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The response of a quantum system under the action of several coherent fields which are in
resonance with various coupled transitions are investigated by aid of the density matrix and
Maxwell’s equations. Some features of the system as a source of laser radiation are also
studied. It is shown that under some conditions which can be realized in the optical range,
nonlinear interaction of allowed transitions via forbidden ones can occur. This interaction
results in a change of the dispersion properties of the allowed transitions. Under genera-
tion conditions the transition interaction results in a change of the thresholds and genera-
tion frequency for each transition, the change depending on the frequency and intensity of

the auxillary-transition radiation.

SEVERAL authors '3} have shown that when
atoms or molecules interact with several micro-
wave fields that are resonant with different coupled
transitions, a change in their susceptibilities is
observed. The change in the susceptibility can be
either due to a redistribution of the particles
among the energy levels, or to the existence of a
non-linear interaction between the interatomic
motions induced by the different fields. The ef-
ficiency of interaction is greatly influenced by the
relaxation properties of the medium. By now,
lasers generating at different transitions of the
same substance have already been developed, in-
cluding those generating at several transitions
jointly“'”. It is therefore of interest to ascertain
what effects can be expected in the interaction of
optical transitions and how different kinetic pro-
cesses become manifest in this case.

In this paper we investigate the optical proper-
ties of atoms that are under the influence of sev-
eral coherent fields, and the singularities of such
a system when viewed as a source of coherent
emission. The optical transitions are character-
ized by relaxation properties and selection rules
other than those of the microwave ones considered
in 1731, It turns out as a result that in the optical
band a nonlinear coupling can be effectively pro-
duced, via the forbidden transitions, between the
polarization components at the frequencies of the
allowed transitions. This is reflected in the op-
tical properties of the system.

1. RESPONSE OF A QUANTUM SYSTEM TO THE
ACTION OF SEVERAL COHERENT FIELDS

Let us consider a quantum system described by
a time-independent Hamiltonian Hy with the eigen-
value scheme shown in Fig. 1. The optical electric-
dipole transitions a, b, ¢, and f are allowed while
x and y are forbidden. The relaxation properties
of the system are described by the level widths
Yn, by the relaxation-transition probabilities per
unit time ymm (m > n), and by the reciprocal
phase-memory times y% = y% = Ya yf = y§ = Yy
ete. Each of the levels is filled, from the levels
which do not enter in the system under considera-
tion, the excitation probability per unit time being
Qp-

The forced motions in the system under the in-
fluence of the field

E(r,t) = Re {E, Uy (r)ei®t + E Uy (r) ei9t

+ EU,(r) eift 4 EsUs (1) ei®4t)
will be described by the aid of a density matrix p,
which satisfies the equation

a

Epmn + i[HO + W(r1 t)J D]mn_Rmn(p)= 0 (ﬁ’ = 1)1(1'1)
where W is the Hamiltonian of the perturbation,
and the matrix elements of the operator of relaxa-
tion and excitation are

FIG. 1 & 2
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D) (OrAYkn — Pmimymr), m =n
R (p == R .
e ) —Yn"Pmn, MFn ’
(1.2)
Z PrRYRn = Qm Z Ymk = Ym.
R+4,3,2 k

For convenience we represent the matrix of the
perturbation Hamiltonian in the form

0 7,V.e% 0 1V
W (1, 1)} = 0 oV re' ™! 0 _
K.C. 0 1oVt (1.3)
0

where the frequencies Qg, Qp, £, and Qf are
respectively close to the eigenfrequencies wg,
wh, we, and wg of the transitions a, b, ¢, and f.

The optical properties of the medium will be
investigated with the aid of the complex polariza-
tion that arises at the frequency of each of the
transitions. Accurate to the third approximation
in the stationary mode, we can seek the matrix of
the solution of Eq. (1.1), confining ourselves to
resonant terms, in the form

ny Pz P13 Pus
A — ng P23 P24 s
{pmn (r1 )} - K.C. N3 Qs v Pij = Qi (1.4)
ny
where

p23 = bei@t b’eiibf,
o1 = fei9t - feiyt
P = yeityt 4 nei?,t;

p12 = aeifat 4 Geat,
P = ceiQ.t + 'c"echf’

p13 = zei%! + nei®:t,
(1.5)

Qo= = Q —Q, Q= Qs —Q— Q, % = Y — Qu— Q,,
=0+ %+ Q=+,
Q=0 —Q, Q= +Q, Q=9 — Q..

)

The second-approximation solutions for Anj

= n? - n?, An{f) =n$® — nj?, etc., represented
in matrix form, are

An? An, Og Gy O of\ /8ng|V,|?

An?) _ An, i B. B» B Bf ony ]Vb Iz

An An, Sa Sp Sc Sp |\ Onc |V |? ’(1.6)

An®

" Any P P P P/ NOny |V

where An, = nio’ - n§°), Ang = n{m, etc. are the

zeroth-approximation solutions, which describe
the fraction contributed to the formation of the
difference of the populations in each of the transi-
tions by the sources of excitation of the different
levels. For example, when Q; = Q3 =0 we have
_ Yasys2(yt— ya1) Qi +’Yl — Yt Qi

Ana 2
Y3Y2Y1 Ya Y1 Y2
Anp— Yol —¥e2) % Q) Vo vis Qo
YsY2 Y Y2 Y3 Ye
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- Y3Y2 (’Yi —_ Yu) — Ya3Y32Y24 9}_ . Yz_i 9—2_ .
Y3Y2Y1 Ya Y Yo ’
The values of 6n“ are

Any (1.7)

Any, op— Qu . .
—W; u-———;u——-l-l—égu-l-l,
and the coefficients «, 8, s, and ¢ describe the
contribution of each of the fields to the redistribu-
tion of the particles in the allowed transitions,
and are completely expressed in terms of the re-

laxation constants. Thus,

6ny

Ya Y2+ vs — va
= 2 —_ — ——2 —_—
Pa Ye o Ve Y3y2 (1.8)
Be = 2y (Vs — vas) (v2 — Yarz)‘l B, — —2y; vis (V2 — vs2)
Y&YsY2 Y4Y3Y2

Depending on the relation between the relaxa-
tion constants, the role of each of the fields in the
redistribution of the particles among the levels
under consideration can be different. Whereas the
field that is resonant with the transition under
consideration always decreases the inverted popu-
lation (ag, Bp, Sg, ¢ < 0), interaction with other
fields may contribute to the occurrence of inver-
sion. For the transition b, for example, we note
that the action of the field E; is proportional to
the factor 1 — vy,3/v4 Wwhereas the analogous ac-
tion of the excitation source Q4 is proportional
to v43/7v4 The action of both factors is propor-
tional to 5 — v3; and contributes to the creation
of inversion if vy, > y3;. Under these conditions,
the action of the field Ef is favorable only when
Ang < 0, and in the opposite case it worsens the
conditions for the formation of the inversion
Anfoz’.

It also follows from the second-approximation
solutions that the interaction between the oscilla-
tions at the frequencies of the allowed transitions
produces in the system oscillations with combina-
tion frequencies close to the natural frequencies
of the forbidden transitions. The amplitudes x, k,
y, and n of these oscillations are proportional to
the product of the field amplitudes at the combin-
ing frequencies, and have three resonances. These
are the resonances of the combining transitions
and the ‘‘combination’’ resonance corresponding
to the requirement that the frequency of the com-
bination oscillation be close to the natural fre-
quency of the forbidden transition.

The combination oscillations x, k, y, and 7,
which are not accompanied by emission of photons
of suitable frequency, ensure the ‘‘reactive’’
coupling between the oscillations of the allowed
transitions via the forbidden ones, and introduce
additional resonances in the third-approximation
solutions:
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1
b —= — (AnIEZ) Vb + 'Y—axVa' - ’Y_C ch‘) )
Dy Yo Yo

5(3)=_1_ <W V'_&nvc' ) (1.9)
Dy \yp Yo

The remaining solutions have an analogous con-

struction.

Thus, the solution for each transition consists
of two components. The first is proportional to
the intensity of the resonant field and describes
oscillations having the same frequency and phase
as this field. Besides the ordinary oscillations, it
receives contributions also from the combination
oscillations. The second component is due ex-
clusively to the combination processes and does
not depend at all on the intensity of the field which
is resonant to the given transition. It describes
oscillations whose frequency and phase are in
general not equal to the frequency and phase of
the resonant field".

2. DISPERSION PROPERTIES OF THE RESPONSE

By way of an example let us consider the com-
plex amplitude Py, of the polarization in the
transition b, belonging to the first spatial har-
monic. For simplicity we consider the case 5
+ Qp + Q¢ = Qf and ky + kp, + ke = kg, when both
components of the solution (1.9) for the transition
b describe oscillations at the same frequency Q.
We assume that the fields are essentially inhomo-
geneous only along one coordinate axis:

Vo= Asink,z, V, = Bsinksz,
Ve=Csinkez, V;= Fsinlkyz,
where A = —Egd,/27v,, C=—=Eqd,/27; ete., dy
= dy, is the matrix element of the dipole moment
of the transition, and k is the projection of the
wave vector on the z axis.

With the aid of the third-approximation formulas

we can obtain

1 B
Nd .Pb——E[Anb‘l‘“(ﬁaéna‘l‘A)

X |42+ 5 (pebre 3 CJ2

106

1 3
+—2ﬁf6nf|F|2+—4—ﬁbbnb|B|2] + AT (2

NV S W A

D\ y» Dy D/’ D\ vy Dy D/’

o= oo (YA Yedn) L (Ve _tetm)
D\ yo D vy Dy Dy vo Da®  yo Dy

DThe possibility of a similar effect in a two-level system
was noted by Kuznetsova and Rantian[®].

1009
@ — Qi
D, =ﬁ)1c x+l'Yx=690+_Y_b_69b+iX3c_’
Ya Ya Ya
Dyt = 6Q 4+ Y2 50, + iYL (2.2)
Ye Ye

(N—density of the atoms of the working component
of the medium). The numerical coefficients in
formula (2.1) are due to the operation of separat-
ing the first spatial Fourier component of the
polarization, and vary with the character of the
spatial inhomogeneity of the fields. The coeffi-
cients A, Z, and ® describe the contribution of
the combination processes to the formation of the
polarization in the transition b. The correspond-
ing formulas for the other transitions have a form
which is symmetrical to (2.1).

It follows from (2.2) that A = A (6Qp),
Z =Z(6Qp) and ® = O(6Qp), meaning that the
contributions made to different sections of the
spectral contour of the transition are different.
The conditions for the manifestation of the effect
are as follows:

|Al= max {|Badnal, |Ans|},

(2.3)

|Z [ max {|Bedne|, [Ans|}, |8]=]ARs].

When conditions (2.3) are satisfied in fields Eg,
E; and Ef that noticeably perturb their own
transitions, that is, when |A|% |C|? |F|%?~ 1,
one can observe a distortion of the dispersion
properties of the transition b; this distortion in-
creases with increasing intensity of these fields.
The required fields | Ed/y| ~ 1 are attained in
laser cavities when the threshold is exceeded by
several times (see, for example, formula (12)

of [9]). At small relative detunings, the conditions
for the appearance of combination processes take
the form

Yo | Yo _ Ana = max {1 2 — }1 (2.4)
Yo' yo  Amp Ya Any
A An,
e | Yo AR Zmax{ B } (2.5)
vyl Yo Ang
Y /YaA”c Yo Aray <&_vi ¥e ¥a )\ Angi_
Yo \Yx Ams | gy Ay Y= Yo Yy ve/ Ang | (2.6)

It follows from (2.4)—(2.6) that in the optical
band the effectiveness of the combination oscilla-
tions is determined not only by the ratio of the
relaxation constants, but also by the ratio of the
differences of the populations in the interacting
transitions, which can be appreciable in the op-
tical band. With respect to relaxation, it is neces-
sary above all that the relaxation constants of the
combination processes be smaller than or close
to the widths of the spontaneous-emission lines at
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the corresponding transitions (yx s Yar Yy S Ye)-

Further, if the population difference in the
transition under consideration is much smaller
than in the transition combining with it, then a
relatively large change takes place in the suscep-
tibility, owing to the incoherent interaction of the
transitions, which changes only the difference in
the populations. In order for the combinations of
the first type (¥, AB|A|% Y,ZB| C|?) to be
noticeable, it is necessary that the line width of
the spontaneous emission in the additional transi-
tion be close to the width of the level which is
common with the transition under consideration
(274 ~ ¥ 2Yc ~ vs). To observe the combination
effect of the second type (%,®A*C*F) at this ratio
of the population difference, it is necessary that
the line widths for the additional transitions be
larger than or close to the line widths of the
spontaneous emission for the transition under
consideration.

If the ratio of the population differences is in-
verted, the principal factor that must be compared
with the magnitude of the combination contributions
is the proper population difference in the transi-
tion under consideration. In this case it is neces-
sary to satisfy the condition yga, Yo, ¥f 2 Yb and
this requirement must be more stringent for the
combination process of the second type.

Obviously, the conditions for the observation
of the effects connected with the combination
processes are easiest to realize in gases. In this
case the most favorable situation is one in which
the broadest of all the levels of two transitions
under consideration is the common level. In
gases, however, additional effects connected with
the motion of the particles can arise if the Dop-~
pler width of the spectral line is much larger
than the dispersion width (ku/y > 1). An investi-
gation of these effects is beyond the scope of the
present work, but the results can be used for
estimates for long-wave transitions of heavy inert
gases (ku/y ~ 1),

Let us consider a model with characteristics
that are typical for this case: vy =174
=8x 107" sec™!, vy =v43 = 0.1x10" sec”!, v,
=10° sec"l, Y3z = 0.8 X 10" sec™}, Yo = 10" sec™?,
Ya1 = 0.5 % 10" sec™!, yg =yy =4 x 10" sec™, vy,
=5x 107 sec"’, Ye =¥Yx = 9X 10° sec"1, vi=8
x 10" sec™!, Qu/ys ~ 10710, Qy/y, = 1071, and
Q3 = Q = 0. With the aid of formulas (1.7) and
(1.8) we get

2)Thus, for example, for the 3s, — 3p, and 3p, — 2s, transi-
tions, at which generation was attained, the respective values
of ku/y are 3 and 7.
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An, = 0,9—0—2— —5- 10'3&- = 8,5-1012,
Y2 Ya
Any ~ — & = — 101, An;=An.= 24— = 1019,
Y2 Y
Ba ~ 87 Bb ~ _107 BC ~ 0~41 Bf =~ _27
Al << BaAng, |Z]~|BcAn],

8]~ |BcAn], |BaAnal, | BrARy] (lﬁga,b,c,fl <1).

Thus, under the considered conditions, the ex-
citation of level 4 exerts a noticeable influence on
the formation of inversion in transition a, and has
practically no effect on the population difference
in transition b. Excitation of level 2 exerts no no-
ticeable influence on the population difference of the
transition f. The effect of the field Ef turns out to
be the largest in the change of the population differ-
ence of the transition b, producing an increase inthe
latter. Fields E; and E; of equal intensity in-
crease Ang) in approximately equal fashion. How-
ever, the action of the field E; is manifest not
only in an increase in the difference of the popula-
tions of the transition b, but also in the change of
its dispersion properties, whereas the action of
the field E5 under the same conditions only
changes the magnitude of the population difference.

Figure 2 shows the imaginary (solid) and real
(dashed) parts of the factor (B¢ 0ng, + Z)/AnyDy,
describing the ratio of the weight of the contribu-
tion to the polarization by the fields Ec and Ej
to the intrinsic characteristics of the transition
at the center of the line. Curves 1 correspond to
6Qc = —0.4. On curves 2 we show for comparison
the case 6Q; = 0. It is seen from curves 1 that
the contour of the contribution due to the field E,
is antisymmetrical, and has a positive maximum
and negative minima. Since the contribution of the
field E; can even change sign in different parts
of the contour of the transition. The maxima and

(B8, +2’~)/DbAn&

1

AT =
L/\ \./_/
\ N\ T -

\ \///

-0+ \ /f‘

7

FIG. 2. Dispersion properties of the contribution of the
field E. to the polarization in the transition b. The real
part is shown by the dashed line, the imaginary one by the
solid line; curves: 1-8Q, = 0.4, 2—8Q, = 0.
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FIG. 3. Dispersion properties of the contribution of the
field E,, E., and E; to the polarization in the transition b.
The rea] part is represented by the dashed line, the imagi-
nary one by the solid line; §Q, =1, 8Q. = -0.4,

898 + aﬂb + EQC = BQf

minima are the results of a superposition of the
resonances referred to above. In this case the
position of the maximum Im Z/AnyDy, is close to
the point 6Qp = —(yo/vp) 68, tending to 6§y,
=0 as 69, 0. As follows from curves 2, the
intensity of the maximum and of the minima in-
creases in this case.

The dispersion properties of the factor
@/AnpDy, as a function of 6Q} are also described
by a complicated contour. The solid and dashed
lines of Fig. 3 are respectively the imaginary and
real parts of this factor for the case 6Qp =1,
0Qc = —0.4, 6Qg +6Qp + 6Q¢ = 0Qf. Thus, the
dispersion properties of the transition b in the
model under consideration can experience notice-
able changes when the field intensity is increased.
Therefore the effects noted can lead to a distortion
of the properties of the interacting optical signals
and exert an influence on the operation of lasers.

3. FEATURES OF GENERATION IN THE CASE
WHEN COMBINATION PROCESS DO NOT
APPEAR

Let us consider the self-consistent problem of
the emission from atoms in a laser cavity. In
view of the fact that we are investigating only the
case of generation near threshold, we assume that
the radiation is single-mode in each of the transi-
tions. To investigate the interaction between the
radiation and the ‘‘active’” medium in the optical
resonator, we obtain from Maxwell’s equation in
the stationary state the equation

Qa2 —ka®2 | Akq 1

oz Th = 8Py

where Q. is the generation frequency, ky the
wave vector resolved by the interferometer, Ak,
the width of the transmission band of the inter-

(c=1), 3.1)
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ferometer relative to radiation of frequency @,
~ky (| 2q —ky |® Aky), Ey the amplitude of

the field intensity of the radiation at this frequency,
and Py the amplitude of the first spatial harmonic
of the complex polarization at the frequency Q.
Thus, knowing P, and equating real and imaginary
parts of (3.1), we obtain the conditions imposed on
the frequency and generation power by the rates of
excitation and by the relaxation characteristics of
the quantum system and the Q of the interferome-
ter.

We confine ourselves to an investigation of the
case of interaction of electric-dipole cascade
transitions 4 — 3 — 2 — 1 (F = 0). We consider
generation in the transition b when the conditions
(2.3)—(2.5) are not satisfied, that is, the field in-
teraction merely redistributes the particles over
the levels. The expression in the curly brackets
in formula (2.1) will in this case be pure real and
will describe the saturated population difference.

A. If the fields E; and E; are specified and
the field Ej is generated, then, substituting (2.1)
in (3.1), we obtain formulas for the frequency and
amplitude of the generated field:

(2 — kp2) / Q2 = 8Qu A kep/ ks,
|B|2 = Ky (1 — I’/ Ans),

(3.2)

(3.3)

where

M,/ = T, — 1/2 Badna| A |2 — 1/2 Bcbnc|C|2, I, = | Dy |2 A,
ARy = Akyys [ 4nNQy | db |2, Ky’ = Kp = —4/3| Dy |2/ Bo.

Putting in (3.2) Qp + ky & 2Qp and (wy — kp)/vp
= 0kp we get

(1 + Aks/2y5) 5Qp = k. (3.4)

We see therefore that in our case the generation
frequencies do not depend on the power and are
closer to the natural frequency of the system
having the higher Q (atomic or resonator). When
kp = wp we get Qp =wp. It is seen from (3.3) that
Iy, is the threshold value of Any. We shall hence-
forth take the threshold value of An to mean al-
ways the zeroth-approximation An corresponding
to the threshold excitation rates.

In the absence of the fields Ey and Eg, the
proper generation threshold is Il = | Dp IZAEb.
The presence of additional fields in the system
can raise or lower the threshold, depending on the
ratio of the relaxation constants and of the popula-
tion differences in the additional transitions. From
the formula for IIj, and from (1.8) it follows that
when An, > 0, An, > 0 and vy, > 7,3 the fields Eg
and E; lower the threshold of generation in the
transition b. Comparing the experimental values
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of Kl,o and Hi) with the calculated values, we can
determine the unknown relaxation constants from
the known characteristics. If the fields that are
resonant to the transitions a and ¢ are homo-
geneous, then the coefficients Y, in the formula
for IIf, must be replaced by unity. The coefficient
Y5 in the formula for K;, is also connected with
the inhomogeneity of the generated field along the
resonator.

B. Assume that the resonator has several
natural frequencies that are close, for example, to
the natural frequencies of the atomic transitions
a, b, and c. Then, with increasing excitation
power, the first to begin to generate is the transi-
tion in which the condition An =| D|%AKk is satis-
fied most rapidly. The radiation produced by one
of the transitions facilitates the excitation of
generation by the other transitions. When all three
fields generate simultaneously, their frequencies
are described as before by formulas such as (3.4),
and the amplitudes must satisfy the following
system of equations:

3/4 aaanalAlz‘*‘ 1/, abanblBlz"‘ i/2(168nclclz

— | Dal? A — Ana,
/2 Badna| A |2 + 3/, Bsbny | B|2 + 1/2 Bcbnc| C |2
=|Dy|2% AKp — Any,

(3.5)
1/2317(5"%[3]2 -+ 3/43c6nc|0|2 = ,DCIQA%C — Anc-

For each of the transitions, the solution can be
represented in the form (3.3). Thus, under condi-
tions when the fields E; and E, generate, the
formulas for the threshold population difference
I and for the coefficients K€ for the transition
b are

e — _ﬁi_ 2 acfa _ 2AT
Hb + (Sc ? ScQa ) (Anc |DC! Akc)
2 Ba

+ 5= (Ang — | Do |0Re), (3.8)
) 9 .3 9
Kyoc = 5 'laschb IZ [E aa( spPe — Z'Scﬁb\}

3 —1
+ Ba <§— S:0p — Sul >] . (3.7)

If vq > vy and vy, > ygy, then it turns out that the
coefficients sy, Bc, ap, Bg, and a are positive.
Analysis of (3.7) shows that under these condi-
tions K& > K. Thus, if the following conditions
are satisfied for the transitions ¢ and a

Ane—|D.|2 A% >0, Ang—|Da|? A%, > 0,

then generation by the transition b can be excited
even if the proper threshold is not exceeded, that
is, when Any, — | Dy |2Aky, < 0).

and A. K. POPOV

For the other elements of the cascade, the
formulas for the threshold values of An, under
conditions of generation by the remaining transi-
tions, are

3 B

ch,a = !DcleEC + <'—2-;—

2 Bap \_—1

Any — | Dy |2A%
3aasb/(nb | Ds| b)

ap 9 PBeag\7!
+ - rore o — | Da |2 Afq (3.8)
< Sp Sbﬁa > (An ( I AE )]
3(11;3,; —_— 2Sb(1¢

et = el et e 200

(Any — | Dy |% Aks)
3[31,ac —_ 2ab6c
9/Zﬂbsc - 2ﬁcsb

If we consider the conditions of excitation in
the presence of generation by only one of the ele-
ments of the cascade, then it is necessary to set
equal to zero in (3.6), (3.8), and (3.9) those coef-
ficients which make independent the corresponding
pair of equations in the system (3.5). It follows
from (3.6), (3.8), and (3.9) that if M <1l and
e > Ang¢ > II¢, then Hg > I and has the meaning
of the threshold population difference in the transi-
tion 6, for which joint generation is still realized.
It can be shown, however, that even if H(S > Ilg at
fixed Ang > H(;, the generation power in the transi-
tion 6 in the presence of generation by the transi-
tion € is larger than in the absence of generation
by the transition €. The latter is connected with
the fact that Kg > Ks. This is also seen directly
from (3.5). At all transitions, the generation is
excited simultaneously only under the condition
that the relation An =|D|2AK is satisfied in each
of the transitions simultaneously. In the opposite
case, for fixed Ang,, it is possible to excite or
stop the generation by some transitions by selec-
tively varying the resonator Q for the other
transitions.

Let us consider the limiting case, when vy,
< vn,» Ym and the excitation is realized only at
the level 4. Under these conditions Anp = Ang
= 0 and the lower levels are filled essentially as
a result of induced transitions. If the resonator
bandwidth is sufficiently large, then we get from
(3.4) that | Dg| = |Dp| =| Dg| =1, and from
formulas (3.8), (3.5), and (3.9) it follows that the
threshold rates of excitation of the level 4 are
related like

— | D¢|? AR,). (3.9)

Qé:ch:ch,b
= AFe: (A c+iV3+V‘AE\ [AE 43 “‘:V“ N
4
+(_S)4_ Vst vi vstve —E)Aka] '
'Yll ry3 Yo /
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Thus, it is easiest to excite the cascade if v,
> yg3 > vy,, and then

Qu:Q:: Qb = AEe: (AKe 4 3/2 ARs)
: (AIN‘?c+3/2 AEb"‘ 9/4A%a)~

The numerical coefficients are connected as be-
fore with the inhomogeneity of the generated
fields. As follows from the formula, this factor
raises the excitation threshold.

4. INTERACTION OF TRANSITIONS WITH
PARTICIPATION OF COMBINATION
PROCESSES

In this case the expression in the curly brack-
ets of (2.1) becomes complex and does not repre-
sent simply the saturated population difference.
The solution of the system (3.1) for the general
case now has too complicated a form. We there-
fore confine ourselves to an analysis of the inter-
actions of only two transitions, b and c.

We consider the case when the generation is
realized only in the transition b, and the field Eg
is specified (Eg = Ef = 0). It follows from (3.1)
and (2.1) that

/ Akb

m 1 Aky
{ 2vp

YoRo = ks — ————AF,~t Im3|C|?, (4-D
2 2yb

3/4 Bodnp | B|% 4 /2 (Bebne — Im {Dy" 2}) | C|2

= A%y |Dy|2— Ano. (4.2)

The effect is connected with the fact that an
additional phase shift due to the combination
processes is observed during the passage of
the radiation through the medium. This phase
shift is proportional to the intensity of the field
combining with the given field. In addition, the
field E; gives rise to a ““hump’’ on the plot of the
grain of the transition if An, < Any, and to a ‘‘dip”’
of An, < Any, at a frequency close to the resonance
of the combination process

1 Ak -
520 =( ks —5— 2%1’ Akb“xc|C|269¢>
Aky 1 \ -
Xl- 4 < —_ 1. |C|2 (4.3)
L'l o™ 1 5 A&y %bl I /:I
where
1 Yo\ Ye ]
= 14+ —=)6n,——0ony |,
e |Dy°|2 [( + Yc/ ¢ Yo ’
1 ( Yv \ Yo -’ 4
= 14V ony — 2 on, | . (444)
b IDyClZ[ + Yb/ b o e
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under analogous conditions, the formula for 6Q,
has a symmetrical form.

If [6Qpl, |6Qc| < 1, then we find from (4.3)
and (4.4) that when Ang, > Anp, > 0 the sign of the
pulling is opposite to the sign of 6Q., and when
Ang < Anp the signs are the same. The magnitude
of the effect depends essentially on the ratio
Ye /yy and on An, and Any. If yo ~ yp ~ vy, as
is frequently the case in gases, and if | C|?~ 1
and Ang ~ Anp, then, recognizing that Ak 'An ~ 1,
we find that the order of magnitude of the pulling
is (Ak/2yp) 6 Q¢ and can be appreciable.

The effect is connected with the fact that an ad-
ditional phase shift due to the combination proces-
ses is observed during the passage of the radiation
through the medium. This phase shift is pro-
portional to the intensity of the field combining
with the given field. In addition, the field Es gives
rise to a ‘‘hump’’ on the plot of the gain of the
transition if Ang < Anp, and to a “‘dip’’ of Ang,
< Anyp, at a frequency close to the resonance of
the combination process (6Qp =~ —(yc/vp) 6%c)-
Since the generation frequency at a fixed excita-
tion level can be determined also by the condition
that the gain per pass be equal to the losses due
to reflection from the mirrors, then the result can
be understood from this point of view.

The solution of Eq. (4.2) for the amplitude of
the field generated in the transition b in the
presence of a field E; can be represented as be-
fore in the form (3.3), with the following values of
the coefficients:

d|B? J g
[ 0 (An, / 11,") Any/TT," w1 =k
D g
DD,

_ Kb[i_ } (4.5)

Ye
Im
P

* *

(5c+1m%0° 6nc|C|2)]

yc

Dy’ -t

tjcp:|
DyCDb

From (4.5) and (4.6) it follows, under the condi-
tions | 6Qpl, |6Q¢c| < 1 and Ang > 0, that the
combination process lowers the generation
threshold, but at the same time the value of Ki,B
is decreased by an approximate factor

[1- (Vz)(yé/yb‘yy) | C|217!. Information concern-
ing these characteristics is contained by their
variation with the value Eg, since these charac-
teristics are connected with the relaxation con-
stants. However, as follows directly from (4.2),
at fixed Any, > mp) > I, in spite of the fact that
Kﬁ < K{), the appearance of the combination pro-

1
)

1
x[1-—Xf—
2 v

I," = [ h}

(4.6)

Im
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cess increases the power generated in the transi-
tion b if Ang > (ve/vp) Any, and decreases it in
the opposite case. If the field E;, is represented
in the form of a traveling wave, then the coeffi-
cient ¥, is front of | C|? in the obtained formulas
should be replaced by unity.

When | 69| 2 1 the generation threshold may
rise (if Im (D¥D§/Dy) + B < 0 and Ang < 0, and
also as a result of the possible increase of
|62 1) solely as a result of the combination
phenomena. This can lead to an interruption of
the generation and can serve as an experimental
confirmation of the appearance of combination
processes.

By solving (4.2) together with the equation
symmetrical to it for the field E, it is easy to
obtain a solution for the case of combined genera-
tion in the system of both fields. This solution is
too complicated, however and we state, without
presenting the solution, that generation at the
center of the line is realized only if both natural
frequencies of the resonator are tuned to the
centers of the lines of the corresponding transi-
tions. Then the generation is realized at the center
of the line in both transitions. In the opposite case,
scanning of the proper frequency of the resonator
at one of the transitions leads to a change in the
generation frequency in the other transition.
Other characteristics of generation of both transi-
tions are likewise interrelated. The larger the
ratio "/C/yy or yb/yy, the stronger the coupling.

5. CONCLUSION

In this paper we did not consider effects con-
nected with the motion of the particles that inter-
act with the field. In the case of Doppler contours,
the combination processes apparently cause the
dips to have an asymmetrical form with singulari-
ties corresponding to the combination processes.
We plan to consider this case in the future. The
effects considered in Sec. 4 have, when considered
by themselves, the same order of magnitude as the
effects connected with the formation of the dips,
since they are due to the same cause—relative
deformations, of comparable magnitude, of the
contours of the spectral lines of the atomic transi-
tions. Thus, it is seen from Fig. 2, that a notice-
able distortion of the contour of the spectral line
of transition b can be attained at relatively weak
fields (if the accuracy of the perturbation-theory
methods is satisfactory). For example, when
| C|?~ 0.025 and 6Q, = 0.4 we have

max {Im [t/z(B:5n: + 2) /DpAnsl} = /s,

POPOVA and A. K. POPOV

and its position does not coincide with the natural
frequency of the transition. Since the gain for
some transitions is so large that the resonator
can become broadband, such a change in the dis-
persion properties of the transition leads to a
noticeable change in the generation frequency.
Substituting the third-approximation solutions
in the equations for the diagonal elements, which
represent in the stationary regime the balance of
the probabilities of the transitions due to different
kinetic processes, and setting the corresponding
values of An equal to 0 and ¥1, we can verify
that the contributions due to the combination os-
cillations are connected with two-quantum transi-
tions. Thus, the combination oscillation x is
coupled to the transitions between levels 1 and 3
via the intermediate level 2, and « is coupled
via the intermediate level 4. On going from the
lower state to the upper one, the photons hQ, and
hQyp are absorbed in one act in the former case
and in the latter case the quantum hQy¢ is absorbed
and the quantum hQ. is emitted. The efficiency of
the processes is determined by the presence of
resonant intermediate levels. Such a phenomenon
whereby the efficiency of third-harmonic genera-
tion is greatly enhanced if the medium has a
transition that resonates with the second harmonic,
was noted in [IO]. Thus, under the conditions ex-
plained above, the contribution of these processes
becomes noticeable. Thus, with increasing inten-
sity of the field E; an increase takes place in the
probability of participation of the quanta of the
field Ep in the two-photon process, which becomes
manifest in the dispersion characteristics of the
medium in the form of an additional resonance at
a frequency connected with the energy conserva-
tion law in the two-photon transition.
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