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We show how the nucleon-nucleon scattering matrix can be reconstructed from the experimen-
tal data at fixed values of the angle and energy in the relativistic case. Different reconstruction
procedures are considered. Relativistic formulae are obtained for reconstructing the nucleon-
nucleon scattering matrix in a state with total zero isospin from the np and pp scattering data.

PROGRESS in the creation of polarized beams of
nucleons and polarized proton targets makes the
problem of extracting maximum information on
nucleon-nucleon scattering—the reconstruction of
the scattering amplitude—more amenable to solu-
tion. In the particle-energy region below the pion
production threshold, such a reconstruction was re-
alized by the method of the so-called ‘“modified’’
phase-shift analysis, the reconstruction being fur-
thermore unique for a number of energy values.

The phase-shift analysis method is effective in
the region of not very large energies, when the
number of phases to be determined is small and
the inelastic processes do not play an essential
role. With increasing energy, the number of
phases to be determined from experiment in-
creases. In addition, at colliding-particle energies
much higher than the pion production threshold, the
scattering phase shifts and the mixing parameters
become complex. Detailed information on the pion
production mechanism is essential for a reliable
phase shift analysis in this energy region.

The general method for reconstructing the scat-
tering matrix, free from additional hypotheses of
the phase shift analysis, consists of determining
the scalar functions that characterize the scatter-
ing matrix directly from the experimental data on
elastic scattering at fixed values of the energy and
scattering angle. This method makes it possible to
reconstruct the scattering matrix accurate to a
common phase shift. Within the region below
threshold of pion production, the common phase is
determined by the unitarity relation.

The method of direct reconstruction is appar-
ently used to best advantage at energies greatly
exceeding the pion production threshold.!) Since

1)The reconstruction of the moduli of the scalar ampli-
tudes was carried out for 640-MeV protons in [1, 2]. The rel-
ative phases of the complex amplitudes were determined am-
biguously, since the required number of experiments was not
performed.

the nucleon-nucleon scattering matrix is charac-
terized in the general case by five scalar ampli-
tudes, it is necessary to measure for their deter-
mination at least nine quantities. Since the ob-
served quantities are expressed in terms of sca-
lar amplitudes bilinearly, additional measure-
ments must be used for their unique determination.

The first to call attention to the possibility of
direct reconstruction were Puzikov, Ryndin, and
Smorodinskii’,[“ Smorodinskif,'*! and Schumacher
and Bethe.!%! Schumacher and Bethe have shown
how, to determine uniquely all five amplitudes of
the scattering matrix (accurate to a common
phase) by measuring, at a given scattering angle
and energy, the differential cross section, the de-
polarization, the depolarization-tensor components,
the polarization transfer, and the polari’zation
correlations (a total of 11 quantities). Simplifica-
tions of this procedure, in measurements of the
polarization tensors of third and fourth orders,
were recently considered by the authors'®) and by
Winternitz, Lehar, and Janout. "}

In this paper we show how to reconstruct the
nucleon-nucleon scattering matrix in the relati-
vistic case. Direct relativistic relations are ob-
tained between the measured quantities and the
components of the polarization tensors in the
c.m.s. The formulas needed for a unique recon-
struction of the nucleon-nucleon scattering matrix
from measurements of the components of polariza-
tion tensors of rank not higher than second are
given. Different variants of the reconstruction
procedure are considered. We consider the scat-
tering of neutrons by protons. Formulas are ob-
tained for the reconstruction of the scattering
matrix of nucleons by nucleons in a state with
total isotopic spin equal to zero. It is assumed
here that the scattering matrix in the state with
total isospin equal to unity is reconstructed from
data on the proton-proton scattering. In the non-

relativistic case the question of reconstruction of
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the nucleon-nucleon scattering matrix from data
on np and pp scattering at fixed values of the
angle and energy were first considered by Golovin,
Dzhelepov, Nadezhdin, and Saratov'®’ and by
Kazarinov.t?’

1. SCATTERING MATRIX

The nucleon-nucleon scattering matrix M(p’, p)
(p and p’ are the c.m.s. momenta of the incident
and scattered particles), satisfying the require-
ments of invariance against rotations, space re-
flections, and time reversal has, as is well
known, %7 the following general form:

M(p’,p) = (u+v) + (u — v) (o1n) (02m)
+ c[(em) + (o2n)] + (& — &) (61m) (02m)
+ (g+ £) (o1) (e2l). (1)

Here u, v, ¢, g, and h are complex functions of
the energy and of the scattering angle 6 in the
c.m.s., and the vectors 1, m, and n are defined
as follows:
_ Pty
[p"+p|’

]
[lpp]]
(2)*
From the Pauli principle, the matrix for proton-
proton scattering satisfies the conditions

M(p',p) = —P(1,2)M(—p,p) = —M(, —p)P (1, 2).

(3)
where P(1, 2) = Y/,(1 + 0,- 0;) is the operator of

spin-variable permutation. It follows from (3) that
in the case of pp scattering the scalar amplitudes
have the following symmetry properties:

u(mw—0) = —u(0), h(x—0) =hr(0),

m = .B,;P—-, n = [Ilm] =
|p"—p|

c(n—0) = c(0), v(m—0)=—g(0). (4)

By virtue of the isotopic invariance, the
neutron-proton scattering matrix is

My (p',p) = "L (D, p) + 'LAo (D, p), (5)

where M, (p’, p) and M;(p’, p) are the scattering
matrices in states with total isospin I =1 and

I =0, respectively, and p and p’ are the momenta
of the initial and final neutron in the c.m.s. From
the generalized Pauli principle it follows that
(i=1,0)

M(p',p) = (—1)iP(1,2) Mi(—', p)
= (—1)Mi(p, —p)P(1,2). (6)

*[pp'] = p x p'.
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The matrices M;(p’, p) have the general form
(1). From (6) we obtain the following symmetry
conditions:

ui(n—0) = (—1)u;(0),
ci(m—0) = (—1)"¢;(0),

hi( — 8) = (—1)+1(6),

vi(n—0) = (—1)7g;(0).
(7)

2. MEASURABLE QUANTITIES

We determine here the quantities that are
me. .surable in the relativistic case and obtain the
connection between these quantities and the com-
ponents of the polarization tensors in the c.m.s.
All the relations obtained in this section are valid
for both pp and np scattering.

The spin density matrix of the final state in
the c.m.s., as is well known, is

p = M(p’, p)pod*(p’, p). (8)
Here p, is the initial density matrix:
po = "2(1 4 61P1) 1/2(1 + 62P2) 9)

(P; and P, are the polarization vectors of the in-
cident nucleons and target nucleons, respectively).
We shall assume that the density matrix (8) is nor-
malized such that

Spp = o, (10)

where o is the differential cross section of the
scattering in the c.m.s.

We denote by a; and b; arbitrary unit vectors
in the l.s. The projection of the polarization vec-
tor of the scattered particles (particle with a mo-

mentum p’) on the direction a.'l, measured in the
1.s is[11—14]
.S.,

o a;” = o1 Spoi(a;’) rp. (11)

Here (a7)R = R,(Q)a%, and Ry(Q’) is the operator
of rotation about the normal n through an angle

Q' =6 - 2607 (6; is the scattering angle in the
1.s.). Similarly, the projection of polarization of
the recoil particles on the direction b’, measured
in the l.s., is

(o 1b;” = 671 Spo2(b;”)rp, (12)

where (b])r = Rp(Q”)b}, Ry(Q") is the operator
of rotation about the normal n through an angle
Q" =2¢; — ¢ (¢ is the recoil angle in the l.s.,
and ¢ =m — 6 is the recoil angle in the c.m.s.).
We note also that the experimentally measured
(a7, b’é)—component of the polarization correlation
is equal to

< (0’181') (0‘21)[”) >1= 07'Sp (o4 (al’) r) (o2 (b l”)n)p,
(13)
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We introduce in the l.s. the following three
orthonormal vector systems:

n,;, k;, 5] = [nLkL]§ (14)
n;, k;, si"=[mk]; (15)
n, ki, 817 = Inky”]. (16)

Here kj, kj, and k7 are unit vectors in the di-
rections of the momenta of the incident nucleon,
scattered nucleon, and recoil nucleon, respec-
tively, and n; =[k; % k;1/|lk; X k]| is a normal
to the scattering plane (n; =n). The experimen-
tally measured polarization vector of the scattered
particle (recoil particle) will be characterized by
the components in the system (15) (the system
(16)). The polarization of the incident nucleons
and the polarization of the target nucleons will be
characterized by components in the system (14).
The polarization tensors of first and second rank
are defined as follows:! % %1

1 1
P; = __Sp oy MM+ = ——Sp 0o MM+, (17)
4oy pot 409 pox
q 1
A; = — Sp MoM+ = —— Sp Moy M+, (18
‘ 409 b 400 pioe )
1 . 1
Dip = -~—Sp o1:MoyM+ = —— Sp o2 Moz M+, (19)
40, 40
1
Ky = —Sp oMo M+ = L Sp oM oo M, (20)
4oy 400
1 1
Cir = —~-Sp 01;,0uMM+ = — Sp o100 MM+, (21)
400 10y
1 1 :
Az’k j— ——SpMoiiGZkM+ = —SpMclkGZiM+- (22)
40, 40

These quantities are connected by the well known
relations

P; = A; = Pn;, Cin(p’, p) = A’ih(_pv :—P/)-

In the foregoing expressions o) = 1/4 Sp MM* as
the differential cross section for the scattering of
polarized particles, P; and A are the polariza-
tion and asymmetry vectors, Djix and Kji are the
depolarization and polarization-transfer tensors,
and Cji and Aj) are the polarization-correlation
and asymmetry tensors.

We proceed now to determine the experimentally

measurable parameters. Using invariance consid-
erations, we obtain the following expression for
the differential cross section for the scattering of
a polarized beam by a polarized target

op,p. = 0o[1 + P(Piny + Pony) 4 Ann(Piny) (Pany)
+ Ass(Pisy) (Post) + Apn (Pik 1) (Poky)
+ A ((Ps) (Poki) + (Piki) (P2sy)) ],

Aab = (al)iA'ih (b l) R

The quantities App, Agg, etc. can be measured
directly in experiment, To determine Agg, for ex-
ample, it is necessary to measure the cross sec-
tion for the scattering of a beam with polarization
P, = Py;s; by a target polarized in the direction
s; (P, = Pysy). It is easy to relate these quantities
to the components of the tensor C;i in the c.m.s.
Recognizing that

n; = n, k; = k, s} == 8, (24)

where k =p/|p| is a unit vector in the direction
of the c.m.s. momentum of the incident nucleon
and s =n X k, we obtain

Ags = Cp — Cpnsin B — C_cos 0,
Aprn = C+ + Cpp sin 0 4 C- cos 6,

Ash - “Clm, cos 0 + C- sin 9, (25)

where
Cy = Y2(Cy + Ciim),

It is obvious that the component C,, is measured
directly in the experiment, with

C_= 1/2(Cll - Cmm)o

Apn = Chn. (26)
The remaining components are
Cy = Y2 (Ass -+ Ars),
Cim = —Ag c0s 0+ 1/5(Apr — Ag) sin b,
C_ = A sin 0 + 1/ (Apr — Ass) cos B. (27)

The components of the tensor Cji can be de-
termined also by measuring the nucleon-polariza-
tion correlation when unpolarized particles are
scattered. In experiment one measures the com-
ponents Cp, and the following quantities:

Cysr = (81 )riCin (8" )RRy Cor = (8") RiCin(K1”) rh,

Crsr = (k") riCin (81" )RRy Crnr = (k1") riCin (K1) .

(28)
Let a be an arbitrary vector. It is then obvious
that

Rn(Q)a = (an)n(1 — cos Q) + acos Q -+ [na] sin Q. (29)

With the aid of (29) and (24) we easily obtain
(k;)r = Rn(Q)ki’ = lcos a + msin a,

(5;)r = Ru(Q')s;” = —1sin a + m cos q,
a=0/2—0,. (30)
Similarly we obtain
(k;")r = Ra (Q")k;” = —lsin o’ — m cos o,
(81" r = Rn(Q")s;” = lcos @’ — msin o,
o =¢/2—g,. (31)
We note that in the nonrelativistic limit (o = o’
=0)
(kiYe=1  (si)r=m, (k) )r=—m,(s;")r=1
(32)



596

Using (30), we obtain the following expressions for
the experimentally measured quantities (28):

CS’S” = '—C+ sin ((l + O.I)
+ Cim cos (o — o) — C_sin (a — o),
Copn = —Cy cos (a + a’)

+ Cim sin (a — @’) + C—cos (& — a’),

Crrs» = Cy cos {n + a')
+ Cimsin (@ — ') 4+ C—cos (a — o),
Cppn = —C+ sin ((1 -+ 0.,)

— Cimcos (a — ') 4+ C—sin (a — a’). (33)

It is obvious that the observed quantities (28) are
connected by the following relation:

(Cssr + Crmn) | (Conr — Crogr) = tg (0 + o). (3D*
We express Ci, C_, and Cj,, in terms of the ob-
servable Cgrgn, Cgryn, and Cprgn. From (33) we
get
Cy = (Cpgr — Cypn) [ 2c0s (o + '),
C_ = 13(Cypr + Cuig) cos (a — a’)
— [Cowr+ 'atg (@ + @) (Crer — Conn) Jsin (a — o),
Cim = f2(Csnr + Crwgr)sin(a — a’)
+ [Cow + Hatg(a + @) (Crwr — Con) Jcos (@ — a').
(35)
We now proceed to consider the polarization oc-
curring when one of the initial particles is polar-
ized. Let the polarization of the incident nucleon
beam P; differ from zero, and let P, = 0. From
invariance considerations it is obvious that the
components of the polarization of the scattered
particle, measured in the 1.s., are
O'P,<O'1>LIIL = 0'0(P + Dnn(Pin )),
apfop ki’ = 0o(Drn(Piki) + Drs(Pisy)),
O'P,<0'1>lS[/ = 0o(Dsn (Pik1) + Dys(Pisy)).

(36)
Here
Dnpn=0D = (nl)‘iD‘ih(nl)ky Dys =R = (Sll)RiDik(sl)hv
Dy = A = (81)riDir (k1) r, Drs = R" = (ki") riDin (81 )1,
Dyp = A’ = (k") riDin (k1)1 (37)

are the known Wolfenstein triple-scattering param-
eters, determined with allowance for relativistic
rotation, ' 14 and op, is the differential cross
section for the scattering of a polarized beam by
an unpolarized target. From (23) we get

op, = 0o(1 + P(Pm)). (38)

*tg = tan.
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Let us express the measurable quantities (37)
in terms of the component of the tensor Djy in the
c.m.s. With the aid of (30) we get

0 . 0
Ds’s=D+COS (a—l——z-\J—Dlmsm(a—l-E)

0
—D-cos(a-——5>,
. 0 8
Ds'k == —D+ Sin ((1 +—2—> _Dlm 005(\ o +§_>
0
—D_sin(a—5>,
Dis = Dy sin (a+9\,+plmc‘os(a+ﬂ)
Mo PN T 2 Ty
D_sin| _E)
—D_sinfa—- ],

0 0
Dy = D4 cos (a +—2—\ — D sin( o —}—-2—)

—}—D-.cos(a—g) , (39)

where

Dy = 12(Du+ Dmm),  D-=*[2(Du — Dmm).

It is easy to show that the four measurable quan-
tities (36) are related as follows: 14

(Do + Dwss) | (Dwm — Do) = tg 8. (40)

Let us express D., D_, and Dj,, in terms of the
measurable parameters Dgrg, Dgri, and Dyrg.
From (39) we obtain

D_ = *1/2(05';; + Dh's) /sin(a — 9/2),
Dy = —3(Dgr — Dpss)sin (o + 6/ 2)

+ [Dss — /2(Dsn + Dws)ctg(a — 6/ 2) Jeos(a + 6/ 2),
Dy = —2(Dgr — Dpss)cos(a + 0/2)

- [Ds's - ’/2(Ds'k + Dh’s)Ctg(U- —0/ 2)]

X sin(a + 0/2).

It is obvious from (19) that the components of
the depolarization tensor Dji can be determined
also by measuring the polarization of the second
particle (recoil particle), produced upon scatter-
ing of an unpolarized beam by a polarized target
(Py =0, Py #0). Using considerations of invari-
ance against rotations and reflections, we obtain

(41)

0P2<02>[nl = 0'0(P "J(— Dn"(Pzn‘l)),
0'p2<0'2>1k1” - O'O(Dk“k(szL) + Dh”s(stL))y
0p.(022181"" = 00(Dgn (P2k1) + Dyns(Pss1)). (42)

Here
Dyop = (k") riDin (K ) g, Dyrs = (k") riDir (S 1),

Dy = (s1”)riDin(k1)n,  Dsus = (82"")riDir(s1)n. (43)
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From (19) and (31) we obtain the following expres-
sions for these quantities
Dg»s = —Dy sin (¢ — 0/2) + Dy cos (o’ — 0/2)
+ D_sin (¢’ +6/2),
Dy = Dy cos (¢/ —0/2) + Dy sin (o/ — 0/2)
+ D_cos (o' + 0/2),
Dyong = —Dy cos (& — 0/2) — Dim sin (a" — 0/2)
+ D—_cos (o’ + 0/2),
Dyrp = —Dy sin (@' — 0/2) + Dyn cos (o — 0 /2)

— D_sin (¢/ +0/2).. (44)
The quantities (43) are related by
(Dsn + Dprs) | (Dsrs — D) = tg @1. (45)

We note that in the nonrelativistic limit the
measurable quantities (37) and (43) are connected
by

Ds’s == Dms == —Dk”Sy Ds’k - Dmk == _Dh”k,

Dyprs = Dig = Dg1s,  Dpp = Dim = Dsip. (46)

The components of the depolarization tensor in
the c.m.s. are expressed in terms of the meas-
urable quantities (43) as follows:

D_ = (D + Dpas) [2cos (o' +6/2),

Dy = 3(Dswp — Dyrs) cos (o —0/2)
— [Dyrs — o (Dyn + Dyrs) tg (o' +6/2)]
X sin (¢’ —0/2),

Dim = 1/2(Dsry. — Dyrss) sin (o/ — 0/2)
+ [Dsrs — 2 (Dson + D) g (o +6/2)]

X cos (' —0/2). (47)

As is well known, measurement of the nucleon
polarization in the energy interval from 20 to
100 MeV is made difficult by the lack of analyzers
with sufficient analyzing ability. This means that
when experiments with polarized beams are set
up, the components of the tensor Djj cannot be de-
termined in the entire angle interval, It is obvious
that this difficulty does not arise if we determine
the depolarization tensor Bjj in the c.m.s. by
means of experiments with both a polarized beam
and a polarized target. In addition, as seen from
(41), to determine any of the components of the
tensor Dji (except Dp,) in polarized-beam exper-
iments it is necessary to carry out difficult meas-
urements of the longitudinal polarization of the
scattered particle (the parameter Dysg). The use
of a polarized target would replace these experi-
ments by simpler ones, in which the transverse
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polarization of the recoil particle would be meas-
ured. From (39) and (45) it is obvious that the
components Dj;, Dyym, and Dy can be deter-
mined by measuring, for example, Dgrg, Dg/y,
and Dg”g. We obtain
Dy = —A-'[(Dys sin 6 + Dy cos 8) cos (a + a’)

+ Dgssin (@’ — a) + Dsns cos 2a],
Dy = A~1[(—Dy:s cos 0 + Dy sin 0) cos(a + a’)

~+ Dys cos (o — a) -+ Ds.s sin 2a],
D_ = —A~"[Dyssin (a + a’) 4 Dy cos (a+ o) + Dgns],

(48)

where
A = 2cosi(a -+ a’) sin (a—0/2).

We proceed to consider the polarization-trans-
fer tensor Kj.. Let a polarized beam be scattered
by an unpolarized target (P; # 0, P, = 0). For the
experimentally-measured polarization components
of the recoil particles we obtain the following ex-
pressions:

op, 62> 1n; = 06o(P + Knn(Piny)),
0'p, <0'2>lkl" — Go(Khnh(Pﬂ{ l) —i— Kh,,s(Pis l)),

op, <0218 = 0o(Ken(Pik1) + Kers(Pss)). (49)

Here
Ko = (a1 )Y riKin (b ) n;

a7 and b; are the vectors made up of the triads
(16) and (14) respectively. It is obvious that the
relations between these quantities and the compo-
nents of the tensor Kji, and also the inverse re-
lations, can be obtained from (44) and (47) with the
aid of the substitution

Doy — Komy,  Dip = Kin.

The components of the polarization-transfer
tensor Kjk can be determined also by measuring
the polarization of the scattered particle during
the scattering of an unpolarized beam by a polar-
ized target (P; =0, P, #0). From invariance con-
siderations we obtain

op, {600 = 0o(P + Knn(P:ny)),
op, <6121k = 0o (Kpp, (Pok,) + Kris(Pasy)),
op, o 151" = 0o(Ker (P2k 1) + Kos(P2si)),
where

(50)

Ko = (a1")riKin (b1) .

Making the substitutions Djx — Kji and Dy’

— K,/p in (39), we obtain relations between these
quantities and K,, K_, and K;y,. By means of the
same substitution we obtain from (41) the inverse
relations.
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In conclusion we present expressions for the
differential cross section o, of the polarization P
and the components of the tensors Djk, Kjk, and
Cik, calculated with the aid of the scattering ma-
trix (1):

oo =2([ul*+ [v]2+ |c|> + |g|2 + |A]?), (51)
ooP = 4 Re cu’, (52)
0oDnn = 2(u|>+ [v|* + |c]2— [g]* — |2]?), (53)
60Dy = 4 Re uv®, (54)
0D_ = 4 Re gh", (55)
6oDim = 4 Im cv", (56)
ooKnn = 2(Jul2— [o]2 4 [c[2+ [gl2— [B[),  67)
00K+ = 4 Re ug", (58)
0oK— = 4 Re vh”, (59)
00Kim = 4 Im cg", (60)
0Can=2(lul2— [0} + [c]2— |g[s+ []5), (6D
00Cy+ = 4 Re vg", (62)
60C— = 4 Re uh", (63)
00Cim = —4 Im ch". (64)

3. DIRECT RECONSTRUCTION OF THE
NUCLEON-NUCLEON SCATTERING MATRIX

With the aid of the formulas obtained in the
preceding sections we can determine in the rela-
tivistic case, from the experimentally measured
quantities, the components of the polarization ten-
sors in the c.m.s. We can then use relations (51)-
(64) to express the amplitudes u, v, ¢, g, and h in
terms of the cross section oy, the polarization P,
and the components of the polarization tensors
Djk, Kijk, and Cjk. As already noted above, the
direct reconstruction of the nucleon-nucleon scat-
tering matrix from the experimental data at a fixed
angle and energy were considered by Schumacher
and Bethe.!%) we generalize here the method pro-
posed by them.

As seen from relations (51), (53), (57), and (61),
the differential cross section ¢, and the normal
components Dp,, Kpp, and Cpp are expressed in
terms of the squares of the moduli of the ampli-
tudes u, v, ¢, g, and h. From this we get

lg]2 = /500 (1 + Knn — Dpn — Cnn),
[7]2 = 1/s00(1 — Kpnn — Dyp + Cnn),
[0]2 = Y500 (1 — Knn + Dnn — Can),

lu|?+ |c|> = /s00(1 + Knn + Dun + Cnn). (65)
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It is obvious that the scattering matrix can be
reconstructed from (51)—(64) only accurate to a
common phase factor. This means that one of the
amplitudes can always be regarded, during the re-
construction of the scattering matrix, as real and
positive. We shall assume that the amplitude c is
real and positive (this means that we are recon-
structing the matrix exp (—i@o)M(p’, p), where
¢ is the phase of the amplitude c). We then ob-
tain from (52), (64), (56), and (60)

1 1
Reu=—0oP, Imh=—0Cp,
4¢ 4e

Imv=—--0Dim, Img=— 1 oK. (66)
4¢ 4¢

We now determine the amplitude c. To this end
we use the relation

l#[?]y[>— (Re zy")? = |z|*(Im y)* + |y|?(Im z)?

—2Rezy*Imz Im y, . (67)

which is valid for any two complex numbers x and
y. Choosing for x and y the amplitudes g and h,
we obtain with the aid of (66) the following expres-
sion for c%

_|g|?M2—|h|>N*— 2 Re gh* MN
|g|?[A]>— (Regh®)>

2

(68)

Here

M = /,0¢Cim, N = —1/,00Kim,

and |g|%, |h|?% and Re gh* are given respectively
by the expressions (65) and (55).

For a complete reconstruction of the scattering
matrix it is necessary to determine only the signs
of Im u, Re H, Re v, and Re g. The relative sign
of Re g and Re h can be determined from

Re gh” = 0)D-=RegReh +ImgImh.  (69)
With the aid of (54) we can determine the signs of
Im u and Re v. Any of the remaining unused equa-
tions makes it possible to eliminate the remaining
unambiguity. Other variants are also possible,
namely, we determine with the aid of (58) or (63)
the signs of Im u and Re g (or Im u and Re h),
after which the sign of Re v can be determined
with the aid of (54) or else (59), or else (62). Thus,
for a unique reconstruction of the nucleon-nucleon
scattering matrix it is necessary to know with
sufficient accuracy 11 quantities in the c.m.s.

It is obvious that the accuracy with which the
scattering matrix is reconstructed by our method
depends on the accuracy with which the amplitude
¢ is determined. In this connection, let us obtain
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other expressions for c?. Choosing for x and y in

(67) the amplitudes g and v, we obtain

o |81*L2+|v|* N2 — Re go* LN (70)
[¢[*[v]? —(Regv®)>
where L = ~Y%,0Dyyy. We obtain similarly
. |h|* LA+ v |2 M? — 2Re hv” LM (71)

|7 |2|v]2— (Re hv*)?

in the case when x and y in (67) are chosen to
be h and v.

Finally, we can make the amplitude u real and
positive, and reconstruct from the experimental
data the matrix [exp (—igy)| M(p’, p) (¢ is the
phase of the amplitude u). From (52), (54), (58),
(63),we then obtain

Rec = 4% g, Rev= %UGUUJr,
Reg = -1~ 0Ky, Reh= i oo _. (72)
4u 4u
To determine u we use the relation
l21*ly]? — (Rexy”)? = |2|*(Re y)? + |y[*(Re z)?
— 2Re z Rey Re zy”, (73)

where x and y are arbitrary complex numbers.

With the aid of (72) and (73) we obtain the following

expression for u?:

_ |g[2M2+|h|> N2 — 2 Re gh” M,
|g[*|7|* — (Re gh")*

u2

(74)

’

where

My =,00C_, Ny = Y,00K,..

For a unique reconstruction of the scattering
matrix it remains to determine the signs of Im c,
Im v, Im g, and Im h. The relative signs of Img
and Im h are obtained from (55). The signs of
Im ¢ and Im v can be determined from (56). The
remaining uncertainty can be eliminated with the
aid of any of the relations unused so far. (Other
variants are: use (66) to determine the signs of
Im ¢ and Im g, or else (64) to determine the signs
of Im ¢ and Im h, after which use (56), or (59),
or (62) to determine the sign of Im v.)

In conclusion we present other expressions for
u?, obtained with the aid of (72) and (73):

L |o2M2 |h|2Lé — 2 Re vh" M, Ly

(75)
[v|?|h]2 — (Re vh*)?

IU | 2N2 4 [é’ | 22— Revg™No Ly

76
o128 ]7 = (Ro og")? o)

2 —
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Here
LI — 1/4GoD+.

It is clear that different variants of the reconstruc-
tion of the scattering matrix should be used in dif-
ferent energy and angle regions.

4. SCATTERING OF PROTONS BY PROTONS

In the case of proton-proton scattering, the am-
plitudes u, v, ¢, g, and h satisfy the symmetry
conditions (4). The pp-scattering matrix is speci-
fied, consequently, by the amplitudes u, v, etc. in
the interval 0 < 6 = 7/2, It is obvious that the
identity of the particles leads also to symmetry of
the observable quantities. Using the conditions (3),
we find that the polarization tensors in the c.m.s.
satisfy in the case of pp scattering the following
relations:

Pi(p,v p) - pi(iplv p)a
Ca(p', p) = Cin(—p", p).

For the experimentally measured quantities in
Sec. 2 we obtain

Dik (plv p) = Ky (_p,» p) ’
(77)

P(0) = —P(x—0),
Ann(8) = Apn(nw—0),
A4 (6) = Ay (m —0),
A (0) = —Ag(n —0),
Coen(8) = Corv (71— 0),

Conr(8) = —Crar(m—0),
Cuar(0) = —Conn(ix —0),

Dy (e) = Knn (JT - 6),

Dyis(0) = Kens(n —0),
DS’R(O) - —[\’s”h (ﬂ: - e)
Dh’s(e) — _[\’h”s(ﬂ - 9)1

Dgni(8) = Kos(n — 8),
D, (6) == ——Ksrh(ﬂ — 6),

Dk"s(e) == —[\VR'S(JT — O)

(78)

In connection with these relations, we make the
following remark. If the incident photon beam is
polarized, then the polarization of particles with
c.m.s. momentum p differs in the general case
from the polarization of particles with momentum
—p. It is obvious that the measurement of the po-
larization of protons emitted in the c.m.s. at an
angle 0 (0 = 0 = 7/2) makes it possible to deter-
mine Dgy/p(6), while measurement of the polariza-
tion of protons emitted in the c.m.s. at an angle
T — 6 makes it possible to determine Kynp. In
the case of an unpolarized beam and a polarized
target, measurement of the polarization of the pro-
tons emitted at an angle 0 in the c.m.s. (0 <86
< m/2) makes it possible to determine Ky/,(6),
while measurement of the polarization of protons
emitted at an angle 7 — 6§ makes it possible to de-
termine Dyrp. The particles emitted at c.m.s.
angles 0 and m — @ have different energies in the
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l.s. The analyzing ability of the analyzer-targets
depends on the energy of the particles incident on
the target. This means that the determination of
the components of the depolarization and polariza-
tion-transfer tensors can be greatly simplified if
experiments are made not only with a polarized
beam but also with a polarized target.

5. SCATTERING OF NEUTRONS BY PROTONS

By virtue of isotopic invariance, the neutron-
proton scattering matrix is equal to half the sum
of the scattering matrix in the states with total
isotopic spin I equal to unity and zero (see (5)).
While experiments on the scattering of protons by
protons reconstruct the nuclear scattering matrix
in the state with I =1, My(p’, p), experiments on
np scattering must be used to reconstruct the ma-
trix My(p’, p). This matrix, owing to the symme-
try conditions (7), is specified by the amplitudes
ug, Vo, Cy, 8y, and hy in the interval 0= 6= 7/2.

Let us consider observable quantities. The dif-
ferential cross section for the scattering of unpo-
larized neutrons by unpolarized protons is

0np(0) = 1401=1(8) + i01=0(8)

+ !/sRe Sp My(p’, p) M+ (D', p). (79)
Here
o1=1(8) = /iSp My (p’, p) M+ (p', p),
o1=0(8) == 1/uSp Ms(p’, p) Mo+ (p’, p) (80)

are the differential cross sections for the scatter-
ing of unpolarized nucleons in states with I =1
and I =0 respectively (6 is the angle between the
initial and final momenta of the neutron in the
c.m.s.). From (6) we find that

01=1(6) = 07—y (0 — 0), O01=0(0) = Or—o(m — 0),

Sp Mi(p’, p) Mo+ (p’, P) = —Sp My (—p’, p) Mo+ (—P/, p).
(81)
Let us consider the cross section for np scat-
tering through angles 6 and 7 — 6. With the aid of
(79) and (81) we obtain

2[0np(8) + onp(n — 0)] = 0:1=1(8) + 01=0(0),
Onp (8) - Oﬂp(ﬂ - e) = Ojnt (9)

= 1/.Re Sp My (¢, p) Mot (p', p). (82)

Thus, measurement of the differential cross sec-
tion for the scattering of unpolarized neutrons by
unpolarized protons at angles 6 and 7 — 6 allows
us to determine (if opp(6) is known) the scatter-
ing cross section O1= (0) in the state with zero
isotopic spin, and the interference term Re Tr M;
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X (p’, P)M; (p’, P), in which the scattering ampli-
tude in the state with I = 0, which is of interest to
us, enters linearly.

It is obvious that in the region where Coulomb

interaction can be neglected we have
01=1(0) = 0pp(0). (83)

Using (5) and (6) we obtain for the state with I =0

the following expressions for the polarization and

the second-rank polarization tensors:?

2[0np(8) Pnp(8) — Gnp (st — 0) Prp(m — 0)]
— 01=1(0) Pr=1(8) = 01=0(8) Pr=0(6),
2[0np(8) Dix™? (P, P) + Gnp ( — 0) Kip? (—p’, p)]
— 01=1(0) D™= (p’, p) = 01=0(8)Dir’="(p’, D),
2[04p (8) Kir™® (p/, p) + Onp(n — 0) Din™? (—P’, P)]

— 01=1(8) Ka™=1(p, p) = 01=0(0) Kin'="(p p). (84)

Similarly we find that the interference terms are
equal to
075 (0) Prp(0) + Onp (% — 0)Pnp(w —8) = (0P) int

= '/iRe Sp (o) My (p’, p) Mo+ (0, p),
Gnp (0) Dir™? (P, p) — Onp(n — 6) Kin"P (—p’, p)

= (6Dx) int = */uSp Re ou:M;(p’, p) oMo* (p’, p),
Onp(8) Kin™ (P, P) — Onp(nn — 8) Dipn? (—p/, p)

= (0Kir) int = /s Re Sp o2 M (p’, p) oMo+ (p’, D),
Onp (0) Car™® (', P) — Onp(n — 0)Cir? (—p’, p)

= (0Cir) int = /s Re Sp oyi0aMy(p’, p) Mo+ (p’, p).

(85)

It is obvious that the cross section, polariza-
tion, and components of the tensors Djj, Kjy, and
Cik in the state I =0 are given by expressions
(51)—(64) (in which u should be replaced by ug,

v by v,, etc.). With the aid of (85) we obtain for
the interference terms the expressions

1/, Re Sp M\ Mo+
= 2Re (muo" + vivo” + c1c” + g180" + ko),
/s Re Sp (o1n) MiMy+ = 2 Re (wico® -+ uo’cy),
1/, Re Sp oMo Mo+ = 2[Re (u1u0" + vivo” + cico”
— £180" — hsho")niny 4 Re (uwo* + vine® + giho"
+ higo") lile + Re (uave® + vine® — gihe" — hugo®) mama

+ Im(e1v0” — vieo™) (Lime — mily) ],

2)Relations (82)—(86) were first derived (in a different
form) in[®].
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1/, Re Sp o2:Mi01a Mot = 2[Re (muo* — vivo*
+ cico” + g1g0" — hiho")ning + Re (uig0" + g1uo”
+ vihe" + hiwo") Ll ++ Re (10" -+ g1uo”™ — viho'
— hywo") mimp 4 Im (180" — gico®) (Limn — mily) 1,

1/, Re Sp oy;00MMy" = 2[Re (wiue” — v10" + cic0™ — g180"
+ hiho*) ning + Re (wiho® + ko + vige” + g1wo”) Lilk
4+ Re(—who" — ho” + v1go” + guwo”) mimy

— Im(crho™— haco”) (Limn + mily) . (86)

In conclusion we obtain formulas for the recon-
struction of the nucleon-nucleon scattering matrix
in the state with total isotopic spin equal to zero.
The matrix M;(p’, p) is assumed known. If we
measure at the angles 6 and 7 — 6 the differen-
tial cross section for the scattering of unpolarized
neutrons by unpolarized protons, the polarization
produced by collision of the unpolarized particles,
and the normal components of the tensors Djk,
Kik, and Cjk, then we obtain from (65) |v,|?, |g
Ihy %, and |ug|? + |cyl? (the corresponding quanti-
ties for pp scattering at the angle 6 are assumed
known; it is obvious that it is necessary to make
in (65) the substitutions |v|2—|v,|?%, |g|®> — g%
etc., Kpn — K52, Dpn — DInY, etc.).

It is convenient to introduce in lieu of the am-
plitudes u; and c,

I 2

s

ao = Uo + co, Bo = uo —co. (87)

We then get from (67) and (54)

I=0

|ao|2 = 1/s61=0(1 + Knn '+ D'+ Com’ + 4P1—0),

I=0

[Bo]2= Yso1=0(1 + Ky 4 Do+ Cln '— 4P,—y). (88)

We proceed to consider the interference terms.
From (86) and (87) we easily obtain

1/8(cint -+ (GDnn) int — (O'I(nn) int — (Gcnn) int),
Re hohi’ = ’/8(0; int — (UDnn) int — (O'Knn) int 'l‘ (Ucnn) int),
Re gog1" = 1/8(0 int — (6Dnn) int + (0Knn)int — (0Cnn)int),

Re ao04" = 1/8(0' int + (GD'Ml) int + (GKnn)int + (Ucnn) int
+ 4(0P) i“t)v

Re vovy* =

Re [3051' = 1/8(0' int + (O'Dnn)int + (OKnn) int

+ (Gcnn)int '—4(0P) int). (89)
Here
ay = uy + ¢y, Br=us—ecy

Thus, measurement of the differential cross
section, the polarizations, and the normal compo-
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nents of the depolarization, polarization-transfer
and polarization-correlation tensors at angles 6
and ™ — 6 makes it possible to determine at the
angle 6 the moduli of all five amplitudes in the
state with I =0, and the cosines of the phase dif-
ferences of the amplitudes v, and vy, hy and hy,
g, and gy, oy and o4, and B, and By.

In order to determine the signs of the corre-
sponding phase differences, it is sufficient to find
the signs of the imaginary parts Im v,v{, Im hyh}¥,
Im gygf, Im opaf, and Im ByBF. To this end, let
us consider other observables. Assume that we
have determined in the c.m.s. components of the
polarization-correlation tensor in the state I =0
and the corresponding interference terms (by
measuring the cross section for the scattering of
the polarized beam by a polarized target). With
the aid of (85) and (86) we get

Onp(8) C+"P(6) — Onp (7 — 0) C4+"P (1 — 6)

. . 2
= 2 Re (gov1" 4 vog1") = W (Re gog1" Re gyvy*

2
— Imgog," Im gyvy*) + ——

lo1]?
X (Rewvovs” Re vigy” + Im vovy* Im gyv4*). (90)
It is obvious that the absolute values of Im gygf
and Im VOVT are
[Tm gogi*| = [180]2|81]* — (Re gogs™)?] ™,
| Tm vevy*| = [|vo]2|vi|2 — (Re vovy*)2] " (91)

and consequently are known. Thus, relation (90)
takes the form

Aeg + Bey, = C, (92)
where
. — Im gogi* . — Im vevy*
& |Im gog1*| ’ v IIm UgUi*t ’

and A, B, and C are quantities defined by the re-
lations (90), (89), and (65) and the pp-scattering
amplitudes. From this we can obtain uniquely €g
and €y (exceptions are cases when one of the quan-
tities A, B, or C vanishes).

The signs of the imaginary parts Im gog’{ and
Im vyv{ can also be obtained from the relation

61—0Ci '=4Re vogo”. (93)

Indeed, it is easy to show that (93) can be written

in the form
A'eg + B'ey + Cegey = F/, (94)

where A’, B’, C’/, and F’ are known quantities.
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With the aid of (94) we can determine uniquely €g
and €y (with the exception of cases when F’ = C’
and A’ = -B’, or else F/ = —C’ and A’ = B').
Further, from the relation

an(B)C,mnP(e) — O’np(ﬂ — G)Clm"P (J'[ — 9)

= 2Im (focs” — achs™ 4 Poks™) (95)

we can determine in analogous fashion

. Imhohf
- |Im hohﬁl ’

Im (10(7,1'

_ Imagay __IE Bofs”
- ‘ Im (10(11* I ’

- | Tm Bofs” |

Indeed it is easy to see that expression (95) can
be represented in the form

€n Eq €p

A" -+ B"eq + C"eg = F”, (96)

where A”, B”, C”, and F” are known quantities.
From this we obtain €, €, and 63.3) We note
that €y, €4, and €g can be obtained from the re-
lations

Onp(8)C_P(8) + Onp(n — 0)C-"P (x — 6)
= Re (2hous” -+ aohy” =+ Boki”),

O'I=OC_I=0 =4 Re uohgﬂ, 0'I=OCl£n=0 = 4Im Co*ho. (97)

It is obvious that €g, €y, etc. can also be de-
termined if we know the components of the other
polarization tensors.

Finally, €g, €y, €p, €, and €g can also be ob-
tained with the aid of the quantities that are meas-
urable directly in the experiment. For example,
from

Onp(0) Ass"?(0) — Onp(n — 0) Ass™P (1 — 6)
= 2(Re (v1g0" 4+ g1v0") + Im (cihe™ — hyco™) sin B

— Re(who” -+ huo™) cos 0] (98)

we obtain a relation that contains linearly all five
quantities whose signs we must determine.

In conclusion we emphasize that owing to the
interference of the amplitudes with 1 =1 and I =0
in the expressions for the observable np scatter-

3)f F" coincides in absolute magnitude with one of the co-
efficients in the left side of (98), and the remaining two coef-
ficients also coincide in absolute magnitude, then ¢, €,, and
€ g cannot be uniquely determined from (98).
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ing, all 10 amplitudes are reconstructed accurate
to one common phase.

The authors are grateful to B. M. Golovin,
Yu. M. Kazarinov, and Ya. A. Smorodinskil for
useful discussions and remarks.
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