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Some features of the dynamic mixed state of ‘‘weak’’ superconductivity (the Josephson effect)
in external fields H 1 E are investigated. Such a state, characterized by the presence of a
moving vortex chain, arises when the electric and magnetic field strengths exceed certain
critical values. The equation of the critical state is derived. The magnetization curve for a
Josephson superconductor M(H,), similar to the corresponding curve in the Abrikosov theory
of superconductors of the second kind, is plotted. Propagation of waves in the presence of
vortices is considered. Vortex motion in the mixed state is accompanied by the appearance of
radiation with frequencies wy = 2enV/h where V is the mean barrier voltage. The model which
admits of an exact solution can also be employed for a qualitative analysis of ‘‘resistive’” ef-

fects in superconductors of the second kind.
1. INTRODUCTION

IN this paper we investigate the electromagnetic
properties of thin dielectric films placed between
superconductors. Interest in objects of this type
appeared after Josephsonm discovered the phenom-
enon which was subsequently called ‘‘weak’’ super-
conductivity. If the thickness of the film under
consideration is sufficiently small (I ~10—20 A),
then the presence of the dielectric does not prevent
the superconductivity correlation of electrons be-
tween the metals, as a result of which there is a
possibility of the complete passage of the super-
conducting tunnel current through the barrier.
This kind of dielectric film with the metal regions
of the order of the field penetration depth into the
superconductor adjoining it on both sides has a
number of unusual properties.

In sufficiently weak fields it behaves like an
ideal diamagnet (v = 0) and an ideal paraelectric
(€ = ). It constitutes a (two-dimensional) model
of a structure which can be referred to as a super-
conducting dielectric (at T = 0). Stronger electric
and magnetic fields penetrate into the weak super-
conductor, producing a state completely analogous
to the mixed state of superconductors of the second
kind introduced by Abrikosov.[?! However, in the
presence of an electric field the vortex lattice is
moving, i.e., such a state can be referred to as a
dynamic mixed state. The model considered below
is very simple mathematically and admits in all

cases of an exact solution. Besides being of inde-
pendent interest, its study may, it seems to us,
also turn out to be useful for the study of so-
called ‘‘resistive’’ effects in superconductors of
the second kind (seel3)).

The appearance of a coherent phase difference
between the superconductors separated by a film,
which occurs with the appearance of weak super-
conductivity, leads also to the possibility of the
existence of additional branches of the vibrational
spectrum in which the varying quantity is the differ-
ence of the phases of ¢. Inasmuch as according to
the Josephson relations it is the derivatives of ¢
with respect to the coordinates and the time which
determine the magnetic field H and the potential
difference V between the superconductors, such
vibrations will manifest themselves in the form of
electromagnetic waves propagating along the film
surface. In the nonsuperconducting state of the film
(in the absence of the Josephson effect) such waves
were investigated by Swihart(4! who showed that
the velocity of propagation c; of these waves is
given by the formula ¢, = c(l/2 507\L)1/2 where ! is
the film thickness, €,—its dielectric constant,
c—the velocity of light, and A1, —the London pene-
tration depth of the superconductor (A > l). How-
ever, the appearance of weak superconductivity in
thin films leads to the circumstance that such waves
take on a threshold dispersionm:

w?: = (n{)z + ('(;2/{2, Wy = Cy / 7\(,' ~ 1010—10" SeC-1
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where Aj is the so-called Josephson penetration

depth. %)

In a magnetic field exceeding a certain critical
value Hg¢ there appear within the Josephson tunnel
junction, in complete analogy with the case of
superconductors of the second kind,m quantum
filaments of magnetic flux. At the same time, as
was shown in that paper, for H > Hy; waves which
do not have the threshold frequency can propagate
along the filaments. These waves can be consid-
ered to be flexural oscillations of vortex filaments.
Their velocity coincides with c; for stationary fila-
ments and is cy(1 = 8% /2 for moving filaments
(B = v/c, where v is the velocity of the motion). In
stronger fields the filaments approach each other
and form a periodic structure. In this case propa-
gation of waves becomes also possible in a direc-
tion perpendicular to the magnetic field (which lies
in the plane of the film). For small k these waves
also have a sound dispersion, their velocity increas-
ing with increasing magnetic field (it vanishes for
H = H.; and tends asymptotically to ¢, for H > Hgy) .

All the types of waves considered should also
have analogs in the theory of superconductors of
the second kind; however, in the latter case, their
study even within the framework of the Ginzburg-
Landau theory meets with considerable mathe-
matical difficulties. The study of a model admitting
of an exact solution is in this connection of definite
interest.

2. BASIC EQUATIONS

We shall consider plane tunnel junctions whose
dimensions are large compared with the parameter
A;. In this case a ‘““macroscopic’’ description is
possible in which a weak superconductor is consid-
ered to have definite values of H, B, E, D, €, and u
(the magnetic field lies in the plane of the junction,
and the electric field is directed along its normal).
According to the Josephson relations,!] the local
values of the fields are expressed in terms of
derivatives of the phase ¢ with respect to the co-

ordinates and the time by means of the relations
i dg

V=IE,=——,
2e ot

9=9(z,y,1),
(2.1)*

where n is a unit vector along the normal to the
plane of the junction (n Il z).

The function ¢(x, y, t) satisfies the following
nonlinear equation!%77:

1 92 1

-—c;z—a—;';- == ——sin Q.

(2.2)

*[n, Vg =n x Ve.
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Here A is the two-dimensional Laplace operator,
and ¢, and A; are the basic parameters of weak
superconductivity. The expression for c, was given

above, and A is of the form!®]

A2 = hc® [ 8ne (At 4 Ar2) s,

where jg is the density of the critical Josephson
tunnel current which can according tol!) be ex-
pressed in terms of the conductivity of the tunnel
contact in the normal state and the energy gaps of
the two superconductors (below we consider for
simplicity the case of a symmetric contact with
Ay=Ayand A1,y =M1 . Cy is commonly a quantity
of the order of 10° cm/sec, and A; is of the order
of magnitude of 0.1 mm (seel]y.

Equation (2.2) is valid for sufficiently weak
(electric and magnetic) fields with-a sufficiently
slow spatial and temporal variation. The conditions
for the applicability of this equation can be written
in the form

VLA, H<KHem

(2.3)

(1)<<A/Fl, a>§o, 7»[,, (24)

where Hg,, is the thermodynamic critical field of a
bulk superconductor, A is its energy gap, £, ~ hivy/A
is the correlation length, a is the characteristic
spatial period, and w is the frequency of the field
change along the junction. Conditions (2.4) are
usually fulfilled experimentally (see[B]) because
the critical parameters of weak superconductivity
(Hey and Vgy, see below) are very small®.

Let us draw attention to the analogy of Eq. (2.2)
with the modified Ginzburg-Landau equation pro-
posed in®3! for describing ‘‘resistive’’ effects in
superconductors of the second kind. This equation,
just as the equation proposed in[3], is a local non-
linear wave-type equation?’.

Below we shall find useful an expression for the
energy of a weak superconductor. The energy re-
ferred to unit area of the surface of the tunnel
junction is of the form

7 2 2 2
g= const—l—ziis{— coscp—l——zJ—(ch)z—l—%(%%) }
(2.5

According to Josephson,[” the first term of this
equation, (Hjg/2e)(—cos ¢ + const), represents an
addition to the energy of two weakly coupled super-

DL arkin and Ovchinnikov obtained [°] an equation which
replaces (2.2) when V and  are not small compared with A.
However, we shall not consider these changes and assume that
the conditions for the applicability of the adiabatic approxima-
tion eV << A and hw << A are fulfilled.

2)We take the opportunity to note here that a phenomenologi-
cal derivation of a similar equation on the basis of a variational
principle analogous to that cited in [*] is also contained in a
previous paper by Suhl. [*7]
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conductors which depends on the difference of the
phases ¢ and which is due to the interaction (the
so-called tunnel Hamiltonian) H between them.
The second term, containing (V(p)z, can be rewritten
with the aid of (2.1) as 2A1 H?/8m, i.e., it represents
the energy of the magnetic field that penetrates in-
side the weak superconductor. Finally, the last
term in (2.5) can be expressed in the form l€0E2/87r
where E = (V/l)n is the electric field intensity. We
consider the thickness of the dielectric to be small
compared with the London penetration depth

A, g, ~ 107° cm), but large compared with the
Debye length Ay characterizing the penetration of
the electrical field into the metal (A\pj ~1 A). Under
these conditions one can assume the electrical field
to be concentrated mainly in the dielectric film
(one can neglect the dependence of E on z), whereas
the magnetic field can be assumed to be concentra-
ted in the portions of the superconductor adjoining
the film.

Considering the junction as a macroscopic body,
we must average expression (2.5), i.e., find €. The
latter quantity can also be obtained in another way,
by considering an (imaginary) magnetization proc-
ess of a weak superconductor which leads to given
values of B, H, etc. We have (see[“])3)

HdH lEdEo
4n + 4xt

de = 2\ (2.6)
Here H; is the external magnetic field, Ey—the
‘“‘external”’ electric field with the value V,/l where
V, is the voltage supplied to the capacitor plates.
Instead of the energy €, it is more convenient to use
the thermodynamic potential € which is a function
of M and P (M is the magnetic and P the electric
moment per unit volume), i.e., it is in fact a func-
tion of H and E. For this quantity we obtain(1!] (we
are referring to the average value)

HdH EE
4x 4n

In relations (2.6) and (2.7) we make allowance for
the fact (already noted above) that the magnetic
field is concentrated in an effective layer of thick-
ness 2\ 1, and the electric field—in a layer of thick-
ness I (A1, > I > Ap?.

de = 2\ (2.7)

3)For simplicity we assume below that the dielectric con-
stant of the film material €, is unity.

lIn the usual notation (see [*']) Eq. (2.7) is of the form
de = 2\ HdB — (DdE)/47. In our case B=H, E =E, i.e., B
represents the average value of the magnetic and E of the elec-
tric field in the sample. Furthermore, we must assume H = H,,
since the demagnetizing factor nyg = 0 (it is assumed that the
boundary of the film is parallel to the external magnetic field

IN A JOSEPHSON TUNNEL JUNCTION

1309

In the following, it will be more convenient to go
over to the dimensionless variables

x’:x/?\,j, y’=y/7»j, tlZCot/Kj.

We introduce also dimensionless units of measure-
ment for the energy €, the magnetic field H, and
electric field E in accordance with the relations

o=l(5) w=nl(gn) F=rllgmyr)

267\.jl /
(2.8)
After this, Egs. (2.1), (2.2), (2.5, and (2.7) take
on a simpler form (we omit the primes below):

(2.9)
(2.10)

Ap — 3¢/ 32 = sin g,
H=[n, Vg], E = (d¢/dt)n,
== const 4+ {—cos ¢ + /2(V9)2 + 12(dp [ )2, (2.11)
= const + {—cos ¢ + 2(Vo)2 — Y2(09 [ 88)>, (2.12)
de = HydH — EodE. (2.13)

e
g

(the angle brackets indicate averaging).

3. DYNAMIC MIXED STATE OF WEAK SUPER-
CONDUCTIVITY

In this section we investigate the electromagnetic
properties of weak superconductivity in fields ex-
ceeding the critical value (which will be obtained
below) when there appears a structure of moving
vortex filaments (dynamic mixed state); the period
and velocity of this structure are determined by
the values of the magnetic and electric fields ap-
plied to the junction.

Let us consider the solution of (2.9) which de-
pends on the difference x — 8t = ¢ where 8 = v/c,

(v is the velocity of motion of the vortex structure,
v < ¢g). The equation for ¢ = @y(&) (where ¢, corre-
sponds to the equilibrium state) is of the form

(1 — B*) Pepo [ dE? = sin @ (3.1

or, after going over to the variable ¢ = £/(1 — 83 1/?

P [ dE? = sin @o. (3.2)
This equation has the first integral
1/ dgo \?
E(%) = — c0S ¢+ const = 2 (sinz%g+ aZ),
const = 1, (3.3)

where o is some constant.

H,). For the electric field we have D = E, = V,/I, since the
depolarizing factor ng = 1 (the electric field is normal to the
surface of the film).



1310 I.

Integrating again and assuming ¢,(0) = 7 (which
is not essential), we obtain
%0 —
g:—izsdq)/‘l/sinz%—}— aZ,

o

(3.4)
n

The obtained equation determines in implicit form

the ¢ dependence of ¢,. The function ¢,(&) satisfies

the relation

9o (L + 27) = (L) + 2x (3.5)

with a certain value of 7, obtained from the condi-
tion
/2 _—
., @ 1 1
1= \do 'V51n2—+a2= — K( _) (3.6)
-E L A e \fita
[K(x) is the complete elliptical integral of the first
kind{2)]. The origin in (3.4) has been chosen in
such a way that ¢y(—7) = 0 and ¢,(1) = 27 (Fig. 1a).

Po

4T

V,H (arb. units)

\ A

FIG. 1

The electric and magnetic fields in the junction,
expressed in terms of d¢,;/d¢, are periodic func-
tions of ¢ with a period 27 (Fig. 1b). On the basis
of (2.10) we have

1
H=H,— . @ E—E,— __P__flipi”
Y= & Yi—p* dg
{
(—(g“ = 2Vsi11220—+ a2 (3.7)
= 2

It is readily seen that the following relations
occur:
xy+AX tot+AL
{ dr =24 § Bai=2a,

Xy t)

(3.8)

where the integrals are over the period [on the x or
t axis respectively, Ax = 27(1 — 32)1/2,
At = 278711 — 31/2). In the usual variables the
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FIG. 2

first of Eqs. (3.8) expresses the quantization con-
dition of the magnetic flux (cf. [2])

2, | Hiz = @, (3.9)

(Ax)

Dy = hc/2e,

and the second relation gives an analogous quantum
condition for the electric field

1§ Edt = h/2¢e = @0/
(A

The solution of (3.4) and (3.7) describes the
periodic structure of the moving vortex filaments,
each of which carries a quantum of the flux &,
(see Fig. 2; the arrows show the flow lines). The
period of this structure determined by the parame-
ter a should be found on the basis of thermodynamic
considerations, in analogy with Abrikosov’s
theory.m a turns out to be some function of the
external magnetic field H,.

A. Let us consider initially the stationary case
when the vortices are not moving, i.e., 8 =0 (V = 0).

Let us calculate the energy corresponding to a
given distribution of vortex filaments. On the basis
of (2.11) this quantity is

(3.10)

- 1 ¢ 1 /dgo\?
&(a) = const + E_ST [— cos @o(%) + 5 (E) }dg. (3.11)
The integral occurring here can be readily evalua-

ted, and this yields with account of (3.6)

1 1
L) k() — Lete
Y1+ a2/ V1 + o2 2 (3.12)
[E(x) is a complete elliptical integral of the second
kind, and C, is a constant].

Now let us make use of expression (2.13). Dif-
ferentiating it with respect to a, we obtain
_ de/da
" dH/do
The dependence of H on « can be readily found on
the basis of (3.7):

(@)= (1 + aZ)E(

H, (3.13)

_m 1

T
()= — (rar =" —ayT+a/K (.__) . (3.14)
2t 7, T V14 a2
Substituting (3.12) and (3.14) in (3.13), we find the
dependence of H; on «; this allows one subsequently
to find @ = a(Hy), after which one can calculate
H = B as a function of H,. Introducing for conven-
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ience a new variabley =1/(1 + oz2)1/2, we obtain

4 _ 4 E(y)

Ky T w oy
These equations determine in implicit form the
dependence of Hon Hy, i.e., the magnetization curve
of a Josephson superconductor. E(y)/v is a mono-

tonically decreasing function of v, its minimum
value (for v = 1) being unity. Consequently the
smallest possible value of Hj, which we shall de-
note by Hgy, is 4/7: Hgy = 4/7. For Hy < Hgy

Eq. (3.15) has no solution; in this case there exists
only the trivial solution of Eq. (3.1) ¢, = 0, corre-
sponding to ideal diamagnetism (the field inside the
superconductor vanishes: B = H= 0, M =—H,/4m,

i = 0). A nonvanishing solution corresponding to
the onset of penetration of the field into the super-
conductor appears first for Hy = Hg, 5, Returning
to the usual variables (Sec. 2), we obtain for Hg,

Hcl == CI)O/J':??»LM, (316)

H= 0<y<<1 (3.15

which coincides with the expression which has been
obtained for the onset of penetration of the field
into a weak superconductor by Josephson.m Our
Eqgs. (3.15) allow one to obtain the entire course of
the magnetization curve of a weak superconductor
B(Hy) for Hy > Hg;.

The dependence of the magnetic moment
M = (H— Hy) /47 on the field which follows from
(3.15) is shown in Fig. 3%. This curve bears a
qualitative resemblance to the corresponding curve
in Abrikosov’s theory.[?) Just as in!?!, for Hy = Hgq
the M(H;) curve has a vertical tangent on the right.
In large fields (H, > Hy the asymptotic of the
magnetic moment is of the form

M(Ho) ~ —1/8nHp. (3.17)

The area under the obtained curve determines
the ‘‘thermodynamic’’ critical field of weak super-
conductivity Hg:

_ cf M (Hy)dHy = i
b 8m

(3.18)

5)For H, = H.,, a vanishes. According to (3.6) the period
of the vortex structure is then infinite. For H; » H., the vortex
filaments are far from each other; it is for this reason suffi-
cient to solve the problem with one vortex. In the Appendix we
consider this case as an illustration (regardless of the presence
of an exact solution for all Hy), since it facilitates a better
understanding of the physical aspect of the phenomena under
consideration.

6)The total magnetic moment of a weak superconductor is
(in the usual units) 2 Ap, SM(H,) where S is the surface of con-
tact (we take no account of effects due to the partial pene-
tration of the magnetic field into the superconductors along
their surfaces which are not in contact).
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Making use of relation (3.15), we obtain after some
transformations

b3
2\ d
H?= H.? [1—[—25 (E(V)K(Y)_—“)_Z-l' (3.19)
0 47 3
Evaluating the integral (see, for example,m]) we
obtain

— T H.— 1118,

272
Making use of the expression for Hg; cited above,
we find that in the adopted dimensionless variables
the value of H, is V2. " We note that as was to be
expected H, coincides with the field obtained from
the condition (written in terms of the usual varia-
bles)

H, (3.20)

HZ  hjs
8t 2’

20 (3.21)
where the first term represents an energy increase
(per unit of contact area) connected with the
Meissner effect and the second term represents an
energy decrease due to the superconductive corre-
lation. However, the first-order transition that
should have occurred on the basis of these consid-
erations at Hy = H,, is actually not realized, because
already for the lower field Hgy there is penetration
of the magnetic field due to the occurrance of a
periodic structure of vortex filaments analogous to
Abrikosov's filaments. (2]

A distinctive feature of the given model is the
very fast decrease of the magnetic moment with
increasing magnetic field above Hpy (Fig. 3); this
renders the experimental study of the region near
Hg, difficult. We note, however, that by preparing
the tunnel junction in the shape of an ellipse (in the

7)Introducing dimensionless variables, one could obtain
for H. the value 1/4/2 which coincides with that for supercon-
ductors of the second kind in the Landau variables [?] in a
different manner. However, then Egs. (2.9)—(2.13) take on a
more complicated form (the ratio H./H, is of course inde-
pendent of the choice of units).
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xy plane), i.e., by producing a certain demagnetiz-
ing factor n # 0 one can extend the region of the
mixed state in the field. The magnetization curve
M(H,) is then obtained from the curve of Fig. 3 by
means of a simple geometrical transformation®’.
The situation with respect to the magnetic prop-
erties of weak superconductivity described above
occurs in fields that do not exceed the thermody-
namic critical field of a bulk superconductor Hgyy,
(for the sake of definiteness we assume that the
superconductors adjoining the film are of the first
kind). Since Hgp, usually exceeds Hgy considerably

(Hgy ~1 Oe, Hopyy ~ 10° Oe) and, as has already been
noted, the magnetic moment decreases very rapidly
with increasing H;, then for the problem being con-
sidered in this paper the clarification of the ques-
tion of how the magnetic moment will actually
behave in large fields (H;, ~ Hgyy) is not very im-
portant. Under these circumstances one can con-
sider the upper critical field (and with it the
Ginzburg- Landau weak-superconductivity parame-
ter k) to be infinite® (however, the results cited
above cannot be obtained from Abrikosov’s results
for k = ©, since weak superconductivity is essen-
tially two-dimensional; the periodic vortex struc-
ture which occurs is one-dimensional, and not a
two-dimensional one as in Abrikosov’'s theorym).
In principle the nature of the magnetic proper-
ties of weak superconductivity in large fields can
be of two types: 1) it may turn out that a more
consistent account of the correlation effects than
that in the derivation of (2.2) will lead to the dis-
appearance of weak superconductivity at some field
Hgy smaller than Hyp,y s 2) in principle, a situation
is possible, in which weak superconductivity is
preserved in fields exceeding Hqp,. Such super-
conductivity should be localized near the surface
of the film. The field (exceeding Hgpy) at which
such ‘“surface’’ superconductivity disappears will
indeed play the role of Hgyy. However, the possi-
bility of such a phenomenon depends considerably
on the relation of magnetic and correlation energy
due to the rapid decrease of the ordering parameter
on moving away from the film surface (at distances
of the order of £). An investigation of this problem

8)We investigated the corresponding problem for supercon-
ductors of the second kind in [**]. All the results of that paper
can be transfered without change to the case considered in
this paper.

9)The fact that for weak superconductivity « is large fol-
lows from the formula x ~ A/&, where A is the electromagnetic
length (penetration depth) and &, the correlation distance. In
our case A;j (not Ap) plays the part of A, is a result of which «
turns out to be very large.
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is outside the framework of this article and will be
carried out separately.

B. We shall now go over to an investigation of
the non-stationary case occurring for a nonvanish-
ing potential difference V between the supercon-
ductors. In doing this, we must consider the general
solution of Eq. (3.1) characterized by two parame-
ters o and B which specify the period of the vortex
structure and its velocity respectively. In order to
determine these parameters, it is necessary to
calculate the thermodynamic potential € as a func-
tion of @ and B, and furthermore use relation (2.13),
assuming that the functions H(e, B) and f(oz, B) are
also known. Differentiating (2.13), we obtain

HooH | da — EWE | 80 = d¢ [ da, (3.22)

HoH | 08 — EWIE | 0p = de | 0p.

Hence one can find H; and E; as a function of @ and
B, after which one has to transform this dependence
and furthermore obtain H and E as functions of H,
and E,.

Proceeding to the corresponding calculation, we
calculate first of all the function €(a, B). On the

basis of (2.12) we have
T

- 1 1 o\ [ 490 \?
e(a, B)= const—}—E—T—i[ €OS Qo +? (1 —p?) (E) _]dg,
(3.23)
whence it is seen [after going over from the varia-
ble ¢ to the variable ¢ = £/(1 — % 1/?] that this quan-
tity does not actually depend on 8 and is consequently
given by expression (3.12) which is valid for 8 = 0.
H(e, B) is calculated with the aid of (3.7) which
yields [ef. (3.14)]

(3.24)

(o, B) = n ¥l + /K (—1_%?) Ty

Finally, substituting ¢y(¢) from (3.4) in the
second of Egs. (2.10), we have

E(a,B) = —BH (a, B). (3.25)

Turning to Eqs. (3.22) and taking into account that
9€/0pB = 0, we obtain on the basis of (3.24) and (3.25)

p=—E/H = —E,/H,. (3.26)

Consequently, the velocity of motion of the vortex
structure is proportional to the electric field inten-
sity. We note that an analogous formula for the
velocity of the vortices exists also in the theory of
superconductors of the second kind (seem).

Using the remaining equation of the system
(3.22) and going over for convenience to the varia-
bley =1/(1 + az)”z, we obtain relations, replacing
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(3.15), that are also valid in the non-stationary by P
case: Dynamic //
mu(edI 7
tate I /
Ey) . _ = 1 ) /
Hy=H,—— H=—H " ———— (3.27) 4
Ty 477 K(y) g
h H
where S[:l{lperCOnduCﬁng// Dynamic
Ha staiel ) mixed,
H,'=————+-, Hy=—. (3.28) HohE=T | ,
Toyt—p n i
Thus the dependence of H on H, is given by the Ear o
curve obtained above (Fig. 3) where one should FIG. 4
however, replace Hgy by Hgy = Hgy/(1 — 1/2 and
B is given by (3.26). on the following curious fact. Equation (2.9)
Equations (3.26)—(3.28) are the solution of the 62_<p_62_q> = sin ¢ (3.30)
posed problem of finding H and E as a function of dz% o8

H, and E,. Without entering into a consideration of
the corresponding curves, we shall only note the
following circumstance. As follows from (3.27)

and (3.28), in the nonstationary case the lowest
critical field for which the penetration of vortices
first occurs is a function of the electric field E, 10y,
Indeed, the minimum value of the field H, for Whlch
a solution of (3.27) first appears is Hrnln = HC1
Substituting then Hc1 from (3.28) and B from (3.26),
we obtain

Hy'™ = VH.2 T Eot. (3.29)

When H, < H*I", then E = 0 and H = 0. Writing
down the relations
B=H=H+4M, D= E + 4P

and introducing formally the magnetic permeability
(u) and the dielectric permittivity (€), we obtain
u=H/H=0and € = D/E = =, i.e., the superconduc-
tor behaves like an ideal diamagnet and an ideal
paraelectric. However, for H, > H!'™ these prop-
erties no longer occur. In this case there is pene-
tration of the vortex filaments of the magnetic flux,
as a result of which H becomes nonzero (u = 0).
For E; = 0 the vortex filaments begin to move, i.e.,
E is also not zero (¢ # «). The state of the super-
conductor which appears thus was referred to above
as the dynamic mixed state 1. Relation (3.29)
serves as the equation of the curve that separates
the region of the superconducting state I from the
mixed state II (see Fig. 4).

C. In conclusion of this section we shall dwell

10aq analogous fact was first noted by us in [*] for the dy-
namic mixed state of superconductors of the second kind. How-
ever, unlike the case considered in [*], where this effect is
very small, for weak superconductivity it is large.

1 DBecause it corresponds to nonzero resistance, such a
state in the theory of superconductors of the second kind is
sometimes called ‘‘resistive.’’[*]

is invariant with respect to a replacement of x by
t when ¢ is simultaneously replaced by 7 + ¢. The
thermodynamic identity (2.13) serves as an addi-
tional condition for this equation. In the transforma-
tion x == t the quantities H and E are interchanged:
H = E [see (2.10)]. At the same time, d€ changes
only its sign. However, as is readily seen from
(2.12), the sign of d€ changes also in the replace-
ment x = t, and ¢ — 7 + ¢. Consequently, all Egs.
(2.9), (2.10), (2.12), and (2.13) remain invariant in
the simultaneous transformation

H=E, ¢—>n-to. (3.31)

Carrying out such a transformation and repeating
all the operations presented above, we conclude
that below the dashed line in the diagram of Fig. 4
we will also have a dynamic mixed state corre-
sponding a moving vortex systemlz’. In zero mag-
netic field (H; = 0) such a state appears first at
E;, = Eqq where Eqq is the ‘‘lowest critical electric
field.”” In the dimensionless variables adopted by
us E.y, as well as Hgy, equals 4/7. In the usual
units we shall have

E. = 2Hcy [ med;l ~ 103 V/em

r=1,

(3.32)

(this corresponds to a potential difference
Vey ~ 0.1 millivolt).

The obtained ‘‘vortices’’ are quantized in the
sense of condition (3.10). In term of the coordin-
ates x = Hy/Hgy, ¥ = E¢/Egqy = Vy/ V¢ the equation
of the curve separating the region of the supercon-
ducting state I from the mixed state II is of the form

=1 +y%, and from the mixed state III it is of the

12)The velocity of the vortices in region III is larger than
c,. On the line H, = 0 it becomes infinite. Obviously, when
relativistic effects are taken into account the velocity of mo-
tion cannot exceed the speed of light ¢ (¢, << c¢). Conse-
quently, a certain portion of the diagram of Fig. 4 which lies
below the dashed curve has no physical significance.
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form y% =1 +x2. Taking into account the fact that

Hy, and E; can be both positive and negative, we ar-
rive at a diagram which is the corresponding
generalization of Fig. 4.

The treatment presented in parts B and C of
this section refers to the case when the energy
dissipation in the vortex motion can be neglected.
The superconductor can then be considered in the
‘‘dielectric’’ approximation as a body characterized
by some value of €. For T = 0 the dissipation mech-
anism connected with the nonsuperconducting
(‘‘quasi-particle’’) current!!9) is absent. If the
dissipation is weak (small T), then the behavior
described above will also occur (if there is an en-
ergy source compensating for the losses due to
dissipation), but a detailed analysis of this problem
is outside the framework of this article.

4. WAVE PROPAGATION IN THE MIXED STATE

The behavior of the Josephson tunnel junction
described in the preceding section characterizes
‘“equilibrium’’ properties of weak superconductivity
in the absence of energy dissipation (for T = 0). In
this section we investigate small deviations from
the state of equilibrium. As will be shown below, a
small perturbation can propagate in a vortex lattice
in the form of waves with a linear dispersion law,
and there is no attenuation (this is, naturally, only
so in the absence of dissipation). The posed prob-
lem can be solved exactly (in the limit of long
waves) for arbitrary values of H, and E; corre-
sponding to a moving vortex lattice. However, in
order not to complicate the presentation we shall
carry out the calculation for the case of a periodic
structure at rest (in the absence of perturbation
connected with a wave), and the final results will be
cited for moving vortices.

Turning to Eq. (2.9), we set ¢ = ¢, + ¢4, where
¢, is the solution corresponding to the equilibrium
state [see (3.4)], and ¢4 is a small perturbation.
For ¢, we obtain the following linear equation:

A(pg — 62([)1 / 0t — cos Qo Py = 0. (4-1)

The solution of this equation will be sought in the
form of a plane wave

@1 = P(z) ethve-iot, (4.2)
Substituting (4.2) in (4.1), we obtain the following
equation for y

w—k—1

sin? ———%(I) £ = -
2 2

P = e, (4.3)
We have, thus, obtained the Schrodinger equation
with the ‘“potential'’ U(x) = —sin? [¢y(x)/2] which is
a periodic function of x [with a period 27, where T
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is found from (3.6)]. The wave function of such an
equation can, according to the well-known Floquet
theorem, be represented in the form of a Bloch
wave

P(z) = eitvug(a), (4.4)

where uq(x) is a periodic function of x [q is the
wave-vector component of the perturbation (4.2) in
a direction perpendicular to the vortices].

Substituting (4.4) in (4.3), we find the dependence
of the ‘“energy’’ € on q, and then find by means of
the second of relations (4.3) the dependence of the
frequency w on the wave-vector components k and q.

For q = 0, Eq. (4.3) can be solved exactly, the
corresponding value of the energy being €, =—1/2.
Indeed, multiplying both parts of (4.3) by d¢,/dx,
and using the equation which ¢)(x) obeys,

2o [ dx? = sin ¢, (4.5
we obtain
d d(po dllo . d(po duo .
Tl aeg e J= 0. T s =C.

(4.6)

where C is an integration constant. Dividing both
parts of the latter equation by (d¢,/dx)2 and inte-
grating, we have
d(po
(d(po/d:c)2+ e
As can be seen from (3.3), the function d¢,/dx
never vanishes if @ # 0. For C # 0 the first term in
(4.7) is a monotonically increasing function of x.
Since we are interested in the periodic solution of
(4.3), it is clear that we should set C = 0. There-
fore, accurate within an unimportant normalizing
factor uy(x) can be assumed to coincide with d¢y/dx:

d 2
uo(z) = 2120: 2 [sin2M + az] .
z 2

Po S? dz

T (4.7)

uo(z) =

(4.8)

Now let us consider the case q # 0. Assuming q
to be small (compared with the reciprocal distance
between the vortices), we write the expansions

1
8((1):30"[‘aiq+2—112q2+..., (4.9)

uqg(z) = up(z) + qui(z) + Pua(x) +... (4.10)

Substituting (4.9) and (4.10) in (4.3), we have in suc-
cessive approximations

dﬂi—coscp(yu,: — 2aguo(x) —Zi%, (4.11)
dr® dx
dzuz . dul
g CoSortz = — 2aquy (r) — 2L735+ (1 — az)uo(x)
(4.12)
etc.
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Making use of the orthogonality of the functions
uy(x) and uy(x) and the solution of the homogeneous
equation of uy(x), we find a; and a,. It is then easy

to check that a; = 0 and the coefficient a, is given by F(z) = 7—1—Y2K(Y)/E(Y)

the expression
T T
e—1 =14 f(z) sin(po(x)dx/ { (dgo/dz)2dz, (4.13)
— -t

where f(x) is an arbitrary solution of the equation

d*f [ dx® — cos @o(z) -f = sin @p(z) (4.14)

[the solution of the corresponding homogeneous
equation vanishes on substitution in (4.13)].

The solution of Eq. (4.14) can be found by a
method analogous to the one described above for
evaluating uy(x). As a result we obtain

x

__dgo { Co— cos go()
fz) = 5} o

The integration constant C; can be found from
the periodicity condition of the function f(x)'® which
gives

d
dz 462 (4.15)
dx

T

S Co— cos @o(z)
(dgo/dz)?

A simple calculation leads to the expression

r 1 1
Co= 1+2a2[1—K vm” E(VH—aZ)] . (4.17)
Substituting (4.15) and (4.17) in (4.13), we have
I S(CE )
(14 o) E>((1+0?)~")

dz = 0. (4.16)

—T

1 1
e(q) =~ ""—é+ '—20292-
(4.18)
Finally, utilizing expression (4.3) for €, we ob-
tain

©?2 = k% + axq?. (4.19

When the motion of the vortex structure is taken
into account, the form of the expression for w
changes as follows (8 = v/c):

0¥ = (1— )5+ (1 — p?)*aq™

Here ¢, is of the form

(4.20)

Q1 = exp (]EEF E ) uq (E) el ettve—iot £ =z — B,
P (4.21)
According to (4.20) the propagation velocity of
the waves along the vortices (q = 0) is

C = Co]/fl — BZ

(we are using dimensional units), whereas in the
direction perpendicular to the vortices (k = 0) it is
given by the expression

(4.22)

13)f(x) coincides with u,(x) to within a coefficient.

1315
Ct = 00(1 — Bz)]"(HO/Hci), (423)

where the function F(x) is of the form [see (4.18)]

1 H,
Y = —_— = —),
V1+a2 Hci
(4.24)

the dependence of v on x being given in implicit
form by relation (3.15).
A plot of the function F(x) is presented in Fig. 5.
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As can be seen from the obtained curve, the veloc-
ity of the waves propagating across the vortices
vanishes for H; = Hy, increases with increasing
magnetic field, and tends to c, for Hy — « (if 8 = 0).
The velocity of the waves along the vortices does
not depend on H,, and is ¢, (for 8 = 0). These waves
can be considered as flexural oscillations of the
vortex filaments (see the Appendix).

The quantity w introduced above represents the
frequency of the wave in a coordinate system con-
nected with the moving vortices. In the laboratory
coordinate system there appears a set of frequen-
cies given by the formula (n is an integer)

gty v= —
1—p2 20 Y1—B*vK(y)
(4.25)

(here we have used physical units). Such an ex-
pression is obtained with account of all time-depen-
dent phase factors in (4.21), the existence of a dis-
crete set of frequencies following from the
periodicity of the function uq(g). The period of this
function in t is At = 27(y)(1 — Bz)’/z/woﬁ, which leads
indeed to (4.25).

However, the frequencies w, = 2nnv are in fact
not connected with vortex oscillations, but arise
through the motion of the periodic structure of the
mixed state as a whole!?’. Obviously these are fre-
quencies corresponding to the so-called nonstation-
ary Josephson effect. (1 Employing the relations
(3.26)—(3.28) obtained above, we have

Qn-:

19)We considered an analogous effect for superconductors of
the second kind in [37'®].
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wn = 2enV/[h, V=IE.

We have thus obtained the well-known Josephson
formulal!: 2eV = hw; however, the role of the
potential difference in this formula is actually taken
on by V, i.e., the average value of V (in addition,
harmonics of the Josephson frequency are also
present). It is seen from here that just as was to
be expected, this effect is absent in the supercon-
ducting state (corresponding to the region I of the
diagram of Fig. 4), because here E=H =0 15,

We note that the analysis carried out in this
article is valid without account of the potential
barriers to the entry of vortices at the edges of the
tunnel junction (seem], where an analogous prob-
lem is considered for superconductors of the
second kind). If the magnetic field is sufficiently
large (H, > Hg, see the Appendix) or if the edge of
the junction parallel to the external field is

““rough,”” then such effects will be of no importance.

In conclusion I take the opportunity to express
my deep gratitude to A. A. Abrikosov and A. I.
Larkin for a discussion of this work and valuable
remarks.

APPENDIX

The solution corresponding to a single vortex
(valid for Hy, — Hg4) is obtained from (3.4) for a =0
z— Bt
VI—F
Here ¢, = 0 for x — — and ¢, = 27 for x — +,
The magnetic and electric field distribution corre-
sponding to (A.1) is on the basis of (3.7) of the form

z—pt

—_—

Qo(r,t) =14 tan~lexp (A.1)

E = — 28/y1— preh’—PL .

H = 2/y1— pch

J— —R2
(A.2)%*

Both distributions have the form of curves with
a maximum at x = t, whereas at infinity the field
vanishes. According to (A.2) the value of the mag-
netic field at the maximum is Hg = ¥,mH,; 1.6 Hgy
(for B = 0). It is interesting to compare this value
with the corresponding value in Abrikosov’s
theory?) which is H(0) < 2Hg;.

In dimensional units the expression for Hg is of
the form

Hy = @/ 2mALA;. (A.3)

15)We note that in a real situation it is E which is commonly
given (or V, which is equivalent) and not E, (V,). This quan-
tity determines the experimentally measured mean barrier volt-
age. As regards E, in order to determine it, one must consider
the conditions of connecting the weak superconductor into a
‘‘dielectric’’ circuit (by placing it in an external capacitor).
*ch =.cosh.
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It is curious to note that this value coincides with
the critical field of Ferrell and Prange,m analogous
to the surface-barrier field in the theory of super-
conductors of the second kind introduced by Bean
and Livingston!!") (see alsol™).

Let us calculate the energy of a moving fila-
ment. The energy referred to unit length of the
filament is on the basis of (2.11) of the form!]

€ =ﬁ§o{ 1— cos (po—{—%< %)2 —I—%(%’ >2}dz. (A.4)

&

Integrating, we obtain
e =/ V1—P?
where in the dimensionless units adopted by us ¢,
is equal to eight. It is seen from (A.5) that a vortex
filament can be characterized by a certain field

mass m*. In physical units this quantity, referred
to unit length of the filament, is

(A.5)

.

(A.6)

where mg is the mass of the electron (with
A; ~107% cm).

On the other hand, the energy of the filament is
proportional to its length, i.e., to the integral

§ el1+ (9x/0y)1eay,

where x = X(y, t) is the equation of the filament
shape. Taking the velocities and deformations to be
small, we represent the addition to the energy in

the form
X 1 6X)2 1 6X)2}
“’S.{z (a“ +2?§2_<a_t— 2

whence it is seen that X(y, t) obeys the wave equa-
tion

(A.7)

X 1 92X
W T 0 (A.8)
Propagation of elastic flexural waves with a
velocity ¢, is thus possible along the filament. The
treatment is valid for long waves (kAJ- <« 1), how-
ever, as was shown in Sec. 4 of this paper, actually
such waves are also present when k is not small.

16)ye take the constant appearing in (2.11) to be unity. It
can be shown that precisely this value of this constant is ob-
tained from the microscopic theory of the Josephson effect ['¢]
if in the energy account is taken of the term which does not
depend on the phase (subtracting the corresponding energy for
a normal metal). If the constant is chosen differently, then the
integral (A.4) will diverge, however the corresponding ‘‘zero
energy’’ has no physical significance and does not influence
the subsequent results.
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