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The scattering of an electron by an electron with exchange of a virtual photon (Moller scatter-
ing), in the presence of the field of a monochromatic laser beam, is considered. It is shown
that the effective cross section of the Moller scattering contains resonances connected with
the discrete nature of the energy spectrum of the electron + plane electromagnetic wave sys-
tem. The resonance infinities are eliminated with the aid of the total Green’s function of the
photon D(ky, k|A), calculated in the vicinity of the point k% = 0, and the magnitude of the reson-
ant Moller scattering is estimated. It is indicated that the effective interaction potential of two
electrons in the field of a plane electromagnetic wave becomes an electron-attraction potential
if certain relations are satisfied between the electron momenta, the electric-component inten-
sity, and the electromagnetic-wave frequency. The polarization operator is calculated in the
Appendix in second order of perturbation theory with respect to the interaction with the quan-

tized electromagnetic field. The results are gauge-invariant.

1. INTRODUCTION

IT is presently possible to obtain with the aid of
lasers electromagnetic fields in which the electric-
component intensity reaches 108 V/cm. The action
of such fields on matter gives rise to new physical
effects, which depend nonlinearly on the intensity
of the laser beam, for example ionization of atoms
at frequencies lower than I)/h (I;—ionization en-
ergy),"] multiquantum dissociation of molecules, [?’
multiquantum interband transitions in solids,[3]
decrease of the coefficient of light absorption by
conduction electrons in semiconductors with in-
creasing laser-beam intensity,[“ and others. Most
papers are devoted to a theoretical investigation of
the elementary processes which occur in the pres-
ence of an intense monochromatic laser beam,

such as photon emission, annihilation and creation
of electron-positron pairs,[5] pair production in the
field of a nucleus, ] bremsstrahlung and absorptior
in a Coulomb field,"] Compton scattering,[8-*] and
coalescence of two laser-beam quanta into one of
double frequency in a Coulomb field.[10]

All the foregoing papers consider processes of
not higher than first order of perturbation theory
in the interaction with the quantized electromag-
netic field. Analysis of higher orders is made
difficult by the ultraviolet divergences which are
characteristic of quantum field theory. At the same
time, an investigation of processes of second and
higher orders in the interaction with the quantized

electromagnetic field, which occur in the presence
of a laser beam, is apparently of greatest physical
interest in connection with the resonant character
of the probabilities corresponding to them. The
appearance of resonances in the probabilities of
processes occurring in the field of a laser beam is
connected with the discrete nature of the energy
spectrum of the electron + plane electromagnetic
wave system. In spite of the fact that the potential
of the electromagnetic field depends on the time
(and consequently there are no stationary states in
the usual sense in the system under consideration),
we can speak of energy levels of a quasiparticle
corresponding to the electron + electromagnetic
wave system. The energy €p ~ TW and the momen-
tum p — rwn (r = 0, +1, ...) of this quasiparticle are
connected by relation (15). It is this change of the
electron spectrum in the electromagnetic field
which leads to the resonant singularities in the
probabilities of the processes such as Moller scat-
tering, Compton scattering (with participation of
two photons of the quantized electromagnetic field),
and others occurring in an external electromagnetic
field.

We consider in this paper Moller scattering of
electrons in the presence of an intense laser beam.
In Sec. 2 we derive a gauge-invariant formula
for the probability of the Moller scattering. An in-
vestigation of the formula shows that under certain

relations between the energy, momentum, and the
scattering angle of the electron and the parameters
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characterizing the electromagnetic wave, resonan- M- ie? Zgw Sd4z1 iz, A%k exp{—i (k, 21 — 25)}

ces due to the discrete spectrum of the electron in (2m)4 " k2 +ie

the laser-beam field appea? in the scattern.lg proba- % ([ (1) Yot (1)] [;p! (2) yuths (2)] — [%; (1) ytbi (1)]
bility. At the resonance points, the scattering _ o, )
probability becomes infinite. To eliminate the X[ ) T )} () = $p, (21), (a=4 7, f, f),

resonance divergence, the free Green’s function of

Ball) =t (yo, e~ +0, z=(4,1), (ka)= kot — L,
the photon is replaced by the total Green’s function Ve (l) =¥ )vo

of the photon, which takes into account the action of g% =1, gi*=—1 (i=1,2,3). (1)

both the quantized and the external electromagnetic

fields. Here ¥ _(z)—wave functions of the electron in the
In Secs. 3 and 4 we calculate the total Green’s external electromagnetic field with potential

function of the photon and investigate with its aid A(Ag, A); the normalization volume is V = 1; p;,

the resonances in the Moller-scattering cross sec- Pi’» and pg, pg are the 4-momenta of the electrons

tion. The presented numerical estimate shows that in the initial and final states, respectively.

the Moller-scattering cross section may turn out to We shall henceforth use for the potential A

be quite large as a result of the resonances. A(z)=acos(k'z), a=(aca), K =(k,K)= on,
In Sec. 4 we indicate also that under certain con-

ditions the effective potential of interaction of two n==(1,n); (2

electrons in the presence of a strong electromag-

netic field acquires terms corresponding to elec-

tron attraction, and at electron momentum values

near the resonance points these terms can exceed

the Coulomb-repulsion potential. This gives rise to

a possibility of pairing of electrons in a strong

a, n, and w are respectively the 4-amplitude,
4-vector of propagation direction, and frequency of
the electromagnetic wave. For a field with poten-
tial (2), the wave functions z/zp(z) of the electron
take the form?[11:9]

A~

electromagnetic field. _(4_€ an . .

In the Appendix we calculate the polarization Vo (2) _< ! 2 (np) €08 o)(nz)> up exp {—iSp () —i(p2)},
operator (in second order of perturbation theory Sp () = 21p sin @ 4 %zp (sin 29 + 20 (nz)),
with respect to the interaction with the quantized e (ap) €22
electromagnetic field) in the presence of an ex- P =ow(nz), xp= ,  Mep=— ———, (3)
ternal electromagnetic field, and renormalize this o (np) o (np)
operator. up—Dirac bispinor.

The integrations in (1), using the wave functions
2. SCATTERING OF AN ELECTRON BY AN ELEC- (3), yield

TRON IN THE FIELD OF A PLANE ELECTRO- 4
MAGNETIC WAVE M = ie*(2m)% 3 g# D) 6¢[ps + pyr— pi — pir
p=1 8, 81
. The collision of two electr(?ns VYlth exchange of a + sk’ 2k (a5 + Hap — Har — Hai)]
virtual photon (Moller scattering) in the presence
of an external electromagnetic field is described X{[ﬁf'ff?-s.(f', V) ui){usRs M (1, 1) ui
in second-order perturbation theory with respect [pi — ps — sik’ — 2K’ (nap — %a:) P
to interaction with the quantized electromagnetic R , B , .
field by means of the diagrams shown in the figure. (asRs—s, (f, V) il (B (1, 1) ] } (4)
The corresponding matrix element is written as [pi — Py — s1k” — 2K (nap0 — 2:) P
follows: 1 1 1 ~n
Rt ) = L (0 va+ L (i) 5 (o — ) day
(1) = L& (5, )va+ 22 (1, 0) 5 ( (o = o) canve
— a?&—n?zLﬁn f,i
\ oy (s = ma) L (1,1
~1 e’a? @)
—npn ————— L7 (f,1),
5 ey
[}
DWe use a system of units in which c =4 = 1. The fol-
The dashed lines denote the free Green’s function of the lowing notation is used: (ab) = ab, - a*b ~ scalar product of

photon, and the solid lines the wave function of the electron the 4-vectors a = (a,, a) and b = (b, b); a =azy, - a*y,
in the field A. Yu~ Dirac matrices.
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9 (f,L)—i S

de SO () exp {i[sin @ (s17 — x1:)

+ sin 20 (ny — war) — s¢1}, SO =1, S = cose,
S@ = cos? @, %y =%ip, %o =TXep, Ui=Up. (4a)
1 Z |M|2__ 1 et(2m)4
75 TV - 2 €i&;'€fEfr

8, 81, S2

(Ds (1) , 82 Yi + Ci
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The square of the matrix element, averaged over
the initial and summed over the final spin states of
the electrons, is calculated in the usual fashion
(see, for example,[12]). The final result is:

D1 84[ps+ pp— pi — pirt sk’ + 2k (ver + nop — Hoi — %ar) |

<
[pi — py— s2k” — 2K (s — Mzz)l2 [pi — Py — sik" — 2k (%25 — %)

Q& o Yot Cy

[pi — pyr — sok” — 2k (nap — wai) PIDi — Dyr — s1h" — 2k (map — %2i) P

(Ds(,a?s,, S2 Y3 + Cs

TP — by — sok — 2K (% — w21) PLpi — pyr — sak’ — 2K (agr — w0z P

We have introduced here the notation

o8, o, = L (1) LS (£, 1) L (1, V) Lke, (1, ),

=L (1, ) L () La, (, ) L, (1, 1),

aaf’s, o= L (7 ) LE (1,5 L2 (F.0) Lee, (£, 1),
= 2m*t — m?((pips) + (pips) ) + (pipt') (PsP#)

+ (pipy) (Pips),
Yo = 2m* — m*((pips’) + (Pi-ps) ) + (PiPw) (PsPy)
A+ (pips) (pups), Y= —2m+— 2(p.pi’) (PsPy)
+ m2[(pips) -+ (peps) + (Pi + ps, v + Pr)
€x = Pa0 = Vpo? + m? (a=1, i 1), (6)

@2,

Cj (i=1, 2, 3) are certain functions of order ea/m
compared with the functions <I>(1)Y (at s =81 = s
= 0).

It is easy to verify that expression (5) is invar-
iant against the gauge transformation (A is an arbi-
trary constant)

a—a = a-+ A (7

For the differential effective scattering cross
section we obtain (J—particle flux density)
uel‘ 1 1
=3~ apsdp, 0 (pso) O (ps) 8 (p2 — m2)
(2:1) eigi’ J

X8 (ps? — m?) 84[ps + py — pi — pir + sk’

+ 2k' (sz + ARof? — Kot — %zp)]{. . .},
1, 2>0
6(=)= 0, z < 0. (8)
In the last expression we make the following change
of integration variables (the Jacobian of this trans-
formation is equal to unity):
Pt + 2k nag + sk’ = Py

ps + 2k %es = Py, (9a)

}. (5)

and integrate with respect to ﬁfo and 5f0'2

¢ 1 o~ an 11
do = (2n0)? 2e:810 s'szhﬁsd PilPrf 58y
X 84 (p;+ pf—pl—pz)
{ s sx 32Y1 + Cl
(Pi—DP;— 8k ) (Ps — Dy —5ik')?

+ (Dg?)s,H, S2+8§ Y2 + 52
(P — Py — 82k')* (ps — Py —51k")*

DL, ¥+ Ca } (10)
T (Pi— Py — k") (B — Dy —sik)?
Pa+ 2K %00 = Pu (@ =1, I'), €a= (Pa®+ m"2)",
(@ =1, i, f), e = skd + ((py — sk’)2+ m™2)',
m*2 = m? — e2a? /2. (9b)

The symbols <I>(1) Y and C denote respectively
the functions &(1), Yl, and C in terms of the varia-

bles (9a) and (9b).

From (9a) and (9b) we get
(a = i’ i" f)1
m*'2 =0

pa2_m2=pa2_m'2=0

(s=0,x1,...).

(9¢)

To simplify the derivation we change over, in

the analysis of (10), to an auxiliary coordinate sys-
tem, in which the following relations are satisfied
(all the quantities pertaining to this system of co-
ordinates will be designated throughout by a unity
superscript, for example p))

Sfi + f).:f’i = 0’

pR— mE = (ppr — sk’)2 —

Sii + Ei’i =Yy,

%ot =TeA+ e, [pdl#=pAl fors=£0. (11
The system defined by (11) goes over in the ab-
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sence of an external field into the ordinary c.m.s.
of two electrons, so that we shall denote it the
¢-system. Carrying out in (10) integration in the
¢-system with the aid of a 6 function, we arrive at
the expression

O 1 31| PP
do= (2ﬂ)2 28{8," 2 ~2 —J_ gflﬁfl
S, 81, S2 ip,l
f
A P ko't cos @
Igr1l+lpfl+30 . (7 {...},
B/ 8,»—sk0

kPt = k|| Pst| cos @it (12)
Here the sum over |ps| denotes summation over the
roots of the equation 2“61 = N}f + ?1f, The connec-
tion between |p fl and the laboratory—frame quanti-
ties is given by formulas (20); dQ is the sohd—
angle element in the direction of the vector pf In
the nonrelativistic case, in the absence of an ex-
ternal field (ea = 0) this expression leads to
Rutherford’s formulas with allowance for ex-
change““g] (v and 6 are the velocity and scattering
angle of the electron in the c.m.s.):

1/ ¢ \21 1 1
16 (Zn'_m ) o [sin4(6/2) t cos(0/2)

1
B sin?(0/2) cos?(0/2) ] 4.

do =

(13)

Let us examine the denominator of one of the
terms in the curly brackets in expression (10) in
the c-system:

Bs2 = (1’7‘;1 _;fi _ Szk“)z —
+ |pit| |pt] cos 6 — sakt (D3t — pit) 1,
cos & = pips / |pi| [ps].

2[m™ — gilef

(14)

Using (9b), we can show that BS vanishes when

s =0 only if 8! = 0. We note that the angle 9! goes
over in the limit when ea = 0 into the electron
scattering angle in the c.m.s. Thus, the case

Bg,=0 = 0 corresponds to the Rutherford scattering
of an electron at zero angle. We can therefore
state that the infinite value of the Moller-scattering
cross section at 81 = 0 is due to the properties of
the Coulomb field and has no bearing on the action
of the field of the plane electromagnetic wave.

We shall consider henceforth the case 1 = 0.
Here, as can be shown by using formulas (19) and
(20), the function Bg, vanishes for certain relations
between the momentum pj, the angles 9 and ﬁf, and
the parameters s and s, (s, # 0); consequently, the
effective Moller-scattering cross section becomes
infinite.

The resonant behavior of the Moller-scattering
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cross section in the presence of the field of a plane
electromagnetic wave is explained in the following
manner. The Fourier transform of the Green’s
function of an electron in an electromagnetic field
described by the potential (2) contains poles at
which the following relations is satisfied (see the
Appendix) :

(r=0,=x1,=£2,...).
(15)

+=Y(p—rK)?+m™

€p -—'l’ko,

The plus and minus signs pertain respectively to
the electron and positron states. According to the
usual treatment of Green’s-function poles,[“] the
quantities Epy = €p — rkj and P, = p — rk’ can be
regarded as the energy and momentum of a certain
quasiparticle corresponding to a electron + plane
electromagnetic wave system?. Thus, in spite of
the fact that the potential (2) depends on the time,
one can speak of a discrete energy spectrum of the
system under consideration, consisting of an in-
finitely large number of levels (15). Naturally, the
discrete structure of the spectrum of the electron
+ plane electromagnetic wave system causes the
probabilities of the processes occurring in such a
system to acquire a resonant character under cer-
tain conditions. We note that the nature of the
resonant infinities in the Moller-scattering proba-
bility in the presence of an electromagnetic field
is the same as in the scattering of a photon by a
bound electron (see, for example,m])—in the latter
case the resonances are connected with the dis-
crete spectrum of the electron in the Coulomb field
and appear whenever the energy of the scattering
or scattered photon coincides with the difference
between two atomic levels.

The infinite value of the probability at the
resonance points is connected with the use in (1) of
the free photon Green’s function Dy(k). The reson-
ant infinities are eliminated by replacing Dy(k) by
the total Green’s function of the photon D(kq, k|A),
which takes into account the action of the external
and quantized electromagnetic fields. Unfortunately,
the calculation of the total Green’s function of the
photon for all values of the arguments is a hopeless
task. One can, however, sum approximately the
entire perturbation-theory series for the total
Green’s function D(k;, k|A) in the vicinity of the
point k? = 0 and use the result (D(k;, k| A) [ 2-) to
eliminate the infinite at the resonant point. This is
done in Secs. 3 and 4.

2)A similar interpretation of the poles of the Green’s func-
tion of an electron in the field (2) is contained in a paper by
Yakovlev [*°].
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However, the ¢-system introduced by us, which
is convenient for the investigation of resonances,
is not physical; indeed, it represents an infinite set
(with respect to the number s) of coordinates.
Therefore, to estimate the Moller-scattering cross
section we change over to the laboratory frame
(1.s.) in which the i’ electron is at rest, and the
vectors a and k’ take the form a = (0, a) and k’
=wn, n = (1, n). In this system, the following rela-
tions are satisfied:

~ ezaz - eZaZ - .
piyr = —n 4m ’ Ep=m — 4_m'1 (k i’) = om,
(%' py) = (K'D:) — (K'Bs) + om,  (apw) = 0. (16)

Using the invariance of the scalar products of
4-vectors in different Lorentz coordinate systems,
we can establish the connection between the vectors
and angles of the ¢-system and of the 1.s. and write
down an expression for the effective scattering
cross section (12) in the l.s. It is simpler, how-
ever, to go over the l.s. directly in (10). The
formula for the effective scattering cross section
in the 1.s. will be derived in the nonrelativistic ap-
proximation

ela ®
'p""<1 %<1, — <1 (e=i#,1,f); (17a)
in addition, we shall assume that the most essential
values of the parameter s (i.e., those values at

which resonances take place) are small, so that

[so|/m<<1. (17b)

We retain in the curly brackets of (10) only the
terms that make the contribution of main magnitude
at the resonance points. The final result is

22 2'” LSTRPN

ssyp U By

\Pf|—“|P{|cose+(s@+62a2/4m)605¢/ 1
& By —s0
G
X{ R ~1isi,al __
4[m2 — e + PlPL — s (K, Pi—

ppl?

@(2)
5,81+, 81+5

Tz F e

o

A : ™ (18)

cos P, =

All the quantities refer here to the 1.s., with the ex-
ception of ?%, E’g, 511, f)’%, and 6!; the sum over Iﬁfl
denotes summation over all the roots of the equa-
tion €; + €» — € — €p = 0, which in the approxima-
tions (17a) and (17b) have the form

g — TP — sk, Py — 7";’)]2]’
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eaz) ~ ‘}

'} COS @y
2,2 - 12

< i )]

eZaZ 252
(sw —i——) } .
4m
(19)
The quantities €}, e%, and cos 0! are connected with

the correspondmg quantities in the 1.s. by the re-
lations

,511 [Ipzlcose-—(sﬁ)+

— 4som* 4 4nf);- (sa)

~1

17 & e?a? etanp;  m*2\ %
4= f_[ : (1_ V4 22 np: _]}
& ™3 4m? /—|_l_¢m2 m +m2 ’
- 1 [/~ e*a® -~ ~
sf1=2§i1 [si g 4+m— 4m)—|pi][pj|cosﬁ
.~ ea?
T Dpy am |
- 1 - /e e2q2
COSGI=—'—~—~—{Gj‘(8i—'m—}— )
2[pd!| ] 4m -
~ e2q2
—Imllpflcose—npfll—~ (20)
When
, p:2 cos? e2a? o~ ~ o~ ~
so =0 = - wmz(—ZIpi|cosﬁcos<pf+4npi)

(21)

expression (19) becomes complex. Inasmuch as the
positive values of the parameter s correspond to
emission of light by an incident electron, the quan-
tity Spax © @’/w gives the maximum number of
photons of energy w, which can be emitted by a
system of two interacting electrons, one of which
had been at rest prior to the interaction, and the
second had a momentum p;. The summation over s
in the expression (18) is thus carried out from —
to S, 4x- The connection between the elfctron scat-
tering angle 6 in the 1.s. and the angle 6 is given by
zaz e2q2

—np;5—-
4 (npy)

1 e2a> . €22 np; e2a2 \27'k
Tig (npi) (npy) } {[p'z T2 (np) + (4(npi) ) ]

e%a’ np; \2}'/2 -1
2
["f J }

2 (npy)
3. TOTAL GREEN’S FUNCTION OF THE PHOTON

0050—{ | pi| | p#|cos 0 — np;— i

( e2q? (22)
4(npy)

The total Green’s function of the photon in an
external electromagnetic field described by a po-
tential (2) can be represented in the form

o0
S dke—itt zz) D) D (| A) emiratnz),

r=—00

1
D (29, 21| A) = o)
(23)
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The Fourier transformation of the Green’s function
of the photon is defined by the formula

Dw (Zz, Zq l A) = (2—15)-8 S d(‘ki d“kze_‘.(h’z’)'*'i(h‘z‘)D”v (kz, k1 IA) .
(24)

From a comparison of the right sides of (23) and
(24) we have
oo
DW (kg ki|A) = (2)+ D) D (ke|A) 8 (k2 — k1 — ron).
= (25)

Relations analogous to (23)—(25) hold also for the
polarization operator I1*¥(z,, z;/A) in the presence
of an external electromagnetic field (2).

Using the last relations and Schwinger’s equa-
tion for the Green’s function of the photonm] (re-
peated indices imply summation, for example

4
Dmanh = Z Dmank)
n={

we can reduce

Dw(z,y|A) = DOW (z — y)+ g dtzy diz,DOWE (1 — z,)

X Hap(32,21|A) DB (21, y | A) (26)

to the form

D (k| A) = DO (k) 8,0 + DOW (K + ron)

X D Myer, ap (k + rion|A) D, B (k| A) (r=0,+1,...).
i (27a)

We write the solution of (27a) in the form of an
infinite perturbation-theory series

Dy (k| A) = DOW (k) §,0 + DOBe ([ + ron)
XTI, ap (k| A) DOBY ()

+ DOwe(k + ron) X, ap(k + rion|4)

Lt

X DO (k + rion)IL,, vs (k| A) DOV (k)

+ DOwse(k + ron) 2 M-, ap (k+rion|A)

X DO (k4rion) I, -, var (k+r20n | A) DOV (4-rymn)

X 10y, g (k| A) DOV (k) + . .. (28)

For our purposes it is most important to clarify
the behavior of the function D‘?.V(kIA) in the vicinity
of the point k? = 0. In this region, the principal role
in the sums over ry, ry, ... in the right side of (28)
is played by the terms with ry =1y, = ... = 0, since
DOH¥(k + rijwn) — « as k¥ — 0 and r; = 0, while the

function Hgéri(k + riwnIA)Ikzzo (i=1,2,..)is

V. P. OLEINIK

finite, as can be verified by using the results of the
Appendix. If we retain only these terms in the
series (28), then the resultant expression will
satisfy the equation
D (it A) = DO (k) 8,0 + DO (K 4-ron)
From gauge-invariance considerations (see, for
example, [15]) we get

guukZuDuv(km kilA) = ngDuv(kZ, kilA)ki‘v = 01

g eo Iy (Koo, for| A) = g Ty (Ko, ki | A) ke =0, (2923)

which can be written in the form of relations of the
type

(k1 + ron) 2Dy, uv (k1| A) = Dy, v (k1| A) k¥ = (29b)

It follows therefore that the functions II). pklA)
and Dy up(k|A) should be of the form

D, wo(k|A) = Tuo(k ++ ron) DI® (k| A) Ty (k) ,
kakﬁ
2Rk
[k (k4 ron)2
k2 (k +ron)?’

Jap (k) = gap — Tuo(k-Fron) Jo (k)

=2+ (30)
The function D;_aﬁ(kIA) will be sought in the form
Di*® (k| A) = goBD, (k|A). (31)

To determine Dy(k |A) we obtain the following equa-
tion (in the vicinity of the point k? = 0):

D, (k|A) = DO (k) 8,0 4+ DO (k + ron) 1L, (k| A) Dy (k| A),

(32)

1, (k| 4) = {2 + %—((%Ergi—]; ¥ e romy 187 (k.4)

X Jpu (k) = {2 +%€% }-ig‘WIL, w(k[4). (33)
Hence (D%(k) =-1/k?)

D, (k|A)= [D‘°’(k)]—11—Ho(klA) for r=0 (34

DO (k + ron) IL (k| A)

D0 ()T — T (k] ) for rs£0

Using the results of the Appendix, we can show that
the function gwl'l;ur(klA) (r=0,%1,+2,...) at the

point k? = 0 are finite. Therefore, as follows from
(33), I'lr(kIA) lk2=0 =0 when r #0. Thus, it is suffi-
cient to take into account only Dy-y(k|A) in the ex-
pression for the Fourier transform of the complete
Green’s function of the photon (25). From formula
(A.19) we get (g, IR (k) [o—o = 0):
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o (nk) \? 11
o(k]4) oo = — eitet (52 ' =5 G0
(35)

«a is the fine-structure constant.

4. DISCUSSION OF RESULTS

We obtain the resonant infinities in the Moller-
scattering cross section with the aid of the com-
plete photon Green’s function D(ky, k|A), which we
calculated in the preceding section in the vicinity
of the point k? = 0.

Let us consider the case when the denominator
of one of the terms in the curly brackets of (18)
vamshes for certain values of the parameters pl,
g, s, or Sy (0 =0, s; #0). Let, for example,

m* —ste/t + Pilpt —su (K, pi— ) = 0.  (36a)

As already discussed above, to eliminate the diver-

gence at the resonance point it is necessary to
make in (18) the substitution

2[m'2 — gites! + pilpst — st (kz pi — Br)1—> — cieta?

(K (i — PP _

- —yy Z{m'z — eiles! + pi'p/P.

(37)

If the resonance corresponds to s = 0, then Eq.

(36a) can be rewritten in the form

(cos @it — cos B cos ¢t).
(36b)

—ipt|2(1 — cos@i) = —s|pit| ko't

Assuming that 1 —cos ! ~cos &i —cos 0! cos '95%,
we obtain the resonance condition in the form

kot = (38a)

(D -~ ~ ~
< (ei +m —|pi|cos ¢i).
&

Ii;iil =~ siko’t,
For a numerical estimate of the resonance scat-
tering cross section we put
|Eg| =10 V/cm, & = 2.7-10% sec™! (E = Ejcos o (nz)).
(39)
E and w are the intensity of the electric component

and the frequency of the laser beam. At these val-
ues of [E;| and w we get

2072
e az — 4‘7_10—12’

—-—029 108,
o

ela
P LI | 7]

Rif — R =
m (O]

RiF — R1 S K2 — K2,

DL, o~ T2 (g — i) T, (ay — asr), (40)

Js(x) is a Bessel function. We consider here the
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range of angles for which
cos acosﬁf — cos0; &~ 1,
cos 0 = apa / |a| [po| (@ =1, f). (41)
Recognizing that [p}]~ |p;|/2, k!~ w, and 8
~20 (s =0), we rewrlte the resonance condition
(38a) in the form
Ip:] =~ 2s10. (38b)

We obtain for the scattering cross section do
the formula (s =0, s; = 0)

9 ~
dos, = ro® cos~ P, dQy,
sin® @
2 \2 gb Jb — %y
Ps,=25< m )—S‘ (g — i) (42)
eta® / cg? |v|®

In this formula sin 8 ~1 (see condition (41)) and r,
is the classical radius of the electron. If the veloc-
ity |v| of the incident electron is such that the
resonance condition (38b) is satisfied for s; =2 and
3 (Ivl/ec ®2 % 1079, then the numerical values of
the functions PS1 are

Pg—p ~ 10%, Pg—3 ~ 10% (43)

At the chosen values of Ej, w, and p;, we get the
inequality dog 's:i) < dog Is—O Thus, the Moller-

scattering cross section can be very large if the
resonance condition is satisfied at small values
of sy.

In conclusion let us consider the effective inter-
action potential of two electrons in the presence of
an external electromagnetic field.

As is well known, 8] the matrix element for
exchange of a virtual photon by two free electrons,
summed over the photon polarizations, can be
represented in the form of a sum of two terms,
one of which corresponds to instantaneous Coulomb
interaction, and the other to an interaction due to
the transverse waves (the second term is known as
the Breit interaction). A similar analysis can be
carried out also in our case. In fact, from gauge-
invariance considerations we get the equality

+o0 4
( uf Z ?.J ungs MR *(f, 1) u; >= 0,

Si=—o0 U=l

s, = (45", 9s,)) = Pi — Dy — $1&" — 2K (war — %z:), (44)

which can readily be proved also directly by using
(4a).

Let us consider a coordinate frame in which the
photon momentum vector qg, = is directed along

one of the axes. Let R40 and Rgr be the projections
51 1



704 V. P. OLEINIK

of the matrices Rg on the direction of the vector
1

qo and the directions perpendicular to it. We can
then write

oo 4 oo
D D gmrg R = D (¢'Rs0 —| o] BS) + B,
Si=—00 pU=1 Si=—00

“+oo
Bp=—on > siLi (f,i). (45)
Si=—00
We rewrite similarly the matrix element (4) (we
write out only the first term of the curly bracket
and omit the 6 function and the inessential numer-

ical factors):

W~ S (ErBe z")u;) GLRIGOLY

S, 8

VA R, ¥) urr) (@R, % (f, §) i)
gs?

S, 8

sy (BRI (¥ ) (@R (D )
pa) 0.2

(46)
It follows from (44) and (45) that we can make
in the foregoing relation the substitution

WA (3 antp).

|4 ol N,

Rslqo —

Uy = qOO RmO —_— l‘IOlqu'
As a result we get

M ~ MC + Mtr 4 M,

1
M= = 2 (@R 1y ugr) (@R (f, 1) ),

Mt =

5 @R (V) @R ()
gs.®

)

S, 8y

s (T Ra-s, (1, ) usr) (@R 0 (£, 1) 1)
q¢° s 2

8, N3
(s15£0)

M= —

1 1 o0, .,
— i D W ERS V)

S, Si

X,[ﬁ/( D (lm—f—ﬁ)ui] +qoc[ﬁf< 2 ‘1m/+ﬁ'>

m(+£si) - m(£=s—81)

P

M(F=s—8))

> Ili"’ (@R (f, [)ui)il—l— [Iif’ <

x[ﬁj< > an‘*‘ﬁ)“i:]}» om = am(f, 1),

n(=*s)

(lmlE(lm(f/,i,), BEB(fvi)z B,"_——ﬁ(f/vi,)~

(47)

The first term in this expression (MC) corre-
sponds to the Coulomb interaction, and the second
(M'T) yields in the absence of an external field the
particle interaction due to the transverse waves,
while the third is the interaction induced between
the charges and the currents by the external elec-
tromagnetic field (this term vanishes when the ex-
ternal field is turned off).

Let us consider relation (47) in the nonrelativis-
tic limit (17a). We separate in the expression for
MIT + M” the term with s; =0. In 2 manner similar
to that used to derive the Breit formula for the
interaction of the free electrons, ¢ we can show
that this term results in a small correction to the
Coulomb interaction. Assume now that the vectors
Pi> P> &, and the frequency w assume values such
as to satisfy the inequalities (standard notation)

oSS Vi s [V :
Aij Ry S Naf — %o, Ty T R > \T) ,

clpi| _ v; ela|

>1, —> .
10 = ¢ >mc2

In this case

LE (F,1) & Ty (g — i)y BoP(f, 1) & yuds (ag — i),
[3 I~ ——(O;L(%U - %11‘).

We assume further that at the chosen values of
the system parameters we get the inequality
o < q2s (sy #1), and that the dominating term in
the sum over s in the expression for Mtr + M” is
term with s =0 (an estimate of the Moller-scatter-
ing cross section has shown that it is always possi-
ble to satisfy this condition by properly choosing
the system parameters). We then have

1
Mtr+M//~__ 1

q2 m[ﬁf'(qoo\fo_ [0o]v*)u:]

X [y (voqo’ — [@o]y*)udd,  ¢:2 & (s10)2 — qs 2. (48)
Here y90 is the projection of the matrices y on the
direction of the vector q;. Recognizing that in the

nonrelativistic approximation

u; =< Hia \, Uip oPi Uiq
uip / 2m

(uj, are small components of the wave function and
o are Pauli matrices) we can verify that expression
(48) can be positive in a certain region of the elec-
tron momenta, corresponding to attraction between
the electrons. With this, at sufficiently small val-
ues of g}, this expression can exceed the Coulomb
repulsion of the electrons. In this case the total
effective electron interaction potential will corre-
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spond to attraction between the particles. From
this follows the possibility of production of paired
electrons in the presence of an external electro-
magnetic field.

The author considers it his pleasant duty to
thank M. A. Krivoglaz for a discussion of the re-
sults and V. N. Piskovoi for useful remarks during
the discussion of the article.

APPENDIX
Polarization Operator

The self-energy part of the photon (polarization
operator) in the presence of a field A has the fol-
lowing form in the second order of perturbation
theory with respect to the interaction with the quan-
tized electromagnetic field:

&7 linm (22, 21| A) = —ie2g™™ Sp [ynG (22, 21| 4)
X YmG(Zh Z2IA)],

G(z,, z4|A) is the Green’s function of the electron in
the field A.

We choose as the external electromagnetic field
that of a plane electromagnetic wave described by
the potential (2). The Green’s function of the elec-
tron in the field of a plane electromagnetic wave
was obtained by Schwinger [!"] and by Brown and
Kibble.®] In the case of the potential (2), it is con-
venient to represent the function G(z,, z4|A) in the
form

(A.1)

4), (A.2)

G (25,21|A) = S dip e=ip 2=1) G (p, Ly

(2m)*

e—iso(nz)

oo
2 B;, 11s(p)

Gp Eola)= 2 ) e T
o (A.3)
£ = (nz:), m'2=m?—e%*2, e—+40,
Buv(p) = (b +m) B (0) = (Zp) (apr+ mnia) B3 (p)
— eaByy (p) + ea@B (p),

2.(np)

1 i)
B (p + son) = B (p),
1 &
(J)
Ba ()= )ZS d1 dp2 b9 (1, 92)

x exp{i{Tp (91, 92) —pertve]} (7 =0,1,2,3);

bO =1, b® = cos @1 — cos @z,

b® = cos @1 (cos @1 — cos ¢z),

b = cos @q,

e2q?
Hy = — ————

T — o0 y
» (@1, @2) %282 + 1181 8o (np)
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e (ap)

=

s &2 = sin 2¢q — sin 2¢,, g1 == sin @y — sin @s.
o (np)

(A.4)

In order to eliminate correctly the ultraviolet
divergence, we regularize the Green’s function
G(zy, z1|A), following Pauli and Villars, in a form
proposed by Bogolyubov et al. 15] I our case, the
regularization of the Green’s function consists in
making in (A.3) the substitution

1 e

=—{ dvexp {ivl(p —ron)?

(p —ron)?—m*+ie !

2a2

— m* 4 ig]} - —1{

+S dv exp{ iv [ (p —ron)?+

0

+ie ]} (e=vm* — e—ivM?) . (A.5)
Here M is the auxiliary mass, which is allowed to
go to the limit M — « after the calculations.

Substituting (A.2) and (A.3) with allowance for
the regularization (A.5), into the Fourier transform
of the polarization operator, we get (we omit for
the time being the terms that depend on the mass
M)

g™y (K, kiIA) — S dizy dizy eilaz)—ithz) gnm]] o (7o, ZiIA)

= je? Z S d'p Sdu dv Z g™ Sp {ynBr e—s (p + FON) Ym

s,r 7,8

X By—g, 4 (D — ks — s'0n) } exp {iv[(p — k1 — ran)?
—m*2+ig] +ip(p2—m*2+ie)}d (k

k1 —_ S(:)n) .
(A.6)

We represent the function g"™II,,, (k,, kq|A) in
the form

00
(2n)* 3} gv™ Ly, (k| 4)

§=—00

gy (Ko, k1| A) =

X 8 (ks — ky— swn). (A.7)
From a comparison of the right sides of (A.6) and
(A.7) we obtain (we simultaneously make the fol-
lowing change of integration variables: 4 = A(1 — §),

v =Aé, p — £(k; +rwn) =p’, and sum over r’ and s’)
+oo +oo

8 Ils (k| 4)= 5= )SS d(p1d(pzs dg§ a3 eirvic-om
—n 0 0 re=—o0

X S d*p exp {i [T p+en (@1, @2) — Tp_—ty (91, 92) ]}
X g™ Sp{ya [F (p + Ek; @1, @2) + Eron]

X ymF (p — (1 — &) k; @2, 91) — (1 — &) ron]} exp {iA [p?



706
+E(1—E) (k+ ron)? — m™ 4 ie]},

F(p: 01, ¢2) = D m+ﬁ P8 0 (g1, 90)
(p; o1, 92) =D+ 3(np) 1, P

b® (@1, P2) = /2 — €OS P1.COS Pe. (A.8)

We integrate with respect to dp in the following
manner. We introduce the functional

®,[z(p)] = § dpa(p)exp(i(pa)+ D).  (A.9)

Using for the function [y + (np)]™ the representation
+o00

___1__._—-— = _S da eiel(np)tvtiel
y+(mp)+ie iy

and taking Gaussian quadratures, we obtain the
formula

@, K Y +1(np) )l ( ) +1(np) )k}

- <v — (n1q) /2, >t (5 — (:q)/ZA )k @, [1]

2
(Lk=0,1,..), —L%exp<—L—z—;> (A.10)

D, [1] =

Here 7y and 6 are certain parameters which do not
depend on p.

With the aid of (A.10) and the translation opera-
tor Ly = exp{ @9/ dx} (the property of the operator
L is as follows: Lgf(x) =f(x + @) where « is an
arbitrary constant and f(x) is an arbitrary function
of x) we can easily obtain the following relation:

Dg [exp {i [T prer (@1, P2) — T p—t—2pn (@1, 92) 1}]

_ f2+ fi( —(WI)/Z? + &(ak))
eXPR [ —(nq) /2

_ ot fi(—(ag)/21 — (1 —§) (ak)) ] }
—(1—=§) (nk)—(nq) /21

o{— G s
XOEPAT | g (nk)— (ng) /2%

1 2
T =8 (k) — (ng) /2% [}

e%q?
f2 = 582

8w fr=

. (A.11)

o3y

e
(O]
In the derivation of the last expression we used the
identity

i) 1

—_ =0, b = const.
“ 94 b—(nq) /21

The integral with respect to d’p in the relation

V. P. OLEINIK

(A.8) is expressed in terms of the function (A.11)
and its first and second derivatives with respect to
q, with subsequent transition to the limit q = 0.
Simple manipulations lead to the formula (we cal-
culate simultaneously the trace)

2e2 b T
g"’"Hs,nm(kIA)zw ? _Sﬂ doy dee SO dg § d7»7
Je2 2,2
xoxp{n[et =g+ S0 +ie])
k'k
xexp{ir[ —¢2+2M§(1—§)( )}}

e%q? 82

B EE—1)

x osp( )

X [-—— 2L_in7: + 27712 —_ E("é — 1)/62 J— R ] {e—ih + e—ilM'Y/m?
— emIMEHI-BMYm?) — o—iMA-BHEMYMYY K = .
(A.12)
We have restored here the terms containing the
auxiliary mass M, and made the change of integra-

tion variable A — A/m?2. The function R is of the
form

e‘a*
R= > [2 sin? @4 4 (cos @1 — cos ¢2)?]

e’a? m? 1 e2a?
—— g1c0S
k) % EE—1) o T e
1 e2a2 m? 1

m2\? 1 )
5) Ee—nrett
eiqt 1

s EE—1)
me A2 1 B
<2T>[a<§— np & T

1 1
X[é‘gz+;2g1(608(p1+005(p2) }

2 (k) 2n E(E—1) o

— (1 — 2 cos @y cos ¢a)

e2a® m? 1

(K'k) 21 [5(E— 1) P

eZaZ
(Kk)?

(A.13)

We note that the expression (A.12) is invariant
against the gauge-transformation (7), and also
satisfies the Furry theorem (see, for example, [15]).
In fact, the expansion of the function g™, in
powers of ea contains only even powers of ea.

We renormalize the polarization operator in ac-
cordance with the formula 8]

IR (Jeo, oy | A) = TIRn™ (Jey) & (e — Fey) (2a1) % + TIn™ (keo, ey | A)

— T (kg ey | A) | amo — E g
n
SII™™ (Ko, Ky | A) I
8A,(s)

' A=0

x § s Au(s). (A.14)

Here Hrfl{m(k) is the renormalized polarization
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operator in the absence of the external field A.
The summation over r in (A.12) can be carried
out with the aid of one of the formulas

D exp{zr{qn—(pz_!_g;&gu —%) (]::2‘) ]}

r=-—00

2n6[(p1—(pg+2k§(1 )L/@—], (A.152)
ME( — &) (k) /m2n on
SR YUY
o n! o™
(A.15b)

When taking the limit M — *« it is convenient to
use relation (A.15b) and also the following inte-
grals:

+oo 1
dh — iMa+ie)

—In(a+ie)+c for n=1
—ialn(a+ie)+ ca+cs for n=2,
= az
—In(a + ie) + cua® + csa + ce
2
for n=3

(A.16)

a <0, €e > +0. The constants c; are related by
co= —i(!/a4 2ci),

Calculation shows that the constants c¢j do not enter
in the final expression for the renormalized polar-
ization operator, since their multipliers vanish.

Let us calculate the polarization operator in the
limiting case:

c3 = —ics. (A.17)

¢y = —1 —icy,

(A.18)

k? 1 ®
<t w =t
To take the limit M — « correctly, it is necessary
to replace ¢, in the expression for R by ¢,

+ 2N E(1 — g)(k’k)/mz. In the limiting case (A.18) it
is sufficient to take into account only the first
seven terms of the series (A.15b). The final result

at a = 0 will be
4

- o e kN
GanlTR oo (k]4) = gumlT™ (k) + 55 ¢%a* (5 )

x{ §21—§)

S a[2—te—1 =]

1)2
B(—E2 1¢  E(1—E)
(d—1)? SSdg(d—l)z

e2a?

d—§(1—§) + (A.19)

2m2’
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We can calculate in similar fashion gnmnrﬁr’rg with
s #0.

It is easy to verify that (A.19) satisfies the
following condition, which follows from the gauge-
invariance of the polarization operator:

gnmn}?f::o(k I A) |h=0 = (.
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