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The de Haas-van Alphen effect in BiSb alloys containing from 1. 7 to 4 at.% Sb is investigated 
at 1.6-4.2° K and field strengths varying between 1 and 12 kOe. The electron equal-energy 
surfaces decrease in volume with increasing Sb concentration, remaining similar to them­
selves with an accuracy to 8-10%. The decrease of the effective cyclotron masses with de­
crease of the corresponding extremal cross sections is satisfactorily described by the Cohen 
theory. [7] The best agreement between theory and experiment is obtained for an effective 
mass at the bottom of the conductivity band m* (0) = 0.002 x 1027 g and an energy gap Eg 
= 0.02 eV between the conductivity band and valency band. The Fermi limiting energy and 
electron concentration are calculated for a nonquadratic dispersion law. The overlap is re­
moved at ~ 5 at.% Sb. 

INTRODUCTION 

IT can by now be regarded as established that the 
electron dispersion in Bi is not quadratic. This is 
demonstrated first of all by the dependence of the 
electron effective mass on the Fermi energy, r1- 4J 

and also by the unequal spacing of the Landau en­
ergy levels in strong magnetic fields. [5, 6] The dis­
persion of the electrons of Bi, with allowance for 
its deviation from parabolic, is usually described 
in terms of Cohen's theory. [ 7] However, the ques­

tion of the accuracy with which this theory de­
scribes the energy spectrum of the electrons of Bi 
continues to remain unanswered, particularly owing 
to the lack of sufficient data u, 2] on the change of 
the effective masses with decreasing Fermi energy, 
where this dependence should be particularly strong 
in accordance with Cohen's theory. 

We investigate in this paper the energy spectrum 
of the electrons in which, as is well known, rB- 12 ] the 
band overlap, together with the electron Fermi en­
ergy, decreases with increasing Sb concentration, 
making it possible to compare the experimental re­
sults with Cohen's theory and to obtain information 
regarding such important parameters of the spec­
trum as the value of the effective mass at the bot­
tom of the band and the value of the energy gap be­
tween the conduction and valence bands. 

MEASUREMENT PROCEDURE. SAMPLES 

The anisotropy of the magnetic susceptibility 
b.X co M/H2 of the samples was measured with a 
self-compensating magnetic torsion balancer 13] in 

a homogeneous magnetic field from 1 to 12 kOe at 
temperatures 1. 6-4.2 o K. 

The alloys for the samples were made of Bi 
(from GIREDMET [State lnst. for Rare Metals]) 
containing less than 1 x 10-4 of Pb, less than 
1 x 10-5 of Ag, and less than 3 x 10-4 of Ni, and of 
Sb containing less than 2 x 10-5 of Cu, less than 
4 x 10-4 Fe, and less than 5 x 10-5 As. Bi-Sb alloys 
of different concentrations were prepared by di­
rectly melting Bi with Sb in the required propor­
tions. All the melts were thoroughly mixed in a 
sealed pyrex ampoule filled with helium gas, and 
kept in the molten state at 350-400 o C for not less 
than 5-7 days, after which they were rapidly 
cooled. 
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Samples with up to 2 at.% Sb were grown at rates 
0.4 em/min by the Kapitza method. r 14J To equalize 
the impurity concentration along the sample, recrys­
tallization in the opposite direction was employed. 
However, at large Sb concentrations, metallographic 
investigations have revealed in samples grown at 
these rates a clearly pronounced substructure of 
cellular or dendrite type, due to the constitutional 
supercooling of the melt. [ 15 ] To reveal the sub­
structure, we used both rough etching of the sam­
ples in nitric acid, as well as special fine etching, 
during the course of which the samples were first 
polished in a solution containing 6 parts of HN03 

+ 6 parts CH3COOH and 1 part H 20, then washed in 
HCl and water, dried in air, and etched in 1% solu­
tion of iodine in alcohol. The described fine etching 
was successfully used earlier to reveal the emer­
gence of dislocations on the surface of Bi crys­
stals. [ 16 ] 
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Table I. Characteristics of investigated 
samples* 

Growth conditions 
Annealing 

ample c, at. o/o conditions** 
Sb Mass, g 

vT,*Cicml v, mm/hr I No. T, •c t, days 

1 0 0.084 17 270 without annealing 

2 1.7 0,248 17 270 170 I 7 
3 2 0,194 17 270 266 12 
4 2.4 0.299 17 30 without annealing 
5 2.5 0,185 17 270 266 

I 
44 

r70 
7 

6 2,9 0,464 17 1 266 5 
266 30 

7 3,1 0.250 30 1 without annealing 
8 3.4 0,185 90 1,5 without annealing 
9 3~6 0,420 30 1 266 I 45 

10 4 0.166 90 1 without annealin g 

*Samples for which a dendrite substructure was observed are not 
included in the table. 

**All samples were investigated also before annealing. Sample No. 
6 was annealed successively in three stages, and the measurements 
were made after each annealing stage. 

Samples containing more than 2 at.% Sb were 
grown slowly (up to 1 mm/hr) at large temperature 
gradients. With this, the rate of drawing and the 
temperature gradient were chosen in accordance 
with the data of [ 1T 1, where growth under conditions 
in which there is no constitutional supercooling is 
considered in detail. 

The crystallographic orientation of the samples 
was determined from the etch high spots with a 
goniometer, with accuracy± 0.5 o, or from the lines 
on the cleavage plane, with accuracy 1-2°. Some of 
the samples were annealed under different condi­
tions. 

The data on all the investigated samples are 
listed in Table I (here c-calculated concentration, 1> 

v-growth rate, and t-annealing duration). 

MEASUREMENT RESULTS 

Measurements of the anisotropy of the magnetic 
susceptibility ~X were carried out with the mag­
netic field oriented in the trigonal-bisector plane. 
For each sample we plotted the dependence of the 
torque on the magnetic field intensity H at different 
orientations of the field relative to the trigonal axis 
of the sample (angle 1/J). Characteristic plots of ~X 
oo M/H2 against 1/H for samples of the initial Bi 
and of Bi-Sb alloys are shown in Fig. 1. 

To obtain the temperature dependence of the os­
cillation amplitude, the magnetic susceptibility was 
measured at two different temperatures (4.2 and 
2.1 o K) for angles l/J at which the oscillation ampli-

1lThe chemical-analysis data obtained at GIREDMET for 
samples Nos. 3, 4, 5, 8, and 9 agree with the calculated 
concentration of Sb. within the accuracy limits (10 - 15%). 

.u 
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FIG. 1. Dependence of the anisotropy of the magnetic 
susceptibility 1'\x "' M/H2 for Bi-Sb alloys on the reciprocal 
field 1/H: a-initial Bi (sample No. 1, tfr = 73°, T = 1.6°K), 
b-sample No.3 (if'= 127°, T = 2.1°K), c-sample No.3 
(tfr = 127°, T = 4.2°K), d-sample No. 4 (tfr = 80°, T= 1.6°K), 
e-sample No. 6 (tfr = 68°, T = 2.1°K), f-sample No. 6 
(tfr = 68°, T = 4.2°K), g-sample No.9 (tfr = 150°, T = 1.6°K), 
h-sample No. 9 (t/I = 80°, T = 1.6°K). The scale along they 
axis is the same only for curves b and c and d and e. 

tude was maximal. It should be noted that an analy­
sis of the temperature dependence of the oscilla­
tions is greatly hindered when the Sb concentration 
is increased. This is connected, first, with the de­
crease in the oscillation amplitude and, second, 
with the decrease in the temperature dependence of 
the amplitude. 

In measurements on samples with dendrite sub­
structure, we observed oscillations whose frequency 
was close to the frequency of the oscillations of 
pure Bi for the corresponding angle 1/J, these oscil­
lations being most noticeable in strong fields. This 
served as an additional criterion for the sample 
quality. 

Figure 2 shows the angular dependences of the 
oscillation frequencies for samples of the initial Bi 
(solid line) and Bi-Sb samples (the oscillation fre­
quency ~ -1(1/H) is connected with the extremal 
section Sm of the Fermi surface in a plane perpen­
dicular to the H direction by Sm = ehc-t~- 1 (1/H)U8l). 

Figure 3 shows the dependence of the percentage 
change in the ratio Sm/S&, averaged over the dif­
ferent angles 1/J, on the calculated Sb concentration. 
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FIG. 2. Oscillation frequency [~(1/H)]-' cnSm vs. the 
angle lji: e- initial Bi, 0- sample No. 3, £:,.sample No. 5, 
() -sample No. 6 before annealing, t -the same after anneal­
ing, 0- sample No. 9 before annealing, •- the same after 
annealing. The dashed lines for the angular dependence of 
the frequencies are drawn for the alloys in analogy with the 
solid curve (the angular dependence for pure Bi) with suit­
able decrease of the ordinate scale. 

The same figure shows data for the Bi -Sb alloys 
containing less than 1.6 at.% of Sb. [ 9J 

An investigation of the influence of annealing at 
different rates (from 7 days at T = 150 - 170 o C to 
45 days at T = 266 o C) has shown that the oscilla­
tion frequency does not depend on the annealing re­
gime, whereas the oscillation amplitude increases 
somewhat after the annealing. 

DISCUSSION OF RESULTS 

1. Change in the shape of the electronic Fermi 
surface. Figure 4 shows the relative changes of the 
oscillation frequency (and consequently, of 
t.Sm/SJ?l> at different angles 1/J. The angles ljJ = 82-

75 
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FIG. 3. Ratio of extremal cross sections of Bi-Sb alloys 
to the corresponding section for pure Bi vs. the calculated 
Sb concentration: 0-present work, l:,.-[' 9], 0-[']. 
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FIG. 4. Dependence of relative variation of the areas 
of the extremal sections of the electronic Fermi surface 
on the angle lji: X -sample No. 3, \?-sample No. 4, 
0- sample No. 6 before annealing, ·-the same after anneal­
ing, 0- sample No. 9 before annealing, •- the same after 
annealing. 

84° correspond to a change in the minimal section 
S1 of the electronic ellipsoids. The change in the 
average section S2 can be obtained by extrapolating 
the curves of Fig. 4 into the region of angles ljJ = 6 o. 

As seen from the figure, the decrease in the sec­
tions Sm of the electronic Fermi surface takes 
place, within the limits of the measurement accu­
racy (5-8%), at the same percentage ratio for all 
angles 1/J. The angle of rotation of the ellipsoids can 
be assumed constant (accurate to ±2 °). However, 
the lack of data on the changes in the section S3 of 
the alloys under the influence of the Sb does not 
make it possible to state with assurance that the 
shape of the electronic Fermi surface does not 
change at all when its volume is decreased. None­
theless, there are no grounds for assuming that this 
change is appreciable. 

2. Electron dispersion in Bi-Sb alloys. Accord­
ing to Cohen's theory, [ 7J the electronic part of the 
Fermi surface of Bi is described by a formula that 
takes into account the deviation of the dispersion 
law from ellipsoidal and parabolic: 

Pt2 P22 Ps2 ( E ) 1 ( P22 )2 (1) -+-+-=E 1+- -- - , 
2m1 2m2 2ms Eg Eg 2~ 

where m1, m 2, and m 3 are the effective masses at 
the bottom of the band. When the field H is o;ri­
ented along the bisector axis, the non-ellipsoidal 
nature of the Fermi surface can be neglected, and 
the formulas for the extremal section S1 and the ef­
fective mass m* take the form 

S1 = 2:n;m• (O)E ( 1 + E/Eg), (2) 

m• = ___!_ dSm = m• (0) (1 + 2E ). 
2:n; dE Eg 

(3) 

where m*(O) = (m1m3)1/ 3 is the cyclotron effective 
mass at the bottom of the band, Eg is the energy 
gap between the conduction band and the valence 
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FIG. 5. Dependence of the ratio of the effective masses 
of the electrons in Bi-Sb alloys to the mass of the free elec­
tron on the minimum section S, of the Fermi surface: e- data 
for pure Bi [21}, 0- data of ['] for Bi-Te alloys, +-the same 
Bi-Se alloys, ~-data of [•] for Bi-Te alloys, V- data of['] 
for Bi + 1.6% Sb alloys. Solid curve- calculation in accord 
with Cohen's theory for m*(O) = 0.002 x 10-27 g and Eg = 0.02 
eV, dashed curves- for Eg = 0.015 eV (upper curve) and 

Eg = 0.03 eV (lower). 

band, and E is the electron Fermi energy. 
To determine the effective cyclotron masses in 

Bi-8b alloys, we used data on the temperature de­
pendence of the oscillation amplitudes wT1 and wT2 

at temperatures T2 = 2T1t the ratio of the oscilla­
tion amplitudes is given by the formula [ 19 l 

(4) 

which is valid in the region of helium temperatures 
in the case when the Dingle factor [ 20 J is independ­
ent of the temperature (here f3 = en/m*c is double 
the effective Bohr magneton). For each angle 1/J, the 
amplitudes of the oscillations were determined for 
different values of H, so that the quantity m*, cal­
culated for each pair of curves, is an average for 
20-30 measurements. 

c,at %Sb 

FIG. 6. Dependence of the ratio of the change of the elec­

tron Fermi energy in Bi-Sb alloys to the Fermi energy for pure 
Bi on the calculated Sb concentration: 0- present work, .0.- [•], 

D- ['].. 

For comparison of the experimental data on m* 
with Cohen's theory, it is convenient to consider the 
dependence of the effective mass on the value of the 
corresponding cross section 8m for samples with 
different 8b contents. At 1)! = 80 o this dependence 
can be described by the formula 

m• (S1) = m• (0)[1 + 2SI/nm• (O)Eg]'l•. (5) 

Figure 5 shows the dependence of m * /m0 on 81 
for Bi-8b alloys (m0-mass of the free electron). 
The same figure shows data for m* /m0 when 81 in­
creases, as obtained for Bi-Te and Bi-8e alloys,[3, 41 

as well as the data of [ 1 J , in which cyclotron reso­
nance and the 8hubnikov-de Haas effect was inves­
tigated for a bismuth alloy with 1. 6% 8b. The solid 
and dashed curves are drawn in accordance with 
formula (5) for different values of the parameters 
m*(O) and Eg. As seen from Fig. 5, the points 
agree experimentally quite well with the theoretical 
curve obtained for m*(O) = 0.002 x 10-27 g and Eg 
= 0.02 V. However, the error in the determination 
of m*(81) is such that the values of Eg can vary 
within the range 0.013-0.03 eV (at m*(O) = 0.002 

Table II. 

E, eV Eg, eV 
calculated I 
in accord Measurement method 
with (3) 

0,0177 0,007 6 Galvanomagnetic measurements of 
Bi-Sb alloy ["] 

0,025±0,005 0,015±0,002 4,3 Magnetooptic measurements [ 22] 

0,022* 0,046* 2 de Haas-Van Alphen effect in 
Bi-Te alloy [•] 

0,022[4] 0,024 2,8 Magneto-optical measurements [2'] 

0,027 0,014 4,85 Infrared reflection (2•] 
0,0276 0 ,015[22 ] 4,6 Shubnikov-de Haas oscitlftions in 

2,75 
strong magnetic fields 6 

0,021±0,002 0,024±0,003 Gal vanomagnetic and thermoelect[ic 
measurements of Bi05 Sb15 alloy 25] 

0,015 0,020 2,5 Tunneling [26] 

0,031 0,013 Theory of Abrikosov and Fal'kov~>kii[27] 
0,02 Galvanomagnetic measurements [12] 

0,027 0,02 3,7 Present work 

*With allowance for errors, E = 0.021 - 0.024 and Eg = 0.035 - 0.070. 
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FIG. 7. Dependence of percentage ratio of number of elec­
trons in Bi-Sb alloys to the number of electrons in the conduc­
tion band of pure Bi on the Sb concentration: 0-our data, 
o - [1 ], L':.- [•]. The data for n /n8 i at c < 1.6 at.% were ob-e e 
tained on the basis of the results of [9],. 

x 10-21 g) or 0.025-0.04 eV (at m*(O) = 0.003 
x 10-2T g), and the effective mass at the bottom of 
the band can lie in the range (0.0035-0.0015) 
x 1o-21 g. 

For comparison, Table II lists data obtained by 
different workers for the parameters of the conduc­
tion band in Bi. 

3. Change of the Fermi limiting energy for elec­
trons in Bi-Sb alloys. To calculate the Fermi en­
ergy of the electrons in alloys with different Sb 
contents, we used Cohen's formula for a nonquad­
ratic dispersion law: 

Sm E(1 +E/Eg) 
2nm• = 1 + 2E/E11 • 

(6) 

The most probable values of the Fermi limiting en­
ergies E of the electrons in Bi-Sb alloys, calcu­
lated at Eg = 0.02 eV, are listed in Table III (the 
values of E for the case of quadratic dispersion 
and concentrations less than 1. 7 at.% were taken 
from [ 91). 

Figure 6 shows the relative changes of the Fer­
mi energy E/EBi in Bi-Sb alloys as functions of 
the concentration of Sb. We note that the values of 
E/EBi are not sensitive to variations of Eg in the 
range 0.015-0.04 eV. 

4. Change in electron concentration. The num­
ber of electrons in the conduction band, ne, can be 
estimated for Bi-Sb alloys by using the formula for 
a nonquadratic and nonellipsoidal dispersion law: 

~ = (_!_)"'(1 6E )/( 6EBt) 
neB! EBt + 5Eg 1 + 5Eg . (7) 

Figure 7 shows the ratio of the number of elec­
trons in Bi-Sb alloys to the number of electrons in 
Bi as a function of the Sb concentration. The calcu­
lations were carried out for Eg = 0.02 eV. 

5. Change of band overlap in Bi-Sb alloys. To 
estimate the band overlap in Bi-Sb alloys it is 
necessary to know the change in the Fermi limiting 
energies for both the electrons and the holes. The 
values of the Fermi limiting energies for holes can 
be obtained by using the fact that the number of 
electrons ne remains equal to the number of holes 
nh when neutral Sb atoms are added to Bi. [ 91 As­
suming that the dispersion of the holes is quadratic, 
we obtain for the ratio of the Fermi energies of the 
holes in the alloy and in pure Bi the formula 

(8) 

The band overlap in pure Bi is assumed to be 

E = Eh + Ee = 11,2 + 27,1 = 38,3 MeV 

The Fermi energy for holes E~i = 11.2 MeV was 
taken from [ 281 • The overlap decreases in propor­
tion to the anitomony concentration in the alloys, 
reaching E = 11.9 MeV for c = 3.6 at.% Sb. In ac­
cord with [ 121 , the overlap is eliminated when 
c = 5 at.% Sb. 

In conclusion, we take this opportunity to ex­
press sincere gratitude to A. I. Shal'nikov for in­
terest in the work, and to thank V. N. Vigdorovich 
for supplying the high-purity bismuth and antimony. 
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