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Probabilities were obtained for the splitting of neutral and charged systems, bound by short-
range forces, by the field of a plane electromagnetic wave. The angular and energy distribu-
tions of the outgoing particles, distributions over the number of absorbed photons, and the
dependence of the probability on the polarization of the electromagnetic wave and polarization
of the bound system are examined. Conditions are given under which the internal structure
of the system affects the dependence of splitting probability on the field intensity and fre-
quency of the wave. The results obtained are applicable in particular to the description of
multiquantum splitting of negative and molecular ions.

1. INTRODUCTION

A. number of studies devoted to the ionization of
atoms by the field of an electromagnetic wave have
recently appeared[i’zj. From the theoretical stand-
point, the process of ionization of atoms, i.e., sys-
tems of charged particles bound by long-range
Coulomb forces, is very complex because of the
necessity of precisely calculating the simultaneous
effect of both the wave field and the Coulomb field
on the electron. In addition, many common proper-
ties of the process of ionization by the field of an
electromagnetic wave can be found by examining

a simpler problem, the ionization of a system
bound by short-range forces. In this case, when
the range of the forces is sufficiently small, the
effect of the wave field and that of the short-range
forces can be considered separately. This substan-
tially simplifies the problem and makes it possible
to find both the ionization probability and the exact
range of applicability of the results obtained.

The problem under consideration is applicable
to many real physical systems. These include
primarily negative ions, such as the hydrogen ion
H', iodide ion I, etc., in which the Coulomb forces
acting on the outermost electron are screened at
distances greater than atomic and are manifested
as short-range forces. Experiments on the splitt-
ing of such ions are already being carried outt3J.
This pertains also to molecular ions (for example,
H; — H + p). If electromagnetic waves of very high
intensity are considered, one can also include such

strongly bound systems as the deuteron, etc. In
addition, the solution of this problem permits one
to complicate it further by introducing Coulomb
forces and to find the changes produced in the ion-
ization formulas by these forces. This is what we
are proposing to do in the present study.

The contents of the work can be divided into two
parts. In the first part (Secs. 2 and 3) we examine
the ionization of the simplest system, the bound
state of a spinless particle moving in a field of
short-range forces. The total probability of ion-
ization by the wave field depends on the field ampli-
tude B and frequency w through the dimensionless
parameters !’

t=-ea/n=eB/nw, B/B,,

where a is the potential amplitude, n = Vm? — €},

€, is the energy of the particle, Bj = n®/em charac-
terizes the field intensity in the bound system. An
important special case of the system under con-
sideration is the limiting case of zero frequency

w — 0 or £ — =, when the process is reduced to the
ionization by a constant crossed field. In this case,
the ionization probability can be found by a quan-
tum-mechanical method which permits one to draw
a number of important physical conclusions about
the process. In particular, comparison with the
known calculations of Oppenheimer and Lanczos56]

DLet us note that parameter &, which determines the rela-
tive probability of absorption of several photons, differs from
the corresponding parameter x in [*]in that m is replaced by n-
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and Landau and Lifshitz (seel7], page 327) for the
ionization of atoms by a constant electric field
makes it possible to separate the effect of Coulomb
forces in the ionization by a constant field. The re-
sult obtained for a constant crossed field is subse-
quently treated as a check on the calculation of the
ionization by the wave field. We obtain the total
ionization probabilities in the field of linearly and
circularly polarized waves, and also the distribu-
tions of ionization probability over the angles of
emission of the charged particles and over the
number of photons absorbed from the field.

Conditions are examined under which the in-
ternal structure of the interaction is essential
(effective radius of interaction rj, potential depth
Up). It is shown that in the wave field at

EVEE)

Bt !

A

the structure of the interaction is manifested in the
form of a constant coefficient and affects the func-
tional dependence of the ionization probability on
the frequency and intensity of the field only when
BV1 + £%/& 2 By/try)?.

The second part (Sec. 4) discusses a relativis-
tically and gauge invariant model describing the
splitting of a neutral or charged system into two
particles of arbitrary masses. Conditions are given
under which the splitting probability in a weak field
substantially depends on the polarization of the
initial system.

2. QUANTUM-MECHANICAL CALCULATION OF
IONIZATION IN A CONSTANT CROSSED FIELD

We shall consider the problem of the ‘“‘drawing
out’’ of a charged particle by a constant crossed
field from a spherical potential well formed by
short-range forces. In the absence of an external
field, the bound state of the particle is described
by the wave function ¥ (x), 2 which outside the range
of the forces has the universal form

P, (2) = -]:—]exp(——nr — igot), (1)

where n = Vm? — €2, and m and ¢, are the mass and
energy of the particle. The constant N depends on
the structure of the potential. Thus, for a spherical
potential well of radius ry; and depth U; we have

N = [n [ 4mneo(1 4 nro) 1eno sin [ (g0 + Up)2 — m2]"r.

The stationary solution of the Klein-Gordon

2)For simplicity, states with zero orbital angular momen-
tum are considered.
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equation for a charged particle in a crossed field
with potential A , , (ax), k% = (ak) = 0, is

2iv(y)
w(y) ’

— xi] (2¢By)"%.

Vap.v(2) = exp[—iEt 4 ip2z2 4 i(E — y)x 3]{
__[ 2 —E2 4 p2+(E—vy)?
y—.

2eBy

In the coordinate system chosen here a; = 0, a is
directed along axis 1, and k along axis 3. In this
system, the electric field is directed along axis 1,
and the magnetic field along axis 2. The non-
invariant notation will henceforth always be made
in this ‘‘special’’ coordinate system. In formula
(2), E, py, and v are the eigenvalues of the invariant
operators i8/8t, —i9/6x, and i8/8t + i8/0x,, which
characterize the state of the particle, B is the ab-
solute value of the field amplitude, and v(y) and
w(y) are Airy functions defined by the integral
(see [7,8J)

e 2o () o

v (Y) lys1 = 2y exp (— 2y°/3),

(2)

W(Y) lysa = y~leexp (2y°43) + Ypiy~fexp (—2y°4/3)  (3)

in which the integration contours Cy, and Cy; for
functions v and w are as shown in Fig. 1. For real
values of y, function v(y) is real, and function w(y)
is complex, so that only the second of the two solu-
tions (2) has a flux different from zero in the direc-
tion of axis 1; it is equal to j; = 2(2eBy)1/3, since
ww'* — w'w* = 2i.

The wave function of the particle outside the
well may be written in the form of a superposition
of the solutions (3) with E = ¢;:

P (2) = et { dpy dy explipars +1(e0 — v) ]

{ 2iv(y) - (p2v),
w(y) f+(p2y),

The probability of ionization per unit time W is
equal to the total flux through the plane perpen-

K T (4)

Ty =T
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dicular to axis 1, i.e.,

o opr
6—11 ‘é;fb) x1=7

1=To

W=—i Sd.’lzdl'g (’ll)+

oc

— 8 § dp, { dy (26By) 411+ (o) |2 )
—o0 0

Thus, it is necessary to find f.(p,Y).
From (4) we find by means of a Fourier trans-
form

1
e S dzydzs ()

X exp [iegt — ipaxs — (80 — y) 3],

f+(p2y) =

(6)

The characteristic intensity of the field in the prob-
lem under consideration is By = n°/em. If the field
is weak (B/B, <« 1), wave function ¥ (x) differs little
from wave function j(x) of the bound state at dis-
tances not much in excess of 1/1, namely, as shown
by calculation, when |x;| < VBy/B/7.

Therefore in (6) we can set

xy 2 To.

P(z) = (N/r) exp (—nr — ieot)

and choose x; = rj, as a result of which

Nexp(—zm V%)
25 Y w (y)

N fr]3 s 7]3;3/1
2ang \ 2eBy 3eBy

Here and further on ¢ = 1 + [p} + (v — €)% /n2.
Substituting this function into (5) and integrating by
the method of steepest descent, which utilizes the
smallness of B/B,, we obtain

o Do exp
Bym [5o(250 — 1)]":

f+(pav) =

X1=To

(7)

W = 2x N2

BB’YO ’

where v, = [€, + (9€ + 81121 /4 and £o=1

+ (Yp — €9)%/n? are the values of ¥ and ¢ at the sad-

dle point. We shall recall that (7) and (8) are valid

for B/B; << 1, Mry)*B/B; < 1. In the nonrelativistic

casen/m — 0, so that vy — m, (€, —vy)/n — 0, and
w.

B
nonrel™ 2TIZN2T| P e—ZBu/:}B.
B,

(8')

A characteristic feature of formulas (8) and (8')
is that the preexponential factor is proportional to
the field. Let us note that in the ionization proba-
bility of the ground state of the hydrogen atom the
preexponential factor is inversely proportional to
the field'"J. Thus, the introduction of Coulomb
forces increases the probability of ionization by
the factor ~(B0/B)2, which is associated with an
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increased probability that the particle will remain
at great distances in the Coulomb field. Indeed, the
wave function of a particle moving in the field of
short-range and Coulomb forces at great distances
is

Yi ~ roitemmg-—nr,

where @ = e?/4r = 1/137. On the other hand, the
ionization probability is determined by the total
current in the direction of the electric field at
barrier distances r}, ~ I/eB ~ By/Bn (I=m — ¢ is
the ionization energy). Since the total current

~ |$;1%vS, and the effective velocity v and area S at
the barrier distances are v ~n/m and S ~ BO/BnZ,
then

W ~ (B By)i—2emm exp (—CBy [ B).

In the absence of Coulomb forces, @ = 0 and (8) is
qualitatively reproduced. In a pure Coulomb field
am/n = n, where n is the principal quantum num-
ber; case n = 1 corresponds to the result of Landau
and Lifshitz'"J,

These considerations pertain to states with an
orbital angular momentum equal to zero. If I #0,
then in the nonrelativistic case in the expression
for the ionization probability in a weak field there
appears an additional factor N(B/BO)““ZL where
m] is the projection of the orbital momentum on
the direction of the electric field.

3. IONIZATION BY THE WAVE FIELD

Ionization by the wave field is calculated most
simply and conveniently by the diagram method.
Generally, in the final state it is necessary to con-
sider the simultaneous action of the external wave
field and of the short-range forces. However, it is
physically clear that allowances for the short-
range potential will change the wave function of the
final state at distances ~r\, and if distances r > r;
are effective in the problem, then the effect of these
forces on the final state can be neglected. The
ionization process can then be described by the
diagram of Fig. 2, where the line with crosses
represents the bound state, and the line with dashes
represents the state in the wave field. This dia-
gram corresponds to the matrix element

Mo = § diz g+ (2) (O — m?) i (2),

o

9

where ¢;(x) is the wave function of the bound state
in the absence of an external field, and zpp(x) is the
wave function of the particle in the wave field with
potential

Ay = Au(y), k? = (k4) = 0.

¢ = (kz),
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FIG. 2

The quantum numbers Py form a 4-vector with
p? = —m?. In the ‘‘special’’ coordinate system,
where kﬂ = (0, 0, w, iw), the components p;, Py,
Py —P3 =7 are the eigenvalues of the operators
—18/8x4, —i8/0x,, and 18/8t + 18/8xs.

Matrix element (9) is not gauge-invariant, since
it does not allow for the contribution of the dia-
grams obtained from the diagram of Fig. 2 by a
permutation of the vertices (i.e., crosses and
dashes). However, if large distances are effective
in the problem (r > r\), then a suitable choice of
the gauge of the wave potential can make the con-
tribution of these diagrams sufficiently small, and
thus the use of the non-gauge-invariant matrix
element M, will be justified.

To elucidate these problems, we shall use the
diagram method to examine the ionization by a
constant crossed field.

A. Constant crossed field. For a potential
Ay = apkx), k? = (ak) = 0, the wave function is

_ 1 . (a(kz)® 4B (kz)? )
wp(x)—vz_p_oexp[ l( 5 3 > +L(P:C)] )
(ap) e’a?
= — , = — . 10
=Ty PT T s (1o
Substituting (10) into (9) and performing the cal-
culations, we obtain
2Yn oo 8B/ a)l
My=———— " — —is— —\| —
0 V2p0/fo(4ﬁ)'/°eXp[ is 8[5+l 3 <86)]
Xv(y) (Q2+n?) #(Q), (11)

where v(y) is the Airy function (3) with argument

=] o= ()]

L4 \8p
_ n3 \% p2 -+ (Y — 80)'2 '
- (Ze—BY) [1+—~fn——2 [E (12)
¢(Q) is the Fourier transform of function ¢;(x):
?(Q)= S d3x exp (— iQx + ieot) s () (13)

and
Q =P — Sk,

Q= p2 +p2?+ (v — &)

&y — Po — S]Co,

If (Q® +n?% ¢(Q) is not a constant, then | My|? de-
pends on p,, as it should not from general physical
considerations. For this reason, the matrix ele-
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ment (11) needs to be supplemented with other dia-
grams in this case. If, however,

(Q2 4 12) #(Q) = const = 4nlN,,

then the Fourier transform ¢(Q) and the corre-
sponding coordinate function

Ya(z) = (No/r) exp (—nr — ieot)

describe the bound state with zero interaction
radius, and N, = Vn/4me€,. In this case (9) and (11)
do indeed yield a gauge-invariant result valid for a
field of arbitrary intensity:

| M, l12 d3 SN2 T > 3
W:\l ?l P _ Ogdngdy(i
YT (2m)3 n \ 2eBy

iy
) (). (14)
0
It is essential here that | My|? is independent of p,;
the resultant infinite integral with respect to p; is
equal to eBT, so that the ionization probability per
unit time is finite.
If the crossed field is described by another

potential A;x =~k (ax), related to the preceding
potential by the transformation

Ay = Ay +0f [0z, [= —(az)(kz),

then the wave function of the particle in the crossed
field will differ from (10) by an additional phase
factor elef, and the matrix element corresponding
to the diagram of Fig. 2 will be

5 = =gy = [~ 5 5 (55

<faen[ifn+ L) @+me@,  ar)

and in contrast to (11),

Q=p—sk—eap, o¢=0a/88—2z/(4p)",

Q* = n*(2eBy / n*)"z* + p2? + (v — 20)*
The remaining quantities are the same as in (11).
The square of the matrix element lM()Iz is indepen-
dent of p; and for a zero effective radius of the
forces, when

(@ + 1*) A (Q) = 4aulVo,

M, coincides with M.

For r, # 0, the function Q% + n?) #(Q) in the
complex plane Q = \/Q—zis smooth in a vicinity,
AQ =Q —in K rB‘ at the pole Q = in of the function
¢ (Q). If the field is weak, then the integral (11’)
can be calculated by the method of steepest des-
cent, and the saddle point z = i\/;coincides with the
pole Q = in of the function ¢(Q). By the same token,
M, (in contrast to My) correctly reflects the phys-
ical situation whereby in a weak field large distan-
ces are effective to which the vicinity of the pole
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of the wave function ¢(Q) is known to correspond
in the Q plane. In the integral with respect to z, the
interval Az =z — i\/;Ny_l/“ is effective, i.e.,

AQ = Q — in ~ n(2eByV/n®)"% ~ n(B/ Bo) "

If nVB/B, < ryl, the function (Q% +1%) ¢(Q) changes
little in this interval AQ and can be replaced by

(@ + )8 (Q) le=in = 4nN,

where N is the coefficient in the asymptotic form
of (1). As a result, the matrix element (11’) yields
expression (8) for the ionization probability with
the same conditions of applicability

B/Bo<1, nr0VB/Bo<1

The entire dependence on the structure of the po-
tential is contained in coefficient N.

Let us note that the nonstationary solution wp(x)
(or zbl’)(x)) used here for the Klein-Gordon equation
is connected with the stationary solution (2) by the
relation

bepa(@) = § ¥’ (@)1 (01, E) dpy

= exp[i(pa22 + (E — y) 25 — Et)]

i . 23
X — g dz exp [z(yz-l——)] (15)
V= ¢ 3
with the transformation function
i (2Dp0) 2 —FE in,3
f(Px,E)=—_l(——p°) exp [—i‘(po LN 1
VYr(2eBy) " eB 3eBy

z = [eB(x3 — t) — p1] (2eBy)~"-.

A characteristic feature of this relation is that in
order to obtain ¢‘Epzv with a nonzero flux along the
electric field, complex-plane integration with
respect to p; or z must be performed (see Cy,
Fig. 1). Let us also note that the matrix element
M; (11’) corresponds to the function f.(p,Y) in (4),
whereas the function f_(p,y) corresponds to the
same matrix element (11°) but with integration with
respect to z not along Cy, but along Cy.

B. Linearly polarized waves. The potential is
Ay, =ay cos(kx) or A’u =k (ax)sin (kx). To calcu-
late the ionization in the wave field we shall use
the same matrix element (9) in which, however,
the wave function zpp(x) in the wave field is equal to

¥p(z) = (2¢0) =" exp {—i[asin (kz)
— Bsin 2(kz) — (¢7)]1},
¥y () = ¥p(z) exp [—ie(az) cos (kz)], (16)

where q, = p, —kye*a?/4(kp) is the average
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momentum of the particle in the field; o and 8 are
the same as in (10). For the potential A},

1
MOI = ——— Z‘J 6(3k0 + €0 — qO)
V240

x \ dg expli(asin g — Bsin2p + s¢))(Q@ +1?) (Q),
‘" (17)

where
Q = q— sk —eacos ¢,

Q= (g1 — eacos ©)* + g2 + (v — &) 2

For the potential A |, the matrix element M, is given

by the same expression (17), but with Q = q — sk.
For a zero interaction radius (Q% + 1?) ¢ (Q)

= 4mN, and both gauges yield the same expression

for the ionization probability per unit time:

W =2Ng S q § deag(sap),
kg
S do exp[i(a sin ¢ — B sin 29 — s@) ],

-

=

Ao(sap) = (18)

N

JT

which is valid for a wave with an arbitrary inten-
sity and frequency. The summation is performed
over integral s values greater than s; = I,/w,

I, = my — €, m, = (m?+ e2a?/2)1/2, and the inte-
gration is performed along the directions of the
vector . The integration in (18) can be performed
only in special cases.

For r;, * 0, the matrix element Mj has a greater
range of applicability than M. In particular, when
N1y, Qry < 1, it leads to formula (18), and for
sufficiently large s, to the same expression, but
with the replacement of N, by N.

Indeed, if s > 1, the integral in (17) can be cal-
culated by the method of steepest descent, and the
saddle points

cos @12 = a /8B = [(a/8B)2+ /o — s/4B]™

= (g1 =VL) [ ea

coincide with the pole Q = in of the function ¢(Q).
This means that large distances are essential.
When the inequality nro(ZeBy\/g—lsin ¢1,2|/n3)1/2 <1
is fulfilled (for the effective values of q,, ¥ and s
the left-hand side of the inequality is

~nry(2BV1 + £/Byt)12), the function Q2 + 1?6 (Q)
changes little in the effective region of integration
and can be replaced by its value at the saddle
point, which is equal to 4rN. Then the integral in
(17) becomes equal to 47N - 2mA,, where

”3

A0=Re

Y/aexp <f+ L. in’) v(y),

22
V_ﬂ If/// I / 3f///2
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y= if“z(—z—)hei“” (19)
2fll/ |f//l‘

and the ionization probability is given by formula

(18) with the replacement of Ny by N. In (19), f, £

and £’’’ are the values of function f(¢) = i(a sin ¢

— B sin 2¢ — s@) and its derivatives at the saddle

point. These values were found in(4) (formula

(B.10); see also the meaning of phase 1’ in the

same paper) and are expressed via the variables

Y and €, which are related to o, 3, and s by

a 1/2 *
4_B-) . (20)

2cosp)
2che)
In our case

(el =it

s /4B = 2Bs(qo — q sin 0’ cos ¢’) [ BoE®m,
a/4B = 2q cos 0’ [ nE,

where 6’ is the angle between q and a, and ¢’ is the
angle between the planes (a, q) and (a, k).

We shall assume further that |y| > 1 (for s » 1,
y » 1 if £ $1; if however ¢ > 1, then |y| > 1 for a
weak field' B/B; << 1). Then

Ao(saf) = (‘a—?;l— ):/zeRef sin (Imf — %arg f”) , (19%)

and the ionization probability is
2N2 2Ref
- Z q SinT[i —cos(2Imf—argf7)].
n 8$>8) |]‘ I
Integration in (21) along the directions of vector
q remains difficult. We shall assume therefore
that n/m << 1 (nonrelativistic case). Then s/48
— 2Bs/B0£3 and the dependence in (21) on the angle
¢’ vanishes. In the sum (21) the significant values
of s are those for which

s—soX (1 +8)%  (s—s0) /<1,

Expanding f and f” in the effectively small parame-

W= (21)

ter & = [(s — s4)/2s,'/2, we obtain
2Ref—2s[ ¢ —Artht+262t( £ —sinze’)—{- :I
- 1+ 112
4 4
21mf=2s[£-——6:_coie 1
2 Y14t .
= At 7 = b 5t YT P oos O
| |—m-1—..., arg f/ =n -+ 8t Y1+ t2cos O’ ...,
(22)F

where t = tanh €[g=g = 1/V1 + £, and the dots
stand for terms ~6% smaller than the smallest of
those which are written out. In the expansion of

*ch = cosh.
tArth = tanh™.
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2 Re f in the effective region of s and 6’ we can
confine ourselves to the terms which have been
written out, since the remaining ones are ~s6%3
~62 «< 1. In 2 Im f this can be done only if s63 « 1,
which is not fulfilled for £3 2 VBy/B » 1. For this
reason, we shall keep 2 Im f unexpanded. Then

(+8)" r L _VItE
We=Neq 25 Sl o6 Arsh = —
VA g s ;;Jsexpl_ AR 2+§2)
2(s — s0)
————————— |Fs(E, %),
el
Fy(5 50) = e {2’ e”*[1 4 cos 2 Im fl. 23)*

0
Here

2’ = zcos®,

= [2(s —s0) [VIF 2]
so=Bt(1+8/2)/2B=1(14+2/2) /0.

The oscillating term cos 2 Im f is essential for
the differential distribution relative to the angle 6’.
Its contribution to Fg(£, s;) is negligibly small,
with the exception of s, which is very close to the
threshold: s6 =~ 1, when its inclusion leads to the
correct threshold singularities (s — 50)1/2 and
(s — so)S/2 for even and odd s. The differential dis-
tribution with respect to cos 6’ oscillates rapidly
with a frequency ~ 8s6/V1 + t? about the mean value
(2N2q/7|£”|)e? Re £, which decreases smoothly and
exponentially from the points cos 6’ = 1 and is
significant in the interval A cos 0’ ~ 1/8s6%
~ V1 + £2/4(s — sy). Formula (23) is applicable when

so>1, Mro((24 B)Y1L+ 8/ s0): <<,
(s —30)2/ (1 + E) ks L 1.

If £ > 1, the main contribution to (23) is made
by the terms with s — sy, ~£3. In this case, the sum-
mation over s can be replaced by an integration.
Then

— B \%
W= §dsw, = 293x Nm (E>

So

xon| =55 (10 )]

The probability distribution with respect to s for
s — sy ~£3 is very simple:

( : )II'_‘*XP [— 2(s — 50) /3]
3ngs (s —so)' ’

(23")

Ws=W (23”)

It has its greatest value near the threshold and de-
creases exponentially with increasing s, the distri-

*Arsh = sinh™.
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bution width being given by (s — sg)eft ~£° or

(s — sp)eff/Sy ~ B/By << 1. Thus, in units of sy, the
distribution over s is ‘‘compressed’’ against the
threshold. Let us note that near the threshold,
when s —s5; ~ 1 < £3, and at very large s, when

s — s, » £3, formula (23”) does not apply and it is
necessary to use the more accurate formulas (23)
or (21).

The probability (23’) at £ == is related to the
probability (8’) in the constant field by a phase
averaging, i.e., if B sin ¢ instead of B is introduced
into (8’) and averaging over ¢ is performed, we ob-
tain (23’) for £ =,

C. Circularly polarized wave. The potential is
Ap =aqy cos (kx) + ayy sin (kx) or Al = kp(ayx)

x sin (kx) =k (a,x) cos (kx), and k* = (a;a,) = (a;k)
= (a,k) = 0, a} = a = a?; in the ‘‘special’’ system

aqy = (a, 0, 0, 0), gy = 0, a, 0, 0), kyu = (0, 0, w,
iw). For the second gauge we have

1
Mo’ = — —= Zb(sko + &y — qo)
1240 R

x

X Sd(p exp[i(aysin @ — azcos @ — s9)](Q* 4+ 12) #(Q),

—x

(24)
qu = py. — kye?a®/ 2 (kp),
Q = q — sk — ea; cos ¢ — eaz sin @,
Q= (g — eacos 9)* + (g2 — easing)? + (y — e0)>.
The matrix element M, has for the first gauge the
same form, but Q = q — sk.

For a zero interaction radius we have

b

W= 4N Dg (dosin0r2(z), z = 4500
S50 ‘0 [ QO—QCOSG

(25)

Here 6 is the angle between q and k, and q; = sw
+ €.

For ry # 0, formula (25) remains valid when
nry, and Qry << 1. If, however, s > 1 and
rowyVstanha/m < 1 (for effective values of 0, s
the left-hand side ~ryn(BV1 + £2/By¢)1/%), this
formula can be used by substituting N for N, and
using instead of the Bessel function the following
asymptotic expression:

Is(z) = %1‘ (—2 Y/}ex'p

s/

[—s (a——tha—%th%t)]v(y),

cha=s/z y= (s/2)%tha. (26)*

If y » 1 (for s > 1 the condition y > 1 is fulfilled
when ¢ <1, and when ¢ > 1 it will be fulfilled for

*th = tanh.
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a weak field B/B; <« 1), formula (26) becomes sim-
plified:

__exp [—s(a—tha)]

(2astha)' (27)

Js(z)

Assuming the conditions s > 1 and y > 1 to be
fulfilled and using relation (27), we can perform
the integration in (25) by the method of steepest
descent; the saddle point is determined by the con-
dition cos 8 = q/q, and then

exp[— 2s(a —tha)]

W=2ynN 2 g (go/m,)2(stha)” ’

§>>8o

cha =s/z=som,[eaq, qo= so -+ . (28)

In the nonrelativistic case

14 -ll/;

s
=—2€|:so(s—so) J
_I(1+®)

(0]

(s =) (14+8)

:"/2
P
So

cha

R
So

The probabilities Wy have characteristic threshold
singularities (s —s()5* /2,

If £ » 1, the summation in (28) can be replaced
by integration, and the method of steepest descent
can be employed. The saddle point s = s is found
from the conditions

a/tha = scwgo/ ¢2, cha = scom. [eaq.

As a result,
gexp[—2/ssc th’ a (1 4 %/5th? a)]
scth2a (14 g2 th? a/9m,2) "
B'Yo
— 2 A72 :
TN Ban [t (28 — D"

2B0m§0%(1_ ) \] )
3By Be /]

W = 2nlV?n

X exp [ — (29)

Yo = leo+ (9e® 4 812) ] /4, Zo =14+ (yo— g0)2/ n%

In the nonrelativistic case (cf. formula (23')),

B 2B,
Whonre1= ZnNZnB— exp [ o ( !
[d

The probability distribution over s has for s — s
~Vs. a Gaussian character

% e
= exp [_.(s SCLJ , (29”)
VJTSCE, sc§
with a maximum at s = s, = 2s((1 — 1/3¢£% + +++) and

a width (s — s¢)eff ~Js—cé or (s — s¢letff/ Sy
~VB/By/t. Thus, the distribution over s in units
of sy has the form of a narrow peak located (in the
nonrelativistic case) at the doubled threshold
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value s, = 2s,. Formula (29”) should not be used
if s =8, K s8go0r s—s¢ >>\/§C_§.

The marked difference in the distributions over
s for linearly and circularly polarized waves is
due to the fact that in a linearly polarized wave
the photons do not have a definite angular momen-
tum projection on the k axis, whereas in a circu-
larly polarized wave, for each photon this projec-
tion is equal to +1 or —1, for right-handed or left-
handed wave polarization, respectively. Therefore,
upon absorption of s photons from the circularly
polarized wave, the particle should have an angular
momentum s. On the other hand, in a circularly
polarized wave, the particle should be located at
effective distances!?’

Teff = €a/ mi(’-)lnonte1= BOEZ/BTI

and hence, have a moment [(s) = reffd

= 2[sy(s — sp)1'/2, since its momentum is

q = 1[2B(s — sy)/Byt) /2. This means that states
with angular momenta greater than I(s) will be
suppressed, and hence, the absorption of a number
s of photons such that s > I(s) will be suppressed.
Function s — I(s) has a minimum (equal to zero) at
8 = 8¢ = 28;, which explains the position of the peak
in the ionization probability distribution over s.

4, SPLITTING OF THE SYSTEM INTO TWO PAR-
TICLES WITH ARBITRARY MASSES. RELA-
TIVISTICALLY AND GAUGE INVARIANT
MODEL.

Let us consider the splitting of a neutral sys-
tem, bound by short-range forces, by the field of a
linearly polarized wave. If the field does not change
the interaction between the neutral system and the
products of its disintegration, then the splitting
can be described by the matrix element

M=f Sd"x Yotptpr = ZTSQ_OfQW

X Ao(sap) (2n)*d(sk+1—q—q'), (30)

where ¥ [ (x) = (2 lo)‘mei(lx) is the wave function of
the neutral system and ¥(x) and wl’o(x) are the wave
functions of the charged particles, defined by
formula (16); 1, q, and q’ are the 4-quasimomenta
of the corresponding particles; o = e((ap)/(kp)
— (ap’)/(kp’)), 88 = —e%a%(1/(kp) + 1/(kp’)); f is the
constant of the three-particle interaction.

The probability of ionization calculated per unit
volume and unit time is a function of the two in-
variant parameters x = ea/m and x = —x(kl)/m?

=eV(F,y 1,)?/m? and is equal to
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2n P2

W, 2) = o 3§ do {dow, w =T ai(sap), 31)

§>s 0 o1

where
o = (kq') | (kl),

p1,,= (E} + m'? —m?/2EL = [(EL + m'2 — m?)?/4E}
- m,’kz/EZS]i/z, E2 = —(sk + 1)? = M? + 2skm?/x,
sp = x[(m, + m})? — M?]/2m%k, ¢ is the angle be-
tween planes (k, q’) and (k, a) in the center-of-mass
system, M is the mass of the neutral particle, and
n is the density of the number of neutral particles.
The variables «, B are related to p, ¢ by the ex-
pressions

Esx?

= m[((’z —p)(p—p1)]h,

a = zcos @, z

3
p= 8% : —p)’
p(1—p)

The expression for the probability of ionization
by a circularly polarized wave differs from (31) in
that the function A; has been replaced by Bessel
function Jg(z), where z is defined by (32) and is
independent of ¢.

When x — <, it follows from (31) that

(32)

/2
W(x)= % S dy F (xsinv),
0

1 )

Sdder

0 0

f?n

= 4J'Iizl0

v2(y)
[2xp (1 — p)]*’

where F(k) is the probability of ionization by a con-
stant crossed field,

F (%) (33)

Iy m?% M:+4m2—m? M2
—_ —_— —_—— _ 02 2
Y e —p T m Pttt
v =Y eFuqugy
C om(le—1) T mw

In the case of a weak field, when values y > 1
are effective, the Airy function v(y) can be re-
placed by its asymptotic expression, and the inte-
gration can be performed in (33) by the method of
steepest descent. The saddle point is determined
by coordinates 7 = 0 and p = p,, where p, is the
root of the equation

m2 — m'2 4 3M?
2M?

m’2

L mE3m2— M
- M2

Po oM =0,

(34)

po +

903 —

lying in the range 0 < p, < 1. Then

F (%) = V3 f2nmpg’: (1 — po) "% exp [— 20072/ 3%p0 (1 — po)]
m? + 3m’2 — M2
X [32ﬂ:l0M0'0 (_—W_—
mz — m’Z 3M2
+ +

178 (33")

-1
90—3902) ] ,



176 A. 1.

where 0, is the value of ¢ at the saddle point 7 = 0,
p = py. The condition for applicability of this
formula is y, = [2kpy(1 — pg)l 230, > 1.

The cubic equation (34) has simple solutions
only in special cases. We shall examine some of
them.

1. If m = m’, then p, = 1/2.

2. 1f6=1/m’ <1, whereI =m + m’ — M and
m’ is the smaller of the masses m or m’, then
accurate to the terms ~62

m’ m—m’
p0_m—}-m’{1_—_63(m-}—m’) +}
In this case (33’) gives

_ fPnm3x
FO) = tom e + )%

2 7
X exp (—g;nmz-l/263m +m )
m

We note that when I/m’ ~a? where @ = 1/137, the
Coulomb interaction of the scattering particles
becomes essential. For this reason, formula (33”)
is valid when

(33//)

a2<l/m'<1, y0>17 y03/26<1-

3. If m’/m and m’/M < 1, then accurate to
(m’/m)?

m=r [ Yot (2]

m m

If we introduce €g = M — m and v,

= (€f + Vey? + 8m %)/4, then py = y§/m + ... and, ac-
curate to within the substitution of the primed
quantities by the unprimed ones, (8) follows from
(33), and f2/327rlom corresponds to the constant
2rN2, 3

In the case of a very intense field, F(k) tends to
a constant value equal to f’n/48r1,.

Let us now examine the role of spin effects by
taking as an example the conversion of a neutral
particle with spin 1 into a pair of charged scalar
particles. For the interaction

ig (Yo / 0zy — Yo+ [ 0xy — 2ieAppHp) gu

(¢,, is the wave function of the neutral vector par-
ticle), the splitting probability is given by formula
(31) with the differential probabilities

3)The equation f2/327m? = 27N*= n/2m' defines the maxi-
mum value of the constant of interaction of particles via their
masses (cf., for example, [*°]),
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g2m2
wy = D) [— O'A()2 + 2 (Aiz - A0A2) ],
22 22 1\2
Wy = gm ‘ITZ.A()2 w3 — g2 (p - ’2_'> AOZ, (35)

corresponding to the polarization of the particle
along axes 1, 2, 3 of the ‘‘special’’ coordinate sys-
tem; 0=1+ 72— M’p(1 — p)/m?; for the functions
Ay seelt].

In a constant crossed field, we obtain instead
of (33)

2m2n
Fios() =527 dp § def2wp (1 — o)1
o 0
O’U/Z(y) 2752 MZ( —-__1..>2 2 }
(T ), e -5 ) @) e
For a weak field this formula gives
_ /—3 g2m2nx exp (— 800”/3x)
Puaso =] 2 Ghnlo(1 + M2/8m2)
% 3M2x ’
1, =, } 36
X { 800”2~ 64m2(1 + M2/8m?)c¢’ (36°)

Here 0, = 1 — M?/4m?. In a weak field the splitting
reaches the optimum value only for polarization

of the particle along the electric field E (the pro-
jection of the spin on the direction of E is equal to
zero), and for the other polarizations is suppressed
by a factor ~y;*2 << 1. Such a suppression is due
to the fact that in the weak field the particle scat-
tering should occur primarily in the (1, 3) plane,
and in the nonrelativistic case, along axis 1. On
the other hand, however, polarization of the states
forbids scattering in directions orthogonal to the
polarization. The suppresion in the case of polar-
ization along axis 3 in the relativistic case is due
to the equality of the masses. When M = 0, formu-
las (35)—(36’) give the probability of production of
a pair of scalar particles by the photon (g should
then be replaced by e). In this case it is useful to
compare Fy , with the probabilities F | of pro-
duction of an electron-position pair by the photon“].
In contrast to Fy ,, the probabilities F)| | in a weak
field are of the same order, for owing to the spins
of the electron and positron the polarization of the
state does not forbid scattering in directions ortho-
gonal to the polarization.

In conclusion, let us consider the splitting of a
charged system with momentum q into a neutral
and a charged particle with momenta ! and q’ (for
example, H, — H + p). The splitting probability is
a function of

z=ea/m, y=—z(kq)/m*= ey (Fuqv)?/m?

and is equal to
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21 b2

d 2
W00 = g, 2 V40 Y g @ Z%A"z‘s“ﬁ)’

§>800 01

(37)
where
o = (kq') / (kI),
p12 = (E2— M2—m,”) [ 2M>
F [(E2— M2 —m,2)2]4M" — m,"2 | M2]',
E# = —(sk + q)? = m.2 + 2sxm?/ z,
so = z[(m." + M)* — m.*] | 2m%,

¢ is the angle between planes (k, q’) and (k, a) in
the c.m.s., and the variables «, B are related to
P, @ by the expressions
a=zcos @, z=Mz*[(p2—0p)(p—p1)]"/mxp,
B = 23/ 8yp.

When x — <, the probability W is related to the
probability F(x) of splitting in the constant crossed
field as follows:

(38)

9 2
Wi =— Vawrsiny),
0

o

v2(y)

F(y) = do\dv—— 2 | 39
(0 =y ) 0} T ey .
Here 7 is the same as in (33), and
B m?2 M4 m'2—m? M2
y=(2p)70, 0 =—5+——— F———pt _sp*+ 7
In a weak field
F(x)=

V3 fnpo’y exp(— 200%/3yp0)
32npo (1 4+ po) 200 [ (M2 + m'2 — m2)2/4m% + 8M2m'2/mA]'s *
(39"

177

where 0 is the value of ¢ at the saddle point 7 = 0,
P =Py, and
MZ + mlz J— mZ
8M2

M24-m?2—m2\2 m2 h
= I ) + 3]

82 2M2

Formula (39’) applies when ¥o > 1. In the special
case when m, M — =, (8) follows from (39’) if we
set € =m— M, v§ = [ej + (€2 + 8m'?)1/2) /4;
f2/32mpym corresponds to the constant 2rN2.
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