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Probabilities were obtained for the splitting of neutral and charged systems, bound by short­
range forces, by the field of a plane electromagnetic wave. The angular and energy distribu­
tions of the outgoing particles, distributions over the number of absorbed photons, and the 
dependence of the probability on the polarization of the electromagnetic wave and polarization 
of the bound system are examined. Conditions are given under which the internal structure 
of the system affects the dependence of splitting probability on the field intensity and fre­
quency of the wave. The results obtained are applicable in particular to the description of 
multi quantum splitting of negative and molecular ions. 

1. INTRODUCTION 

A number of studies devoted to the ionization of 
atoms by the field of an electromagnetic wave have 
recently appeared[t, 2J. From the theoretical stand­
point, the process of ionization of atoms, i.e., sys­
tems of charged particles bound by long-range 
Coulomb forces, is very complex because of the 
necessity of precisely calculating the simultaneous 
effect of both the wave field and the Coulomb field 
on the electron. In addition, many common proper­
ties of the process of ionization by the field of an 
electromagnetic wave can be found by examining 
a simpler problem, the ionization of a system 
bound by short-range forces. In this case, when 
the range of the forces is sufficiently small, the 
effect of the wave field and that of the short-range 
forces can be considered separately. This substan­
tially simplifies the problem and makes it possible 
to find both the ionization probability and the exact 
range of applicability of the results obtained. 

The problem under consideration is applicable 
to many real physical systems. These include 
primarily negative ions, such as the hydrogen ion 
H-, iodide ion r, etc., in which the Coulomb forces 
acting on the outermost electron are screened at 
distances greater than atomic and are manifested 
as short-range forces. Experiments on the splitt­
ing of such ions are already being carried out [aJ. 
This pertains also to molecular ions (for example, 
H; - H + p). If electromagnetic waves of very high 
intensity are considered, one can also include such 

strongly bound systems as the deuteron, etc. In 
addition, the solution of this problem permits one 
to complicate it further by introducing Coulomb 
forces and to find the changes produced in the ion­
ization formulas by these forces. This is what we 
are proposing to do in the present study. 

The contents of the work can be divided into two 
parts. In the first part (Sees. 2 and 3) we examine 
the ionization of the simplest system, the bound 
state of a spinless particle moving in a field of 
short-range forces. The total probability of ion­
ization by the wave field depends on the field ampli­
tude Band frequency w through the dimensionless 
parameters tl 

£ = ea I TJ = eB I TJW, B I Bo, 

where a is the potential amplitude, TJ = Vm 2 - E:~' 
Eo is the energy of the particle, B0 = TJ 3/em charac­
terizes the field intensity in the bound system. An 
important special case of the system under con­
sideration is the limiting case of zero frequency 
w - 0 or ~ - oo, when the process is reduced to the 
ionization by a constant crossed field. In this case, 
the ionization probability can be found by a quan­
tum-mechanical method which permits one to draw 
a number of important physical conclusions about 
the process. In particular, comparison with the 
known calculations of Oppenheimer and Lanczos [ 5,sJ 

1 >Let us note that parameter g, which determines the rela­
tive probability of absorption of several photons, differs from 
the corresponding parameter x in [4 ] in that m is replaced by TJ. 
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and Landau and Lifshitz (see [7], page 327) for the 
ionization of atoms by a constant electric field 
makes it possible to separate the effect of Coulomb 
forces in the ionization by a constant field. The re­
sult obtained for a constant crossed field is subse­
quently treated as a check on the calculation of the 
ionization by the wave field. We obtain the total 
ionization probabilities in the field of linearly and 
circularly polarized waves, and also the distribu­
tions of ionization probability over the angles of 
emission of the charged particles and over the 
number of photons absorbed from the field. 

Conditions are examined under which the in­
ternal structure of the interaction is essential 
(effective radius of interaction r 0, potential depth 
U0). It is shown that in the wave field at 

( B-.'1+ £2-)';, 
TJ'o · ~1 

Bos , 

the structure of the interaction is manifested in the 
form of a constant coefficient and affects the func­
tional dependence of the ionization probability on 
the frequency and intensity of the field only when 
Bvl~/~ ~ B0/(1Jr0) 2• 

The second part (Sec. 4) discusses a relativis­
tically and gauge invariant model describing the 
splitting of a neutral or charged system into two 
particles of arbitrar:y masses. Conditions are given 
under which the splitting probability in a weak field 
substantially depends on the polarization of the 
initial system. 

2. QUANTUM-MECHANICAL CALCULATION OF 
IONIZATION IN A CONSTANT CROSSED FIELD 

We shall consider the problem of the "drawing 
out" of a charged particle by a constant crossed 
field from a spherical potential well formed by 
short-range forces. In the absence of an external 
field, the bound state of the particle is described 
by the wave function 1/Ji(x), 2l which outside the range 
of the forces has the universal form 

N 
\jli(x) = -exp(-w- ieot), 

r 
(1) 

where 1J = Vm2 - Eij, and m and Eo are the mass and 
energy of the particle. The constant N depends on 
the structure of the potential. Thus, for a spherical 
potential well of radius r 0 and depth U0 we have 

N = [TJ /4:rteo(1 + rvo) ]'l•e11To sin [(eo+ Uo)2- m2]'fzro. 

The stationary solution of the Klein-Gordon 

2)For simplicity, states with zero orbital angular momen­
tum are considered. 

equation for a charged particle in a crossed field 
with potential A iJ. = - k/J- (ax), k2 = (ak) = 0, is 

\IJEp,v(x) = exp [-iEt + ip2x2 + i(E- y)xa]{ 2iv(y) , 
w(y) 

[ m2-EZ+p22+(E-y)2 J 
Y = ·- Xt (2eBy) '1•. 

2eBv 
(2) 

In the coordinate system chosen here a0 = 0, a is 
directed along axis 1, and k along axis 3. In this 
system, the electric field is directed along axis 1, 
and the magnetic field along axis 2. The non­
invariant notation will henceforth always be made 
in this ''special'' coordinate system. In formula 
(2), E, p2 andy are the eigenvalues of the invariant 
operators i8/8t, -i8/8x2 and i8/8t + i8/8x3, which 
characterize the state of the particle, B is the ab­
solute value of the field amplitude, and v(y) and 
w(y) are Airy functions defined by the integral 
(see[7•8J) 

~ ~ dzexp[i(yz+ ~3 )]={~iv(y) 
.,r;t Cv,w (y), 

v (y) IY>l = 1/2y-'!. exp (- 2y'l•f3), 

w (y) IY:>I = y-'1. exp (2y'l•f3) + 1/ 2 iy-'1. exp ( -2y'l•f3) (3) 

in which the integration contours Cv and Cw for 
functions v and w are as shown in Fig. 1. For real 
values of y, function v(y) is real, and function w(y) 
is complex, so that only the second of the two solu­
tions (2) has a flux different from zero in the direc­
tion of axis 1; it is equal to h = 2 (2eBy) t/3, since 
ww'* - w'w* = 2i. 

The wave function of the particle outside the 
well may be written in the form of a superposition 
of the solutions (2) with E = E0: 

\jl(x)= e-ieot ~dp2 dyexp{ip2x2+i(eo-v)xa] 

x{ 2iv(y)f-(P2V), 
w (y) .f+ (P2V), 

The probability of ionization per unit time W is 
equal to the total flux through the plane perpen-

FIG. 1 

(4) 
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dicular to axis 1, i.e., 

W = - i ~ dx2dx3 (\j)+ o\j) - a,p+ \j)) 
OXt OXt x 1;;>r0 

00 "" 

increased probability that the particle will remain 
at great distances in the Coulomb field. Indeed, the 
wave function of a particle moving in the field of 
short-range and Coulomb forces at great distances 

= 8n2 ~ dp2 ~ dy ( 2eBy) 'hI f+ (P2'Y) 12• (5) is 

Thus, it is necessary to find f+(p2y). 

From (4) we find by means of a Fourier trans­
form 

(6) 

The characteristic intensity of the field in the prob­
lem under consideration is B0 = 7J 3 I em. If the field 
is weak (BIB0 « 1), wave function 1/J (x) differs little 
from wave function 1/Ji (x) of the bound state at dis­
tances not much in excess of 1177, namely, as shown 
by calculation, when I x11 « VB01BI7J. 
Therefore in (6) we can set 

'IJ(x) ~ (N I r) exp (-rv- ia0t) 

and choose x1 = r 0, as a result of which 

_ N ( '113 ) 1/s ( TJ3(;'h ) 
- 2JtT]\;1/' 2eBy exp - 3d3~ · (7) 

Here and further on!;= 1 + [p~ + (y- Eo)2]17J2. 
Substituting this function into (5) and integrating by 
the method of steepest descent, which utilizes the 
smallness of BIB0, we obtain 

W = 2nN2 Byo (- 2Bom\;o31') 
T]Bom[(;o(2(;o-1)riz exp 3By0- ' ( 8) 

where Yo= [E 0 + (9E5 + 87) 2)112]14 and 1; 0 = 1 
+ (Yo- E0) 217J 2 are the values of 'Y and!; at the sad­
dle point. We shall recall that (7) and (8) are valid 
for BIB0 « 1, (1Jr 0)2BIB0 « 1. In the nonrelativistic 
case 7)/m ~ 0, so that Yo-m, (E 0 - y 0)11J- o, and 

B 
Wnonrel= 2rtlV2'1'l- e-2Bo/3B ., Eo · 

(8') 

A characteristic feature of formulas (8) and (8') 
is that the preexponential factor is proportional to 
the field. Let us note that in the ionization proba­
bility of the ground state of the hydrogen atom the 
preexponential factor is inversely proportional to 
the field [7]. Thus, the introduction of Coulomb 
forces increases the probability of ionization by 
the factor ~(B0IB) 2 , which is associated with an 

where a = e2 I 47T = 11137. On the other hand, the 
ionization probability is determined by the total 
current in the direction of the electric field at 
barrier distances rb ~ IleB ~ B 01B17 (I= m- Eo is 
the ionization energy). Since the total current 
~ I</Jil 2vS, and the effective velocity v and areaS at 
the barrier distances are v ~ 7Jim and S ~ B01B7J 2, 
then 

W ~ (B I Eo) t-2am/n exp (-CEo/ B). 

In the absence of Coulomb forces, a = 0 and (8) is 
qualitatively reproduced. In a pure Coulomb field 
amlry = n, where n is the principal quantum num­
ber; case n = 1 corresponds to the result of Landau 
and LifshitzC7J. 

These considerations pertain to states with an 
orbital angular momentum equal to zero. If l ;: 0, 
then in the nonrelativistic case in the expression 
for the ionization probability in a weak field there 
appears an additional factor ~ (B/Bo) I m zl, where 
mz is the projection of the orbital momentum on 
the direction of the electric field. 

3. IONIZATION BY THE WAVE FIELD 

Ionization by the wave field is calculated most 
simply and conveniently by the diagram method. 
Generally, in the final state it is necessary to con­
sider the simultaneous action of the external wave 
field and of the short-range forces. However, it is 
physically clear that allowances for the short­
range potential will change the wave function of the 
final state at distances ~r0 , and if distances r » r 0 

are effective in the problem, then the effect of these 
forces on the final state can be neglected. The 
ionization process can then be described by the 
diagram of Fig. 2, where the line with crosses 
represents the bound state, and the line with dashes 
represents the state in the wave field. This dia­
gram corresponds to the matrix element 

where 1/Ji (x) is the wave function of the bound state 
in the absence of an external field, and 1/Jp(x) is the 
wave function of the particle in the wave field with 
potential 
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FIG. 2 

The quantum numbers Pp, form a 4-vector with 
p2 = -m2• In the "special" coordinate system, 
where kp, = (0, 0, w, iw), the components Pi• p 2, 

Po - p3 = y are the eigenvalues of the operators 
-io/oxi, -i8/Bx2, and io/ot + i0/ox3• 

Matrix element (9) is not gauge-invariant, since 
it does not allow for the contribution of the dia­
grams obtained from the diagram of Fig. 2 by a 
permutation of the vertices (i.e., crosses and 
dashes). However, if large distances are effective 
in the problem (r » r 0), then a suitable choice of 
the gauge of the wave potential can make the con­
tribution of these diagrams sufficiently small, and 
thus the use of the non-gauge-invariant matrix 
element M0 will be justified. 

To elucidate these problems, we shall use the 
diagram method to examine the ionization by a 
constant crossed field. 

A. Constant crossed field. For a potential 
Ap, = ap,(kx), k2 = (ak) = 0, the wave function is 

\jlp(x)= 1 expr-i(a(kx)2_4~(kxl:_\+i(px)J, 
)"2p0 L 2 3 ) 

(ap) e2a2 
a=- e (kp)' ~ =- 8(kp) · (10) 

Substituting (10) into (9) and performing the cal­
culations, we obtain 

Mo = ---~-{; ___ exp [-is~+ i 8~ ( ~ n 
)"2p0k0 (4~)'h 8B 3 8~ 

Xv (y) (Q2 + YJ2) ¢(Q), (11) 

where v(y) is the Airy function (3) with argument 

y = (4~)'h [__!_- (~)21 
4(} 8(} J 

= (__t__ \'ls[i +Pz2_tjv_- eo)_2 J ; (12) 
2eBvl YJz 

<P (Q) is the Fourier transform of function 1/Ji (x): 

¢(Q) = ~ d3xexp(- iQx + ie0t)\jli(x) (13) 

and 

Q = p- sk, eo= Po- sko, 

If (Q 2 + 7J 2) <P (Q) is not a constant, then I M012 de­
pends on Pi• as it should not from general physical 
considerations. For this reason, the matrix ele-

ment (11) needs to be supplemented with other dia­
grams in this case. If, however, 

(Q2 + YJ2)¢(Q) = const = 4nNo, 

then the Fourier transform <P (Q) and the corre­
sponding coordinate function 

'IJii(x) = (No I r) exp ( -w- ieot) 

describe the bound state with zero interaction 
radius, and N0 = V7J/ 47rE:0 • In this case (9) and (11) 

do indeed yield a gauge-invariant result valid for a 
field of arbitrary intensity: 

W= \ IM~I2 ~3p =8No2I dpzfdvf\~)'hv2(y). (14) 
·' 1 (2n)3 YJ _'00 0 2eBy 

It is essential here that I M01 2 is independent of Pi; 
the resultant infinite integral with respect to Pi is 
equal to eBT, so that the ionization probability per 
unit time is finite. 

If the crossed field is described by another 
potential AM = - k p, (ax), related to the preceding 
potential by the transformation 

f= -(ax)(kx), 

then the wave function of the particle in the crossed 
field will differ from (10) by an additional phase 
factor eief, and the matrix element corresponding 
to the diagram of Fig. 2 will be 

Mo' =- (2Po)'i' !o(4B)"/~ exp [-is 8~ + i 8: ( 8~ n 
X Idzexp[i(yz+ ~ )] (Q2+YJ2)¢(Q), (11') 

and in contrast to ( 11), 

Q = p- sk- eacp, cp = a I 8~- z I (4(}) 'Ia, 

Q2 = YJ 2 (2eBv I YJ 3)'''z2 + pz2 + (v- eo)2. 

The remaining quantities are the same as in (11). 
The square of the matrix element I M01 2 is indepen­
dent of Pi and for a zero effective radius of the 
forces, when 

M0 coincides with M0• 

For r 0 ,= 0, the function (Q2 + 7) 2) <P (Q) in the 
complex plane Q = -JQ2 is smooth in a vicinity, 
.6.Q = Q - i 7) « r 01 at the pole Q = i 7J of the function 
<P (Q). If the field is weak, then the integral (11') 
can be calculated by the method of steepest des­
cent, and the saddle point z = i -fY coincides with the 
pole Q = i 7J of the function <P (Q). By the same token, 
M0 (in contrast to M0) correctly reflects the phys­
ical situation whereby in a weak field large distan­
ces are effective to which the vicinity of the pole 
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of the wave function cp (Q) is known to correspond 
in the Q plane. In the integral with respect to z, the 
interval t..z = z - i fi ~ y-1/ 4 is effective, i.e., 

!!..Q =· Q - iTJ ~ TJ (2eBvl'~ I TJ3) '!, ~ TJ (B I Bo) '!.. 

If 7)v'B/B0 « r 01, the function (Q2 + 7) 2) cp(Q) changes 
little in this interval t..Q and can be replaced by 

(Q2 + TJ 2) ¢ (Q) I Q=iT] = 4:nN, 

where N is the coefficient in the asymptotic form 
of (1). As a result, the matrix element (11') yields 
expression (8) for the ionization probability with 
the same conditions of applicability 

B I Bo~ 1, 

The entire dependence on the structure of the po­
tential is contained in coefficient N. 

Let us note that the nonstationary solution l/Jp(x) 
(or l/Jp(x)) used here for the Klein-Gordon equation 
is connected with the stationary solution (2) by the 
relation 

= exp[i(p2x2 + (E- v)x3- Et)] 

X~~ dzexp[i(yz+~)J 
l':n c. 3 ' 

(15) 

'{.\,W 

with the transformation function 

f(p E) - i(2po)'f, [-· 1 (po-E)Pt+ ipt31 
t. - exp ~ ---

y':n(2eBv)'1• eB 3eBv ' 

z = [eB(x3- t) - pt] (2eBv)-'"· 

A characteristic feature of this relation is that in 
order to obtain l/!Ep2y with a nonzero flux along the 
electric field, complex-plane integration with 
respect to p1 or z must be performed (see Cw, 
Fig. 1). Let us also note that the matrix element 
M~ (11') corresponds to the function f+(p2y) in (4), 
whereas the function f _(p2y) corresponds to the 
same matrix element (11') but with integration with 
respect to z not along Cv, but along Cw. 

B. Linearly polarized waves. The potential is 
AM = a JJ, cos (kx) or A~ = k (ax) sin (kx). To calcu­
late the ionization in the wave field we shall use 
the same matrix element (9) in which, however, 
the wave function l/Jp(x) in the wave field is equal to 

'¢p(x) = (2q0)-'i•exp {-i[a.sin (kx) 

-~sin 2(kx)- (qx)]}, 

'IJlp' (x) = '¢P (x) exp [ -ie (ax) cos (kx)], (16) 

where qJJ, = PJJ,- kMe2a2/4(kp) is the average 

momentum of the particle in the field; a and {3 are 
the same as in (10). For the potential A~ 

Mo' = --1 ~ 6(sko+ eo- qo) 
y'2qo 

s 

" X~ dcp exp[i(a.sincp- ~ sin2cp + scp)](Q2 + TJ2)¢(Q), 
-n 

(17) 

where 
Q = q - sk - ea cos q:, 

For the potential AM the matrix element M 0 is given 
by the same expression (17), but with Q = q- sk. 

For a zero interaction radius (Q2 + 71 2) cp (Q) 
= 471'N0 and both gauges yield the same expression 
for the ionization probability per unit time: 

1 " Ao(sa.~)= 2:n~ dcpexp(i(a.sincp-~sin2cp-scp)], (18) 
-" 

which is valid for a wave with an arbitrary inten­
sity and frequency. The summation is performed 
over integral s values greater than s 0 = I*/w, 
I* = m*- E0, m* = (m2 + e2a 2/2)1/ 2, and the inte­
gration is performed along the directions of the 
vector q. The integration in (18) can be performed 
only in special cases. 

For r 0 "'0, the matrix element M0 has a greater 
range of applicability than M 0• In particular, when 
7)r0, Qr0 « 1, it leads to formula (18), and for 
sufficiently large s, to the same expression, but 
with the replacement of N0 by N. 

Indeed, if s » 1, the integral in (17) can be cal­
culated by the method of steepest descent, and the 
saddle points 

cos C{J1,2 =a. I 8~ ± [1(a. I 8~) 2 + 1l2- s I 4~]'!. 

= (qt ± iTJl's) I ea 

coincide with the pole Q = i 7) of the function cp (Q). 

This means that large distances are essential. 
When the inequality 7)r0(2eBy.Jfi sin cp 1, 21 /7) 3)112 « 1 
is fulfilled (for the effective values of q2, y and s 
the left-hand side of the inequality is 
~7)r0 (2Bv'i+T!B00 112), the function (Q2 + 71 2)cp(Q) 
changes little in the effective region of integration 
and can be replaced by its value at the saddle 
point, which is equal to 471'N. Then the integral in 
(17) becomes equal to 471'N · 271'A0, where 

2 ( 2 )'/s ( jw3 , ') Ao = Re- -- ex -- ~ v -y-n If" I' P t+ 3/"'2 + T) (y), 
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. j"2 2 )'/o . 
- L 1fl' 

y- 2!'" ( l/"'1 e ' 
(19) 

and the ionization probability is given by formula 
(18) with the replacement of N0 by N. In (19), f, f" 
and f"' are the values of function f(cp) == i(a sin cp 
- {3 sin 2cp - scp) and its derivatives at the saddle 
point. These values were found in C4J (formula 
(B.10); see also the meaning of phase 7J' in the 
same paper) and are expressed via the variables 

1/J and E, which are related to a, {3, and s by 

2cos'ljl}= (!.. _!_ ~)'i•_ !,.!._ s _a )'i• 
2 ch a 2 + 4~ + 4~ + \.' 2 + 4j3 4~ · (20)* 

In our case 

s I 4~ = 2Bs ( qo - q sin 8' cos q/) J B0£3m, 

a I 4~ = 2q cos 8' I TJs, 

where e' is the angle between q and a, and cp' is the 
angle between the planes (a, q) and (a, k). 

We shall assume further that IYI » 1 (for s » 1, 
y » 1 if~ :51; if however ~ » 1, then IYI » 1 for a 
weak field' B/B0 « 1). Then 

Ao(sa~)= ( nl~"l reRe!sin(Im/- ~ argf"), (19') 

and the ionization probability is 

2N2 I e2Ref 
W = --~- ~ q J dQ -- -"-[1- cos(2 lm/- arg /"}). (21) 

Jt s>so If I 
Integration in (21) along the directions of vector 

q remains difficult. We shall assume therefore 
that 7)/m « 1 (nonrelativistic case). Then s/4{3 
- 2Bs/B0~ 3 and the dependence in (21) on the angle 
cp' vanishes. In the sum (21) the significant values 
of s are those for which 

s- so~ (1 + '62)'h, (s- so) I so~ 1. 

Expanding f and f" in the effectively small parame­
ter o == [(s- s 0)/2s0J112, we obtain 

2 Ref = 2s [-t - - Arth t + 262t (-t-2-- sin2 8') + J 1 + t2 \ 1 + t2 • . • ' 

[ 
Jt 46 cos 8' J 

2 lm f = 2s 2 - -y 1. + t2 + .. . , 

1/"l 4st __ 
= 1 + t2 + ... ' larg !" = Jt + ot l" 1 + t2 cos 8' + ... ' 

(22)t 

where t ==tanh El s =so= 1/~, and the dots 
stand for terms ~o 2 smaller than the smallest of 
those which are written out. In the expansion of 

*ch =cosh. 
t Arth = tanh.,. 

2 Re f in the effective region of s and e' we can 
confine ourselves to the terms which have been 
written out, since the remaining ones are ~so4t3 
~ 02 « 1. In 2 Im f this can be done only if so 3 « 1, 
which is not fulfilled for ~ 3 .::::, VB0/B » 1. For this 
reason, we shall keep 2 Im f unexpanded. Then 

W-N2 (2 +62)'/'" I ( 1 )'1+£2 \ 
- TJ ( 1 + tz) ,1 ,1 LJ exp l - 2s _ Arsh--~- 1 

;, ' so ' - ' ,. 2 + 1:2 ; 
s>.so S b 

> 

F.(~, so)= e-z' ~dz'ez''[1+cos2Imf). 
0 

Here 

z = [2(s- so) /Vi+ £2]'1• z' = z cos 8', 

so = Bo£ (1 +£2 /2) / 2B = 1(1 + {;2 / 2) / w. 

(23)* 

The oscillating term cos 2 Im f is essential for 
the differential distribution relative to the angle ()'. 
Its contribution to F s (~, s 0) is negligibly small, 
with the exception of s, which is very close to the 
threshold: so ~ 1, when its inclusion leads to the 
correct threshold singularities (s - s 0)112 and 
(s- s 0) 312 for even and odd s. The differential dis­
tribution with respect to cos e' oscillates rapidly 
with a frequency~ 8so/v'l+t2 about the mean value 
(2N2q/7rl f"l )e2 Ref, which decreases smoothly and 
exponentially from the points cos ()' = ± 1 and is 
significant in the interval .6. cos ()' ~ 1/Sso2t 
~ ~/4(s- s 0). Formula (23) is applicable when 

So~ 1, wo( (2 + 1;2)1'1 + 62 I so)'/,~ 1, 

(s ~ so) 2 I (1 + £2)'hs0 ~ 1. 

If~ » 1, the main contribution to (23) is made 
by the terms with s - s 0 ~ ~ 3• In this case, the sum­
mation over s can be replaced by an integration. 
Then 

r - ( B )'h W = .) dsWs = 2)'3n N21] -
so Bo 

(23') 

The probability distribution with respect to s for 
s - s 0 ~ ~ 3 is very simple: 

w. = w(___!__ )'i•exp[- 2(s- ~o2/3£3) (23") 
3ns3 ( s - so) 'I• . 

It has its greatest value near the threshold and de­
creases exponentially with increasing s, the distri-

*Arsh = sinh·'. 
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bution width being given by (s - s 0)eff ~ ~ 3 or 
(s- s 0)eff/So ~ B/B0 « 1. Thus, in units of s 0, the 
distribution over s is "compressed" against the 
threshold. Let us note that near the threshold, 
when s - s0 ~ 1 « ~ 3, and at very large s, when 
s- s 0 » ~ 3 , formula (23") does not apply and it is 
necessary to use the more accurate formulas (23) 
or (21). 

The probability (23') at ~ = oo is related to the 
probability (8') in the constant field by a phase 
averaging, i.e., if B sin 1/! instead of B is introduced 
into (8') and averaging over 1/! is performed, we ob­
tain (23') for ~ = oo • 

C. Circularly polarized wave. The potential is 
AJJ. = a 1JJ. cos (kx) + a 2JJ. sin (kx) or A~ = kJJ.(a1x) 
x sin (kx) - k (a2x) cos (kx), and k2 = (a1a 2) = (a1k) 
= (a2k) = 0, af = a~ = a 2; in the "special" system 
a1 ,u =(a, 0, 0, 0), a 2JJ. = (0, a, 0, 0), kJJ. = (0, 0, w, 
i w) . For the second gauge we have 

Mo' =- 1 ~ {l'(sko +Eo- qo) 
y2qo 

8 

n 

X ~ d<p exp {i ( a 1 sin <p - a2,oos <p- s<p) ](Q2 + 112) ¢ (Q), 

(24) 

q,_. = p,.- k,_.e2a2 I 2 (kp), 

Q = q - sk - ea1 cos <p - ea2 sin <p, 

Q2 = (q1- ea cos <p)2 + (q2 -- ea sin <p)2 + (v- Eo) 2. 

The matrix element M 0 has for the first gauge the 
same form, but Q = q- sk. 

For a zero interaction radius we have 

r . ea q sine 
W=4:rtNo2 ~q Jd8sm8/82 (z), z=- . (25) 

•>•" 0 (!) qo - q cos e 

Here () is the angle between q and k, and q0 = s w 

+ Eo. 
For r 0 ""'0, formula (25) remains valid when 

11r0 and Qr0 « 1. If, however, s » 1 and 
r 0wyv'stanha/T/ « 1 (for effective values of e, s 
the left-hand side~ r0 T/(B~/B00 1/2 ), this 
formula can be used by substituting N for N0 and 
using instead of the Bessel function the following 
asymptotic expression: 

J.(z) = -1- ( 2 )\xp [- s (a- th a- _!_th3 a)] v(y), 
in · s ' 3 

ch a= s I z, y = (s I 2)'1•th2 a. (26)* 

If y » 1 (for s » 1 the condition y » 1 is fulfilled 
when ~ :S 1, and when ~ » 1 it will be fulfilled for 

*th =tanh. 

a weak field B/B0 « 1), formula (26) becomes sim­
plified: 

ls(z) = exp[- s(a- th a)] 
(2ns th a) 'f, · 

(27) 

Assuming the conditions s » 1 andy » 1 to be 
fulfilled and using relation (27), we can perform 
the integration in (25) by the method of steepest 
descent; the saddle point is determined by the con­
dition cos () = q/q0 and then 

- ~ exp [- 2s(a- th a)] 
W=2ynN2 Li q ( I )2( h )'I ; qo m. s t a ' 

s>so 

ch a= s I z = swm. I eaq, qo = sw +Eo. (28) 

In the nonrelativistic case 

eh a = ~ [ _!j-_f_ r 
26 so(s-so) J ' 

[ (s-s0)(1+62 ) J'f, 
0=1'] 
.~. so ' 

/(1 + £2) 
so= . 

(!) 

The probabilities W s have characteristic threshold 
singularities (s - s 0)S + 112. 

If~ » 1, the summation in (28) can be replaced 
by integration, and the method of steepest descent 
can be employed. The saddle point s = sc is found 
from the conditions 

altha = ScWqo I q2, ch a = scwm. I eaq. 

As a result, 

W = 2nN21'] J exp [- 2/ 3scth3 ~( 1 + 3/ 5 th2 a)] 
scth2 a ( 1 + qo2 th2 a/9m. 2) '/, 

Bvo 
= 2nN21'] Bom [1;o ( 2~~o--1-) ]-'1• 

ex [ _ 2Bom~o'f, ( _ ~-J] . 
X p 3B 1 1~~2 , , vo 0£ / 

(29) 

In the nonrelativistic case (cf. formula (23')), 

B [ 2Bo ( 1 )] 1 Wnonrel= 2nN21']e;;-exp - 3B 1- 1562 . (29 ) 

T~e probability distribution over s has for s - sc 
~ sc~ a Gaussian character 

Ws= W exp[- (s-sc)2], (29") 
insc£ sc6 

with a maximum at s = sc = 2s0(1- 1/3~ 2 + ... ) and 
a width (s- sc)eff ~v'sc~ or (s- scleff/s0 

~ v'B/B0/~. Thus, the distribution over s in units 
of s 0 has the form of a narrow peak located (in the 
nonrelativistic case) at the doubled threshold 
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value sc = 2s0• Formula (29") should not be used 
if s - sc « Sc or s - Sc » ..J sc~ . 

The marked difference in the distributions over 
s for linearly and circularly polarized waves is 
due to the fact that in a linearly polarized wave 
the photons do not have a definite angular momen­
tum projection on the k axis, whereas in a circu­
larly polarized wave, for each photon this projec­
tion is equal to+ 1 or -1, for right-handed or left­
handed wave polarization, respectively. Therefore, 
upon absorption of s photons from the circularly 
polarized wave, the particle should have an angular 
momentum s. On the other hand, in a circularly 
polarized wave, the particle should be located at 
effective distances [a] 

reff = ea I m.w lnonret= Bo£2 I BTJ 

and hence, have a moment l(s) =ref~ 
= 2[s0(s- s 0)J 112 , since its momentum is 
q = ry[2B(s- s0)/B0~J 112 • This means that states 
with angular momenta greater than l (s) will be 
suppressed, and hence, the absorption of a number 
s of photons such that s > l(s) will be suppressed. 
Function s - l (s) has a minimum (equal to zero) at 
s = sc = 2s0, which explains the position of the peak 
in the ionization probability distribution over s. 

4. SPLITTING OF THE SYSTEM INTO TWO PAR­
TICLES WITH ARBITRARY MASSES. RELA­
TIVISTICALLY AND GAUGE INVARIANT 
MODEL. 

Let us consider the splitting of a neutral sys­
tem, bound by short-range forces, by the field of a 
linearly polarized wave. If the field does not change 
the interaction between the neutral system and the 
products of its disintegration, then the splitting 
can be described by the matrix element 

M = d d4x ¢P+¢P,+¢l = ~ (S f 'l) ,1 
• 8 · qoqo o ' 

X A0 (sa~) (2n) 4() (sk + l- q- q'), (30) 

where </! z (x) = (2Z 0r112ei(lx) is the wave function of 
the neutral system and </Jp(x) and </!p(x) are the wave 
functions of the charged particles, defined by 
formula (16); l, q, and q' are the 4-quasimomenta 
of the corresponding particles; a = e((ap)/(kp) 
- (ap')/(kp')), 8(3 = -e2a 2(1/(kp) + 1/(kp')); f is the 
constant of the three-particle interaction. 

The probability of ionization calculated per unit 
volume and unit time is a function of the two in­
variant parameters x = ea/m and x = -x(kl)/m2 

= e..J(Ff.LV lv) 2/m3 and is equal to 

where 

p = (kq') I (kl), 

Pt, 2 = (E~ + m'2 - m2)/2E~ =F [(E~ + m' 2 - m2)2/4E§ 
- m~2/E~] 1 12, E2 = -(sk + l) 2 = M2 + 2sKm2/x, 
s 0 = x[(m* + m~) 2 - M2]/2m2K, cp is the angle be­
tween planes (k, q') and (k, a) in the center-of-mass 
system, M is the mass of the neutral particle, and 
n is the density of the number of neutral particles. 
The variables a, (3 are related to p, cp by the ex­
pressions 

a= z cos <p, E8 x2 
[ ) ]'/ z = (1 ) (Pz- P (p- pi) ', 

mxp -p 

x3 

~ = 8xp ( 1 - p) · 
(32) 

The expression for the probability of ionization 
by a circularly polarized wave differs from (31) in 
that the function A0 has been replaced by Bessel 
function J s (z), where z is defined by (32) and is 
independent of cp. 

When x- 00 , it follows from (31) that 

11/2 

W(x)=_3_ ~ d¢F(xsin¢), 
n o 

f2 i "" 2( ) 
F ( x) = _n_ (" dp (" d-r v y , , 

4n2Z0 J J [2xp ( 1 - p)] f, 
(33) 

where F(K) is the probability of ionization by a con­
stant crossed field, 

cr m'z M2 + m'2 - m2 M2 
y=[2xp(1-p)]'is' cr=~2- m2 P+ mz P2 +'2

• 

vqz' - v' qz eF "'': q"'qv' 
l'= ----

m(lo -ls) m4x 

In the case of a weak field, when values y » 1 
are effective, the Airy function v(y) can be re­
placed by its asymptotic expression, and the inte­
gration can be performed in (33) by the method of 
steepest descent. The saddle point is determined 
by coordinates T = 0 and p = p0, where Po is the 
root of the equation 

m2- m'2 +.3M2 m2 + 3m'2- M2 m'z 
Pos - 2M2 Poz - 2M2 Po + Mz = 0, 

(34) 
lying in the range 0 < Po < 1. Then 

F (x) = y3 f2nmpo'f,( 1- po)'izx exp [- ,2cro'i•/3xpo( 1- po)] 

[ ( m2 + 3m'z - M2 
X 32nloMcro , 2M2 · 

mz- m'z + 3M2 \ '/,J-1 + M2 Po - 3po2) , (33') 
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where cr0 is the value of cr at the saddle point T = 0, 
p = p0• The condition for applicability of this 
formula is Yo= [2Kp 0(1- p0)]-213cr0 » 1. 

The cubic equation (34) has simple solutions 
only in special cases. We shall examine some of 
them. 

1. If m = m', then Po= 112. 
2. If o = Ilm' « 1, where I= m + m'- M and 

m' is the smaller of the masses m or m', then 
accurate to the terms ~o 2 

Po=m~m'{t-6 3 (:~~') + ... }. 
In this case (33') gives 

F(x) _ fnm3x 
- 64nlom' (m + m')26 

( 4m'2 v m + m' \ X exp --- 263--- l. 
3xm2 m J 

(33") 

We note that when Ilm' ~a 2 where a = 11137, the 
Coulomb interaction of the scattering particles 
becomes essential. For this reason, formula (33") 
is valid when 

3. If m' /m and m' /M « 1, then accurate to 
(m' /m) 2 

m' [ M - m 1/ ( M - m )- 2] 
po=4m ~+vs+ ~ + ... 

If we introduce Eo = M- m and Yo 
, _, '2 '2 I - 'I d = (Eo+ vE0 + 8m ) 4, then Po- Yo m + ... an , ac-

curate to within the substitution of the primed 
quantities by the unprimed ones, (8) follows from 
(33), and f2132rr Z0m corresponds to the constant 
2rrN2• 3) 

In the case of a very intense field, F(K) tends to 
a constant value equal to f2nl 48rr l 0• 

Let us now examine the role of spin effects by 
taking as an example the conversion of a neutral 
particle with spin 1 into a pair of charged scalar 
particles. For the interaction 

(cpJ-l is the wave function of the neutral vector par­
ticle), the splitting probability is given by formula 
(31) with the differential probabilities 

3 )The equation f2 /321Tm2 = 2TTN2= T]l2m' defines the maxi­
mum value of the constant of interaction of particles via their 
masses (cf., for example, [10]), 

corresponding to the polarization of the particle 
along axes 1, 2, 3 of the "special" coordinate sys­
tem; cr = 1 + T 2 - M 2 p (1 - p )1m2; for the functions 
Ai see [ 4]. 

In a constant crossed field, we obtain instead 
of (33) 

1 
g2m2n I I 

F1,z,a(x) = --2-z-J dp J d-r[2xp(1- p)]-'h 
n o o o 

{ crv'2(y) MZ ( 1 )2 } 
X -y-' ,;2v2(y), m2\ p-2 v2(y) . 

For a weak field this formula gives 

-l/3 g2m2nx exp (- 8cr0'f,/3x) 
F!, 2' a(x)- 2 64nl0 ( 1 + M2/Sm2 ) •;, 

X {1, _x_, 3M2x I }. 
'Scro'" 64m2 ( 1 + M2 8m2 ) cro'/, 

(36) 

(36') 

Here cr0 = 1 - M2 I 4m2• In a weak field the splitting 
reaches the optimum value only for polarization 
of the particle along the electric field E (the pro­
jection of the spin on the direction of E is equal to 
zero), and for the other polarizations is suppressed 
by a factor ~y0312 « 1. Such a suppression is due 
to the fact that in the weak field the particle scat­
tering should occur primarily in the (1, 3) plane, 
and in the nonrelativistic case, along axis 1. On 
the other hand, however, polarization of the states 
forbids scattering in directions orthogonal to the 
polarization. The suppresion in the case of polar­
ization along axis 3 in the relativistic case is due 
to the equality of the masses. When M = 0, formu­
las (35)-(36') give the probability of production of 
a pair of scalar particles by the photon (g should 
then be replaced by e). In this case it is useful to 
compare F 1, 2 with the probabilities F11, 1 of pro­
duction of an electron-position pair by the photon [ 4]. 

In contrast to F 1, 2, the probabilities F 11 ,1 in a weak 
field are of the same order, for owing to the spins 
of the electron and positron the polarization of the 
state does not forbid scattering in directions ortho­
gonal to the polarization. 

In conclusion, let us consider the splitting of a 
charged system with momentum q into a neutral 
and a charged particle with momenta l and q' (for 
example, H;- H + p). The splitting probability is 
a function of 

x = ea/m, X= -x(kq) /m2 = ef(F"vqv)2/m3 

and is equal to 
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where 

p = (kq') I (kl), 

P1,2 = (Es2 - M2 - m.'2) I 2M2 

+ [ (Es2- M2- m.'2)2 I 4M'- m.'2 I MZ] 'h, 

Es2 =- (sk + q) 2 = m. 2 + 2sxm2 I x, 

so= x[ (m.' + M)2- m. 2 ] I 2m2x, 
qJ is the angle between planes (k, q') and (k, a) in 
the c.m.s., and the variables a, (3 are related to 
p, qJ by the expressions 

a= z cos <p, z = Mx2[(pz- p) (p- pi)]'/, I mxp, 

(38) 

When x- 00 , the probability W is related to the 
probability F(X) of splitting in the constant crossed 
field as follows: 

2 lT,i2 

W(x) =- ~ d¢F(xsin¢), 
:n: 0 

Here Tis the same as in (33), and 

In a weak field 
F(x) = 

"}'3 fnpo'1'X exp (- 2cro'f,/3xpo) 

32:n:po(1 + po)2ao{(M2 + m'2- m2) 2/4m' + 8M2m'2/m']'i•' 

(39') 

where cr0 is the value of a at the saddle point T = 0, 
p = p0, and 

__ Mz + m'2 _ m2 [( M2 + m'2 _ m2 )z m'2 ]'/, 
Po - 8M2 + 8M2 +2M2 • 

Formula (39') applies when y 0 » 1. In the special 
case when m, M- 00 , (8) follows from (39') if we 
set Eo= m- M, Yo= [E0 + (E~ 2 + 8m'2)i/2]/4; 
f2/32rrp0m corresponds to the constant 2rrN2. 
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