in the general case the 
solubility in principle of Eq. (8), which does not depend 

on the coupling constant. Secondly, the conditions for 
occurrence of a BSPE [cf. (11), (12)], 

Re [Dz(k) 1 = 0, lm [Dz(k) 1 = 0 

are two equations for a single quantity k, even in cases 
in which the form of the functions f~(r) allows us to 
satisfy these equations separately. 3The same can be 
said also in the general case of Kz(r, r'). 

Let us suppose that for a given form of the kernel 
Kz(x, y) or for a given value of the coupling constant it 
is impossible for both the real and the imaginary parts 
of the function Dz(k) to vanish simultaneously, so that 
no BSPE is formed. Suppose, however, that at the point 
where Re [Dz(ko)] = 0 the quantity Im [Dz(ko)] is small. 
For simplicity we shall conduct the treatment with non
local separable potentials, although similar results can 
be regarded as characteristic for the nonlocal operator 
of the general form (2). In the case of a Yamaguchi 
potential which is of the form (22) near k0 and satisfies 
(24), when we assume that (23) does not hold we get 
from (31) as the approximate result for the differential 
cross section the usual Breit-Wigner formula 

:n: f 2 2ko 
cr(k)- f=-(1-coska) 2• (33) 

- k2 (k2- ko2)2 + f2/4, a 

The form of the interaction is here such as to allow 
the formation of a BSPE, and none has appeared only 
because of the unsuitable value of the coupling constant. 
In such situations when there is a certain change of the 
energy of the incident particles Im [Dz(k)] and the cross 
section az(k) become zero, and because of this the 
Breit-Wigner maximum is asymmetrical; the sharper 
the maximum, the more marked is the asymmetry. 

If we take a Yamaguchi potential of the form (21), we 
again get Eq. (33), where r ~ 4yk0(k~ + y2)/(3y2- k~). In 
the case in which g ~ yko/JT and {3 = -1 (attraction), the 
inequality ko » y holds here. Then r =- 4yk0 and (33) 
describes a rather sharp resonance, although, as was 
shown earlier, the nonlocal potential (21) in principle 
does not form any BSPE. In any given case the width of 
the resonance peak is determined by a relation of the 
form (32), but it is easy to assume more complicated 
functions f(r) which produce much more sharply marked 
maxima in the cross section. 

We note that Re [Dz(k)] cannot always become zero, 
but if this quantity is small there will be resonance 
scattering described by relations somewhat different 
from (33). It is important to emphasize that resonance 
formulas of the form (33) must rather be the rule, and 
the form (31) the exception. In fact, however small the 
quantity Im [Dz(k)] may be at the point k0 where 
Re [Dz(ko)] = 0, the scattering is described by the 
Breit-Wigner formula, and only at energies correspond
ing to PPDS will a relatively flat two-hump curve ap
pear. This finds its expression in the fact that the de
pendence of az(ko) on the coupling constant is almost 
everywhere given by the factor 4JT/k2; only the PPDS 
are exceptional, and there az(ko) = 0. 

It is not hard to see that the resonance formula (33) 
can be connected with a pole of the amplitude (31) in the 
lower half of the complex k plane; besides this, we can 
here propose a different intuitive interpretation of the 
resonances-the near approach to a virtual level with 
positive energy. Since PPDS are not associated with 
minimum values of the energy functional and are unsta-
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ble with respect to small variations of the Hamiltonian, 
we can regard BSPE as states of unstable equilibrium 
of the quantum-mechanical system. The presence of a 
virtual level with positive energy leads to a great in
crease in the speed of a reaction, since it is well known 
that quantum-mechanical transitions occur more easily 
between states which are close together in energy. 

In conclusion I express my deep gratitude to Yu. V. 
Tsekhmistrenko and L. D. Fadeev for a discussion of a 
number of questions involved in this work, and for use
ful advice. 

1 L. Fonda, Ann. Phys. 22, 123 (1963). 
2 L. Fonda and G. C. Ghirardi, Ann. Phys. 26, 240 

(1964). 

3 L. I. Schiff, Quantum Mechanics, New York, 
McGraw-Hill, 1949, 1955. 

4 L. D. Fadeev, Trudy Matern. Inst. Akad. Nauk SSSR, 
73, 292 (1964). 

5 L. D. Fadeev, Uspekhi Matern. Nauk 14, 57 (1959). 
6 T. Kato, Commun. Pure Appl. Math. 12, 3 (1959). 
7 A. V. Rokhlenko, Zh. Eksp. Teor. Fiz. 47, 896 

(1964) (Sov. Phys.-JETP 20, 600 (1965)]. 
8 A. V. Rokhlenko, Zh. Eksp. Teor. Fiz. 50, 93 (1966) 

(Sov. Phys.-JETP 23, 64 (1966)]. 
9 G. C. Ghirardi and A. Rimini, J. Math. Phys. 5, 722 

(1964). 
10 Y. Yamaguchi, Phys. Rev. 95, 1628 (1954). 

Translated by W. H. Furry 
103 


