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Cerenkov and cyclotron decay of electromagnetic waves in an homogeneous magnetoactive
plasma is considered in the quasilinear approximation, with account taken of collisions be-
tween resonant particles responsible for absorption of the waves and the remaining particles
of the plasma. The velocity of the resonant particles along the magnetic field may be commen-
surate with or less than the thermal velocity. For three-dimensional wave packets it is shown
that in the absence of collisions the system finally reaches a steady state in which either the
oscillation energy vanishes or the distribution function has a plateau. In the case of Cerenkov
resonance, diffusion of particles on the waves in velocity space occurs only along the magnetic
field, whereas in the case of cyclotron resonance diffusion takes place along as well as across
the magnetic field. The distribution function is determined for the quasistationary state when
particle diffusion on the waves is balanced by collisions; the nonlinear decay decrement is

determined.

1. INTRODUCTION

AS is well known,' 1! the reaction exerted by an
electromagnetic field on the resonant plasma par-
ticles responsible for the attenuation of the field
leads tc deformation of the distribution function
and to a decrease in the damping decrement. In
the absence of collisions, a ‘‘plateau’’ is formed
on the distribution function, and the absorption of
the energy by the plasma stops. The collisions
Maxwellize the distribution function and this leads
to a certain quasi-stationary state of the distribu-
tion function, for which the damping decrement is
smaller than the linear damping decrement.
Cerenkov damping of Langmuir oscillations and
cyclotron damping of the extraordinary wave prop-
agating along an external magnetic field were con-
sidered in the quasi-linear approximation, with
allowance for the Coulomb collisions of the reso-
nant electrons with the remaining plasma parti-
cles, by Vedenov, Velikhov, and Sagdeev.!2) The
Cerenkov and cyclotron damping of the electromag-
netic waves propagating at an arbitrary angle to
the magnetic field were investigated by Yakimen-
ko.[31 These investigations concerned exponen-
tially small damping, due to resonant frequencies
with velocity v along the magnetic field much
larger than the thermal velocity. In these investi-
gations, the collision integral of the resonant par-

ticles with respect to the velocity component v
perpendicular to the magnetic field was averaged,
and in addition it was assumed that the distribution
function f(v], v)) breaks up into a product
f(v)f(vy). These assumptions, however, are in-
correct and therefore the expressions obtained in
these papers for the distribution functions of the
resonant particles and for the damping decrement
are only of the correct order of magnitude.

In this paper we consider the damping of elec-
tromagnetic waves and the quasi-linear approxi-
mation without the foregoing limitations.

2, FUNDAMENTAL EQUATIONS

The background distribution function of the res-
onant particles of species « is determined in the
quasi-linear approximation from the kinetic equa-
tion

0f [ 0t = L#(f*) + St= {f%}. (2.1)

The term L% (%), which takes into account ‘‘dif-
fusion on the waves,’’ is of the form!3!

Lo (f7) =

Z Z —R{vJ_é(b—l—n) | En’

(2.2)

— By (a) + Es :j In(a) ’ZRf“},
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where*
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wy = egBy/myec is the gyrofrequency of particles
with charge ey and mass m, in an external mag-
netic field By, Jy(a) and Jj(a) are a Bessel func-
tion and its derivative, k| and k|| are the compo-
nents of the wave vector k perpendicular and par-
allel to B, respectively, w = w(k) is the frequency
of the oscillations, determined from the dispersion
equation of the linear theory, and Ej is the Fou-
rier component of the electric field intensity.
Equation (21) was derived for rather broad wave
packets such that there are no captured parti-
cles'!) and the damping decrement is sufficiently
small:

y<|o — kjpe — noq),

where vqg = (Ta/ma)1/2 is the thermal velocity of
the particles of species «.

The interval of the Coulomb collisions St®{ff}
is of the form!'4!

2meq2A 8nffp 1 o=
St {ff} == — ——— 2 [__
{f } ﬁg-"e ieﬂ mg Mg, ij avk
02ys [ 1 1 ) of* J*yh 2.3)
al)j al)h Me meg 61;]- allj avhz ’ :

where A is the Coulomb logarithm and
e — S (v

N |v—v'|adv'.

For narrow wave packets (Ak < k), when the num-
ber of resonant particles is small, vy < v <v, and
Av =vy; — vy < v, we can neglect the collisions
between the resonant particles. In this case the
collision integral becomes simpler. For resonant
electrons with velocity v, much larger than the
thermal velocity v; of the ions, the collision inte-
gral is written in the form

ey — 0 o(ff —1w)
St {fﬂ} - 611”{ 61;" }
. exp(—v¥/2vs)
fM - (Zn)% U93 , (2.4)

where f 1‘%/[ is the Maxwellian distribution function

me2 ve3

= —— 2.5
2netAng ’ (2.5)

ve3 az‘yM
D, =2 )
¢ Te ( V3 oy

k. E]=k, xE,.
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+[ (vez;}_vz) ](D('V;Ue)’

O (z) = ViR { evar.

0

(2.6)

The first term of D, in (2.5) takes into account
the collision of the resonant electrons with the
ions and the second, with the electrons. If V|| ® Ve,
then the diffusion coefficient (2.5) takes the form

= (2v3/ teU?) (v12 + ve?). (2.7)

The collisions of resonant ions with the elec-
trons can be neglected. We then obtain

Sti {f1} = { a(f’(;;”fmf)}

where 7¢ = m?v?/ZwéAno, and \I/iv[ is determined

by expression (2.6), in which v, must be replaced
by vi. When v > vj, expression (2.8) simplifies

to

D =i (v tevyf) (v? + 202). (2.9)

In the derivation of the collision integral (2.4)-
(2.8) it was assumed that the electron and ion dis-
tribution functions in the resonant region (but not
their derivatives with respect to v|) differ little
from Maxwellian distributions, and we neglected
the quantities 8(f% — ff/[)/avl ~ (t% - fﬁ‘/[)/va com-

pared with 8(f“ — fy7)/ov) ~ (f* — f§1)/Av.
The time dependence of the oscillation ampli-
tude is determined from the equation

0| Ex |2/ 0t = 2yx|Ex|?, (2.10)

where the damping decrement vy is determined by
the linear-theory dispersion equation, in which the
distribution function is taken from (2.9).

As follows from (2.1) and (2.4)—(2.8), the re-
laxation of the distribution function in the resonant
region, due to collisions, occurs when v| ~ v,
during a time of the order of

Trel ~ Tc (AU/UG)2<TC-

In the absence of collisions, as can be readily
shown, the ‘‘diffusion on the waves’’ leads to es-
tablishment of a certain stationary state.Let us
multiply Eq. (2.1) by f¢ and integrate over the
velocity-space volume occupied by the resonant
particles. We then obtain
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e

7] o2 nl,
R ) 2 _—— " 2. — i 4
at S (f%)2dv lmmlmmzS dvk% (#7%) lEi el
40 2
+E3_U_]1|, 8(b+n)y<<O. (2.11)
L

It follows therefore that inasmuch as f(fa)z dv
>0, wegetas t —

i}

— § (rav=0.

Then we obtain from (2.11) either
|Esnln | a — iEs]n’ + EsvyJy [vy |2 =0,

or
Rf* =0

(w =kyv)| + nwg). Since the quantity yj is propor-
tional to the anti-hermitian parts of the tensor €ij>
which have the form of integrals of Rf% with re-
spect to v; at w = Ryv|| + nwg," * we get in the
final state yi =0 or |Ei[* =0. Thus, in the ab-
sence of collisions the quasi-linear relaxation
leads either to the damping of the oscillations, or
to the formation of a state with a ‘‘plateau,’’ in
which Rf%= 0. This result was obtained by Andro-
nov and Trakhtengerts for narrow one-dimensional
wave packets.[“ The quasi-linear relaxation of
longitudinal oscillations of a plasma in a magnetic
field was considered in '™},

As shown in 81 the state in which Rf% =0 is
generally speaking unstable. The examination car-
ried out on the present work pertains to the initial
state of quasi-linear relaxation, when instabilities
of this type have not yet time to develop.

3. CERENKOV DAMPING

Let us consider first Cerenkov absorption of
narrow wave packets propagating at a certain an-
gle ¢ to the magnetic field in a low-pressure
plasma (4myT, < B% ), when the wavelength is
much larger than the Larmor radius of the parti-
cles with thermal velocities (kvy, < wg). The con-
dition for Cerenkov resonance, w = kj;v|, can be
satisfied only for slow waves (w/k) < c¢). In a mag-
netoactive plasma such waves are longitudinal
electrostatic oscillations, and also the Alfven and
fast magnetic-sound waves. % Since the phase ve-
locity of these waves is much larger than the ther-
mal velocity of the ions, it is sufficient to take in-
to account the absorption of the energy of the
waves by the plasma electrons only. (Exceptions
are only the Alfven wave in the region of low fre-
quencies, w < wj, and the fast magnetic-sound
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wave at 4 < 1 and w < wj, which attenuate weakly
even when w/k| ~ v;. However, we shall not con-
sider these cases.)
Retaining in (2.2) only one term with n =0, we
represent (2.1) in the form
afe 7} D afe

ot =av" ay -

Dc a(fe_fme)

vy }’ (3.1)

where D, is given by (2.5) and

ne?
m?

D=

Z 6 (0 — kyvy) ]Ea + vy aly/ 2|2 (3.2)
3

Equation (3.1) is the usual one-dimensional
equation describing the process of ‘‘diffusion on
waves.”’

In the quasi-equilibrium state, when we can
neglect 8f€/dt in (3.1), we get

OF _ ohe (1 D)

oy - ay —D_c ) (3-3)

Since D and D, depend on v|, the quantity
8f%/av|, will be different for particles with differ-
ent v,. From (3.3) it follows that f€ does not
split up into a product f(v))f(v)). Such splitting is
possible only when D/D, >0 and when D/Dg > 1,
but in the latter case f(v) is not a Maxwellian
function.

Let us determine first the damping decrement
of longitudinal oscillations of the plasma in a mag-
netic field. Since the anti-hermitian term in the
dispersion equation of the longitudinal oscillations
(see [51), together with the damping decrement, is
proportional to

< )
(S dl]_[_ UJ_%) y
0 il 7 o=hy v

we find, by substituting expression (3.3) for
6f€/v) into this integral, that the damping decre-
ment of the longitudinal oscillations is equal to

Y = vu®, (3.4)
where vy is the damping decrement in a plasma
with Maxwellian particle velocity distribution, and

K3 1. x U_LZ
o= d Ty T g
D(Ui.av“)
_ 3.5
i De(vy, vp) (3.5)

If the resonant electrons are in the tail of a
Maxwellian distribution (v, > vg), then D/D,
=y/(x + 1/2), where

D 4o e \?2
y=_ﬁo_, 0 = D=n<;1—> Z [E3|28(0 — k).

k]
eV k
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In this case

O =1+yexp(!/2+y)Ei(—1/2—V),

b —t

Ei(—2) = — Sdt—et—.

x

(3.6)

For oscillations with large amplitude (y > 1)
we find that & ~ 3y/2. This result follows also
from expression!173) for & = (1 + 2y/3)~, which
is obtained by averaging the collision integral with
respect to v, with a Maxwellian distribution func-
tion.

The frequencies of the Alfven and fast magnetic-
sound waves in a dense plasma (vp = By /(47rn0mi)1/2
<< ¢) are determined by the expression[

02(k, 8) = 12k 42{1 + cos® ¥ + rcos? &
=+ [(1 4 cos?® + r cos? ©)2 — 4 cos? 0] "},
r = k2c? ,/ Qiz, Q{z = 4J'l:e2'no/ m;.
(3.7)

Using formula (4.3) from for the dielectric
tensor of the plasma, we obtain the damping decre-
ment of the oscillations with frequencies (3.7):

va? = Hy? [ 4nnom;,

[5]

v/ o = VaQ:2k,2v2Q | 2020 2,P, (3.8)
where
v =TVTe/mi & =Q2/ (02— 0?),

P = (14 cos?¥) k202 | 0? (02 — 0?) — (2 — 02/ 0:?),

Fy2c? [ Rate?
Q= 2( o )(D1+(1P2+ n®,?) ’[m
( k2w ?
x (200 — @ — T )

+ (29D — 2D, 4 1DrD2) ( o — e \)] ,

0.)2 ;
3,
h ofe
O = — de v, 5——
4”32 ) LYl 61)” )
2k T 0 T
Oy = — o SdUJ_vJ_"‘_‘, O3 = —a' deJ_U_L3 ’
e
0

P = 1— 2z, exp(—2ze?) S et dt, z, (3.9)

. V2 kye
Here 8f€/6v|, is determined by expression (3.3).
For a Maxwellian distribution formula (3.8) goes
over into the well known expression'® 8! for the
damping decrement.

If the phase velocity of the Alfven wave is con-
siderably larger than the thermal velocity of the
electrons, then expression (3.9) for Q assumes
the simple form
kZCZ(DiZ
®2Q;2

2810%2¢3 (

Q = 2u0 ® —20) exp(—2d), (3.10)
Ve
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where & = &(y) is determined by formula (3.6) and

D(y) =1 —y—y(y + ) eVHEi(—y — o),

y =D/D,, and D is given by formula (3.2), in
which we discard the term ~vjaE,/v,.

For weak fields, D/D; < 1, expressions (3.4)
and (3.7) go over into the expressions of the lin-
ear theory. In the case of strong fields, D/D, > 1,
the damping decrements (3.4) and (3.8) are reduced
by a factor D/D,.

4, CYCLOTRON DAMPING

We now consider the damping of electromag-
netic waves under conditions of cyclotron reso-
nance, when collisions can be neglected. In the
case of narrow wave packets (Ak < k), retaining
in (2.1) only the resonant term and introducing
new variables

Eio = v/ (0 — o) = U2/ nog, (4.1)
we represent Eq. (2.1) in the form
af i af*
= . 4.2
ot 0%y b 0%y }’ (4.2)

D — 8(&_)2|E3v||l,,(a)— iElva_Jn’(a)+E1an(q)w¢/kJ_|2

Mma @2 vg, — V) cos B '

Ugr = (’)mlak, v = ((1) — nmm) /k||. (4.3)

The diffusion coefficient (4.3) can vanish at
certain points §; = qm(£s) (m =0, 1, 2, ...), qm+1
> Q. Inthe region qpy, <&y < qm+y the number of

particles is conserved:
Im41

9 d =D_afi[§'=q’"“= ,
at qu 1% d&y %N,
i.e.,
Im41 9m 41
§ pav= { fwde
9dm qdm

If the oscillation energy differs from zero in
the final state, then it follows from (4.2) that
8f ¥/t = 0 and thus

4 exp[— (0 — 2nwq) &2/4va]
(270)*2(gm+1 — Gm) Va®

o 32) o222

Let us find the zeroes of the diffusion coeffi-
cient for electromagnetic waves with a phase ve-
locity much larger than the thermal velocity of the
electrons (kv,/wg << 1) propagating in a low-
pressure plasma at w = nw,. Expressing the com-
ponents E; and Ej in terms of E; by means of
Maxwell’s equations, we find that

j¢=

OGm+1
4ve?

(4.4)
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,  (4.5)

D =g L JRLIB I+ ninh/a?
M 02| Vg — vjjcos B |
where

A= (e1 — k2c® [ 0?) [ e,

Qg2 Qp?wp
gg=1— - 89 =— — . .
2 ?—og' )3 o (0* — og?)

=k, i B=e, i

For the narrow wave packet under considera-
tion, for which the velocity of the resonant parti-
cle lies in the range vy < v|| < vy, the variable &,
at fixed ¢, varies between the limits defined from
the inequalities

v < Yoo — noe) (814 &) << v2

The diffusion coefficient (4.5) vanishes at the
point v] =0, i.e., £y = £,, and also at the point
V] =V2 wy/k] v, , determined from the equa-
tion Jp + nJpA/a = 0. However, if |¢ —7/2]
> kv /wg, then the points v| =v,, do not flow in
the interval (4.6) for which D # 0 (we confine our-
selves here to an examination of this most inter-
esting case).

The point &4 = £, falls in the interval (4.6) if

(4.6)

() —v) o/ v12> (0 — nee) [ 2noq

for o —nwe >0, (4.7a)
or else
(va —v)) vy /v12 > (Roa — ) [ 2n0a

for © —nwe <<O0. (4.7b)

If the inequalities (4.7) are not satisfied, then in
the final state!’

f"‘—————~1 ex [_ v v o (Y —wi)noa ]
T (2n)hved Pl T 02 ~ 20 Va2 (0 — nog)
{—e=
p (4.8)
when w - nw, > 0, and
fo— 1 ox [_ v,? _ Uy? Va2 (V2 — v)) Row ]
T vl LT 20 2022 | va(nws— o)
1—e=
X — (4.9)

when w —nw, < 0. Here x = w(vy — vl)/knvczy.
Thus, in this case the diffusion leads to a redis-

tribution of the particles only with respect to v

in a narrow velocity interval.

DIn the case of an extraordinary wave propagating along a
magnetic field (8 = 0) in a dense plasma (2 >> o(|w.| - )
for o = |w_|) expression (4.9) can be obtained from the relations
given in[zf
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If on the other hand the point &4 = £5 falls in the
interval (4.6), then in the equilibrium state

_ ng_p [—v1%/2va? 4 (0 — nwa) V1 2/2n0ava?]
- 21) hvgw [ (v22 — viR) / (0 — nwe) + v12/nwo]

(0
<t = emn] — g

for w —nwy > 0 and

fa

UJ_Z

2w

__ 2exp{—v)?/2va® + (0 — nwa) v1%/2n0ae?]

ve? — yf

W — NOa

I = Enyroao (v — o) /(@ — nwa) + v12/nod]
(0] 1)12 -_ 1)"2 U_Lz
X {1 —exp[— 20q2 ( ® — NOg noe )]} (4.11)

for w —nwgy < 0.
Let us consider the equilibrium distributions
(4.8)—(4.11) obtained above in the particular cases
of “‘narrow’’ (vq — vy K vk vg/wg) and ‘‘broad”

(vy — vy ®»vak)va/wa) wave packet.

For a ‘“‘narrow’’ wave packet the inequalities
(4.7) cannot be satisfied for v| ~v,; the ‘‘diffu-
sion on the waves’’ leads in this case, as can be
seen from expressions (4.8) and (4.9), to the for-
mation of a ‘‘plateau’’ with respect to v in a nar-
row interval, and does not change the distribution
with respect to v| in the region of not very small
V).

For ‘“‘broad’’ wave packets the inequalities (4.7)
are satisfied practically for all v| and v} < vq
(these inequalities can be violated only for values
of v that are close to v; or to vy); the ‘‘diffu-
sion on the waves’’ leads in this case to a strong
change of the distribution function of the particles,
both with respect to v and with respect to v;. It
is precisely the case of ‘‘broad’’ wave packets
which is most interesting from the point of view of
heating of a plasma under cyclotron-resonance
conditions.

Let us consider the relaxation process for
‘‘broad’’ wave packets in greater detail. During
the initial state we can neglect in the right side of
Eq. (4.2) the terms k;3/0v; ~ k;/Av compared
with the terms (nw/v,)8/8v| ~ nwa/vza . Then
Eq. (4.2) takes the form

o 1 9
ot EIE(

af* )
1 61}_1_ ’

_1 (e(z \2 UJ_IEin]n/a - iEZJn/']LE.'!UII]n/UJ_lz
T2 \mg/

Thus, diffusion of particles with respect to v,
due to cyclotron acceleration of the particles, oc-
curs for ‘‘broad’’ packets during the initial stage.
For long waves and resonant particles with not
too large a velocity v) (a < 1) Eq. (4.2) can be

Dy . (4.12)

|ver — vy cos O
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represented in the form

_‘?.f"L:_i(zn_aﬂ), (4.13)
ot oz ox
where
UJ_Z ¢
o 1= § D(t)dt,
Dty = () ()"
Mg, (O3

IE1 — lEz + kLU”ES/n(OaIZ
2ntt[(n — 1) 1P ve?|vgr — v) cos 9| '

We present the solutions of Eq. (4.13) for n=1,
n=2, and n = 4:

exp[—v2/2ve® — z/ (1 +1)]

* (27) 2 va2 (1 + 1) ’ *19
o _Vmexp(out/2e) T, ()
ox (2n)h vz YT . z’ ’
n—2: (4.15)
o Ymexp(—v/2vd)T ,, , .
5 = e )
X{ex [—(L_ 1 )2 1 ]
P Z z/ 4t
1 1\ 1 o
rou[ (7)) b =t (4:16)

It follows from (4.14) that in the case of single
cyclotron resonance an increase takes place in the
‘“transverse’’ temperature of the resonant parti-
cles. The damping of the oscillations occurs in
this case just as in the linear theory (e(t) = €(0)
exp (2y mt)).

In the case of double resonance the damping of
the field is given by y = —|yp/e®7 and

1+¢€
exp2|vu| (1 +20)+C

(ea/ma)2(k1/wa)?|E2(0) |2|A 4 1]2
8|YM[ Ivgr_ vucosﬁl

e(t)=¢(0)

- (4.17)

(An expression for the linear damping decrement
YM is given in [5].) It follows from (4.17) that in
the nonlinear case the damping is more rapid than
in the linear case.

Let us consider now the effect of Coulomb col-
lisions on the damping of electromagnetic waves
under the cyclotron-resonance conditions w=~nwg,.
For simplicity we confine ourselves to examina-
tion of ‘‘narrow’’ wave packets. Since in this case
9/0vy ~ (4/Kk))) 8/ 8¢y, expression (4.2) must be re-
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placed when account is taken of the collision inte-
gral in the form (2.4) or (2.8), by the equation

A N A D. o(f*— %) .
_aT_Tgf{D E, +16 k2 g, }
D:ﬁ l_’—_L 211,

<1/20a>

__ (ea/ma)?(kva/ 0a) X Dvat |1+ L] | E,|?

2n=3[(n — 1) 112 @2| vgr — v} cos B|

D (4.18)

For the ‘‘equilibrium’’ state we find from this
that

of* _ 0fu®/ 0%,
0% 141’

Since the anti-hermitian terms in the dielectric
tensor are integrals with respect to v|, of the form

©o

{ o120t exp (—v12/2062) (9/08) dv

0

_ Dk”z
T 16D,

(4.19)

the damping decrement of the ‘‘narrow’’ wave
packets in the ‘‘equilibrium”’ state is determined

by the expression
v = yul, (4.20)

where

'1 ¢ U_Lz
F=— —xzn d = .
nl §e T T e

In the case of electron cyclotron resonance
w ~ n|we| we have when v|| > vg

n=mnz"/ (1 +2z), o= Dkprcv/32v5 (4.22)
When n = 1, using (4.22), we get
F = z[3 — 2z + z(1 — 2z)e*Ei(—2)],

(4.21)

(4.23)

where x = 1/(2 +ny). For weak fields (ny — 0)
F~ 1 and y =y)p. For strong fields (ny > 1) the
damping decrement decreases strongly: F = 3/n,.
An explicit expression for the function F can be
obtained also for n = 2:
F= 3 1 —i—z(no;z)[(wi—kp)e—“! Ei(z,)
200 Mo MV1i—mo

—(z2+p)e ™ Ei(ﬁz)l} , (4.24)

where
p= (no—4)/4(no—2),

When 7y < 1 it follows from (4.24) that F =1 and
for ny > 1 we get F = 3/2n,. The function F ap-
proaches asymptotically the value F = 3/nn! for
n=1, 2,... when 1y »>1 and v < ve.

z12 = (— 12 V1 —n0) /no.
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For ion cyclotron resonance, w ~ nwj, we get
for v > v;

n=nw"/(1+2), no=Dhitp/32s. (4.25)

Using expression (4.25) for n, we find from
(4.21) that

= z[2 — z + e*Ei(—z)z(1 — 2)],

z=1/(14mn0), n=1, (4.26)
1 1 (2no— 1) .
F=_-"31— 4 —x |
No { 210 Nyl — 41]0[(31‘ +tre i(#)
—(z2+p)e™ Ei(xz)]}, n=2, (4.27)

where

Ty2 = (—-1 =+ '1/1 - 47]0) /2710, pP= ("'IO - 1) / (2"]0 - 1)-

In the case of strong fields (n, > 1) and when
w ~ nwj and v|; »vj we have F = 2/pyn!.

Thus, for narrow wave packets the diffusion of
the resonant particles by the waves under condi-
tions of cyclotron resonance always leads to a de-
crease in the damping decrement, and in strong
fields the cyclotron damping is determined by the
collisions: y ~ypy /My~ 1/Te-
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