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s-f-exchange interaction is considered in the case when the total angular f-shell momentum J 
is a good quantum number. The Hamiltonian for s-f-exchange connected with the changes in J 
is established and its effect on indirect exchange interaction and superconductivity is analyzed. 
The results obtained by Brout and Suhl [7J and by Mattis [ 9] are critically discussed. 

1. In an analysis of s-f exchange in rare-earth 
metals it is necessary to take into account in the 
general case (with the exception of gadolinium) 
not only the spin S of the unfilled s-shell, but also 
its non-zero orbital angular momentum L. 
De Gennes[1J advanced the hypothesis that in these 
metals the s-f exchange is determined not by the 
operator S, but by the operator (g - 1)J, where g 
is the Lande factor. This hypothesis signifies in
tuitively that only the S component parallel to the 
total angular momentum of the shell J = L + S is 
effective in the exchange [2]. The de Gennes hypo
thesis was later corroborated by Liu [3], who ob
tained, confining himself to the principal term of 
the expansion of the phase factor exp (ik • r) of the 
conduction-electron wave functions in spherical 
harmonics, the following expression for the s-f 
exchange Hamiltonian: 

H = -/(k, k') £t/2N + (g- 1)s1], (1) 

where N is the number of electrons in the f-shell, 
and s is the spin of the conduction electron. 

The indirect exchange due to a Hamiltonian of 
the type (1) was considered by many authors [4•5J. 
Kaplan and Lyons [ 5] have shown that inclusion of 
the expansion term following the principal one 
leads to the appearance of anisotropic exchange 
interaction, besides the Heisenberg-type exchange 
~JnJm· 

A Hamiltonian of the type (1) describes s-f ex
change in which the quantum number J is conserved. 
There exist, however, phenomena whose analysis 
calls for inclusion of the s-f exchange accompanied 
by variations of J. For example, the lowering of 
the critical temperature T c of super conducting 
lanthanum following addition of Eu impurity[S] 
cannot be explained if a Hamiltonian of type (1) is 
used, since J = 0 for Eu in the ground state. In this 
connection, Brout and Suhl C7J expressed the opinion 

that the influence of the Eu impurity on T c of lan
thanum is due to s-f exchange in which J of the Eu 
f-shell changes by unity. However, a quantitative 
estimate of the lowering of T c• based on 
Herring's assumption [S] that the free energies of 
the normal and superconducting states come closer 
together in the presence of magnetic impurities, 
has led to an anomalously small value for the en
ergy 6 connected with unity of change J. Namely 
Brout and Suhl [7 J obtained for Eu a value 6 
~ 20-40 cm-1, whereas usually 6 ~ 103 cm-1 for 
rare earths. They have also indicated[?] that the 
s-f exchange accompanied by changes in J may 
possibly influence the establishment of ferromag
netic order. 

Kaplan and Lyons [5] believe, to the contrary, 
that the transitions accompanied by changes in J 
cannot make any contribution to the isotropic ex
change for different atoms. Recently, however, 
Mattis [ 9] concluded from the results of[7] that 
exchange connected with changes in J can lead to 
an indirect exchange of the type ~ J mJ n which has, 
along with an oscillating term of the Ruderman
Kittel type, also a non-oscillating term. Thus, 
unlike the case when the quantum number J is 
assumed to be conserved, in the theory of s-f ex
change accompanied by changes in J there are 
several mutually contradictory statements. In this 
connection, it is of interest to consider the s-f ex
change which we developed by an earlier method [ 1 o], 
connected with changes in J, and also to assess its 
influence on indirect exchange and on supercon
ductivity; this is the purpose of the present article. 

2. The s-f exchange interaction Hamiltonian has 
in the second-quantization representation the fol
lowing[1oJ: 

II=- (2) 
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where a~J.la and aka (and also anJ.La and aka) are 
the Fermi electron creation (annihilation) opera
tors, n is the number of the ion of the rare-earth 
element, J.l is the magnetic quantum number in the 
f-state, a is the electron spin projection, and the 
exchange integral IJ.l, k, k', n has the following form: 

1~. k. k',, = cxp {i(k- k')R,}/~(k, k'). (3) 

Here I J.l (k, k') does not depend on the position Rn 
of the rare-earth ion, and is determined by 

/ 1,(k, k')= e2 ~ cpk,*(rt)<D!.':'.:_(ri)cpk(r:)~~(r2)-dr1 dr2,(3') 
lrt- rzl 

where cpk is the wave function of the conduction 
electron, and <I>A.J.l is the atomic wave function of 
the f-state with A. = 3. 

Introducing the spin operators 

where NnJ.La is the number of electrons in the state 
<l>nA.J.La• and NnJ.l = NnJ.Lt + NnJ.l•, and summing over 
a1 and a 2, we transform (2) into 

H=- ~ If',k,k',n{ 1/2N""(a~'takt+a~'lakl 
k, k', n, ~· 

+ (a~'iaki- a~';.aq)S~~. + a~'>ak\S~I'- + a~'taqS~:,}. (5) 

Using identity (10) from [to], we can write (5) in 
the form of two sums: 

II~,- ~ lk,k',n{ 1/2Nn(a~'tal<t + a~'laq) 
k, k', n 

+ (a~'taki -a~'laki)S,.z 

where the first sum depends on the average ex
change integral 

- 1 ~ I , =--- I , k, k, n 2), + 1 ~. k, k , n, 

1-' 

(6) 

on the total spin Sn = ~Snw and on the number Nn 

of f-shell electrons, while the second sum contains 
combinations of exchange integrals and spin opera
tors which are anti-symmetrical with respect to 
f.!t and J.L 2• 

To simplify the subsequent analysis, we confine 

ourselves here to an account of only the ''princi
pal" terms (see[3•5J) and we assume that IJ.l, k, k', n 
does not depend on J.l. Then the second sum in (6) 
vanishes, and in the first sum we use the identity 

S = UJJ + Q, (7) 

where aJ = gJ - 1 and by definition Q = S - a JJ. 
We then get in place of (6) 

H=Ht+Ht; (8) 

H1=- ~ Ik,k',n{ 1/2Nn(a~'takt+a~'lakl) 
k, k', n 

+ (a~'takt -a~'+akl)ctJJnz 

+ a~' taktctJJ n + + a~'taklctJJ n-}, (9) 

B1=- 2J lk,k',n{(a~'takt-a~'laki)Qnz 
k,k',n 

+ a~'laktQn+ + a~'takiQn-}. (10) 

It is easy to see that the Hamiltonian H1 in (9) 
is equivalent to the Hamiltonian (1). Therefore the 
expression obtained by us for H1 gives, in our 
opinion, the simplest and most direct justification 
of the de Gennes hypothesis [t J. However, since 
we are interested in effects not accounted for by 
the Hamiltonian (1) ,2r (9), we turn to the analysis 
of the Hamiltonian H1, which was not considered 
earlier. To clarify the role of H1, it is necessary 
to establish the meaning of the operator Q. Taking 
into account the definition of aJ, it is easy to verify 
that the operator Q is orthogonal to the operator J. 
Therefore the diagonal matrix elements of Q in 
states with definite J are equal to zero. Further
more, since the following commutation relations 
hold: 

(11) 

where eikl is an antisymmetrical unit tensor, we 
obtain, by using formulas (27 .11) and (27 .13) 
from [ 2], the following nonvanishing matrix ele
ments of Q: 

(J --1, JzJQzJJ, Jz) =IAL1 [J2 _ (Jz)2]'iz, 

(J+ 1, JzJQzJJ, Jz)=AJ+t[(J+1)2-(Jz)2)11,, 
J 

(J -1, Jz + 1JQ+JJ, Jz)= AJ-d(J- Jz) (J- ]'-1)]'1c 

(J + 1, Jz + 1JQ+JJ, Jz) = -A;+I [(J + Jz + 1) (J + Jz + 2)]'''• 

(J -1, Jz -1JQ-J!, Jz)=- Af_t[(J + Jz -1) (J + Jz)]'lz, 

(J + 1, Jz -1JQ-J!, Jz)= A;+l [(J- Jz + 1) (J- Jz + 2)]'1'. 

(12) 

We see from (12) that Qz, Q+, and Q- change Jz by 
0, + 1, and -1, respectively. However, these opera
tors change J by only ± 1. It follows therefore that 
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the Hamiltonian H1 describes the s-f exchange ac
companied by a change ± n in the total angular 
momentum of the f-shell. 

The coefficients AJ ± 1 in (12) can be determined 
from the system of equations 

(A/_1) 2 (2/- 1)/ + (Af+!)2(21 + 3)'(/ + 1) 

= S(S + 1)- ail(/+ 1), 

the first of which is obtained by calculating the 
diagonal matrix element of the operator Q2, and 
the second-of the operator Q+Q--Q-Q+. Solving 
the system (13), we obtain 

1 -[ S(S+1)-a12/ 2 -a1/ ]''' 

AJ+I- 4(/ + 1) 2 - 1 ' 

1 _ [ S(S + 1)- ai/2 + a1.£1(1- 2aJ)+ 1- aJl,J''' 
AJ-1 - 4/2 - 1 . 

(14) 

We have thus determined the matrix elements 
(12), and with them also the Hamiltonian H1 obtained 
above. 

3. We now consider the indirect exchange in
duced by the Hamiltonian (8). In second-order per
turbation theory we have 

n.m 

(15) 
n,m 

k,k' 

fk(1- fk•) ) 
J(Rmn) = ~ llkk'l 2exp {i(k- k')Rnm} Ek-Ek,-~· (16 

k,k' 

where Ek is the kinetic energy of the conduction 
electron, and fk is the Fermi distribution function, 
which we assume here (in accordance with [tt-ta]) 

to be the same for both projections of the conduc
tion-electron spin. If we discard the terms con
taining the operators Q, then expression (15) goes 
over into the Hamiltonian H0 of formula (31) 
from [5] 0 • Thus (15) is a generalization of the 
indirect-exchange Hamiltonian to the case when the 
excitations of the total angular momentum of the 
f-shell are taken into account. 

We see from (15) and (16) that, unlike expres-

l)We call attention to the omission from formula (31) of[5 ] 

of a factor n2 , which in our formula (15) corresponds to the pro
duct NnNm. 

s ions ( 4) and ( 5) given in the paper of Mattis [ 9] , 

the coefficients 2 a }J (Rnm> of the exchange inte
grals of the type JnJ m did not depend on the energy 
6.. It follows therefore that the s-f exchange con
nected with the change in J cannot lead to the long
range ferromagnetic order discussed in [ 9]. 

Formally expressions (4) and (5) from [ 9] differ 
from our formulas (15) and (16) in the fact that 
in [ 9] the operators Qn are replaced by (Q~) 1 12 , 
where the diagonal matrix element Q~ of the 
operator ~ is equal to 

Sn(Sn + 1)- a; ln(ln + 1). 
n 

However, in [ 9] there are retained the operator 
products JnJm, which can not describe the change 
in J (since the operator J changes only the projec
tion of the momentum, but does not change its 
magnitude). Actually, as seen from (15), the in
direct exchange connected with the change in the 
total angular momentum of the f-shell is described 
by the operators Q. In the case when n ;>< m, prod
ucts of the type QnQm can have nonvanishing diag
onal matrix elements only for f-shells which are 
superpositions of the atomic wave functions with 
different J (in analogy with the ''subantiferromag
netic" states, discussed by us earlier [to], which 
are superpositions of states with different S). 

In the case when n = m, the operator Q~ has the 
aforementioned diagonal element in a state with 
definite value of Jn, and accordingly the terms 
connected with the change in J (in the intermediate 
state) make a contribution 

2J(O) [Sn(Sn + 1) -CXJn ln(ln + 1)1 

to the proper energy of the n-th f-shell, with spin 
Sn and total angular momentum J n· We can there
fore assume that the formula in the paper of Brout 
and Suhl C7J is of value only for the determination 
of the proper energy of the f-shell, but cannot be 
used to determine the magnetic order of the differ
ent f-shells. 

Another important case, when the diagonal 
matrix elements of the operator Q~ are of impor
tance, is the interaction induced between the con
duction electrons by the excitations J. This inter
action will be considered in the next section. 

4. It follows from (10) that the excitations J 
induce an interaction of singlet and triplet pairs of 
conduction electrons, given by the expression 

H •• ==_!_ lJ' {Gkk'Qn2B~'ffBk8+Ukk'[(2(Qn2) 2 -Qn2)B~?'BE 
~ k,k',n 

- (Qn2? (B~·tBkt + B~·+Bk?)]} (17) 

where we have discarded the difference of the 
kinetic energies Ek- Ek' compared with t:.; the 
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operators ~S, B*T, ~t· and ~P which we have 
introduced in [U], describe the creation of singlet 
and triplet pairs with spin projections sZ respec
tively 0, + 1, and -1; the prime in the double sum
mation sign denotes that the summation extends 
over the half-space kz > 0, k~ > 0; the respectively 
even and odd matrix elements Gkk' and Ukk' are 
determined by the expressions 

Gkk' = 1Ikk•l 2 + 1Lk,-k'l 2 +ILk, k•l 2 +I h. -k·l 2, 

Ukk' =1Ikk·I 2 +1Lk,-k'l 2 - (1Lk,l<'l 2 +lh,-k'l 2). (18) 

The transitions of triplet pairs with sZ = 0 and 
sZ = ± 1 enter in (17), generally speaking, with 
different coefficients. This difference disappears 
when all possible projections J Z are encountered 
for the different impurity ions with equal probabil
ity, the value of J being specified for the ground 
state of the rare-earth ion. Indeed, using (12) and 
the first equation of (13) we can verify that the 
mean value of the diagonal elements of the opera
tor (QZ) 2 is equal to the diagonal element of the 
operator (1/3)Q2. But this difference remains in 
force when the different values of J Z turn out to 
have unequal probabilities. It follows therefore 
that the superconducting state realized by the trip
let pairs can lift the degeneracy of the rare-earth 
in modulo JZ (just as in the case of multiplicity 
excitation considered by us earlier [10]). 

Let us assume here, however, that the super
conductivity of lanthanum is realized by singlet 
pairs and that the character of these pairs does not 
change when a 1% rare-earth impurity is intro
duced. Then it follows from (17) that 

Hee = Nt/1_1 ~ GkK.£S(S + 1)- aN(/+ 1)]Bk,*sBks, 
k, k, 

(19) 

where N1 is the number of impurities. The square 
bracket of (19) is equal to (L + 1)S/(J + 1) in the 
case of the rare earths preceding Gd (for which 
J = L - S in the ground state), and to LS/ J for the 
remaining rare earths (for which J = L + S in the 
ground state). In both cases the expression in the 
square bracket of (19) is positive and it follows 
therefore (taking into account the positiveness of 
Gkk' in accordance with (18)), that the J excitations 
induce near the Fermi surface repulsion of singlet 
pairs of conduction electrons and, by the same 
token, a reduction in Tc· In particular, for Eu, 
with J = 0 and L = S = 3, we have 

~ lo2 
Hee = 24 11- N ~ bk,*h = Vt ~ bk."bk, (20) 

k, k' k, k' 

where b*k is the Bardeen-Cooper-Schrieffer[15] 

pair-production operator, t; = NtfN is the impurity 
concentration, and I0 = NI, where we replace I Ikk'l 
near the Fermi surface by the constant value I. 

For an estimate of v1 we assume t; = 1% [6], 
~ ~ 1,000 cm-1 ~ 2 x 10-13 ergC7J, N = 3 x 1022[13] 
and I0 = 2.78 x 10-13 erg according toC13] or 
I0 ~ 5 x 10-13 erg according toC 4J. We then obtain 
V1 ~ 4 x 10-36-10-35 . For pure lanthanum, the 
conduction-electron interaction parameter V can 
be estimated from the data for N 0 V (N 0 is the den
sity of the states near the Fermi surface), which is 
equal to 0.37 [16], at Tc = 5°K and to 0.39[17 ] at the 
experimentally obtained[6J temperature Te = 5.7°K. 
Assuming a conduction-electron concentration 
n = 9 x 1022 [13], and accordingly a Fermi energy 
EF ~ 10-11 erg, we get No= 3n/4EF ~ 6.7 x 1033. 
We consequently obtain for the parameter V a value 
6 x 10-35, which is 15-6 times larger than the value 
of V1 estimated above. Therefore, subtracting 
V1 - V, we get approximately 2> 

(21) 

Substituting the foregoing estimates for v1, N 0, 
and V and the value Teo= 5.7°K for pure lanthanum, 
we find from (21) that 1% of Eu leads to T c 
~ 4.8°-3.8°K. The second of these values of Tc 
coincides with the experimental value obtained by 
Matthias et al. [6]. Of course, one must not attach 
great significance to this agreement, in view of the 
approximate character of the estimates, but it is 
clear that this mechanism can provide, when 
reasonable estimates are used, not only a qualita
tive but also a quantitative explanation why Tc of a 
solution is lowered by ions that have no total angu
lar momentum in the ground state. 

It must be noted that the foregoing mechanism 
differs from the mechanism considered 
earlier[8•19•20J also in the character of the phase 
transition from the normal to the superconducting 
state in the presence of paramagnetic impurities. 
As is well known, the Herring[S] mechanism leads 
(see, for example, Sec. 4 in[2oJ, dealing with the 
case when there is no ferromagnetism in either 
the normal or in the superconducting state) to a 
first-order phase transition, something not verified 
by experiment [21 ]. The mechanism which we con
sider, on the other hand, while changing the con-

2)Strictly speaking, although the value of 11 given above 
exceeds by 15 times the Debye energy of lanthanum 
1iwn "' 1.3 x 10-•• erg, it would be necessary to subtract from V, 
taking into account the "logarithmic attenuation" of the repul
sion['"], not V, but V, [1 + N0V1 ln (11/1iwn)l'. However, since 
in our estimates N0 V 1 ln (11/1\wn) "'0.01 - 0.1, we are justified 
in simply subtracting V, from V. 
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Ion State I Tc, theorl Tc, exp II Ion State ITc, theor f Tc, exp 

Pra+ SH, 5,4 5.25 
Nd 3+ 'I•;, 5.3 4,7 
Sm3+ •H,;, 4,9 4,5 
Eu3+ 7Fo 3.8 3.8 
Tb3+ 7Fs 5,4 2.5 

duction-electron interaction parameter, does not 
violate the character of the phase transition as 
compared with pure La. 

We note that a second-order phase transition is 
brought about also by the mechanism of conduction-

Dya+ •H,.;, 5.3 3.76 
Ho3+ 5Js 5.4 5.2 
Er3+ •I,;, 5.5 5.3 
Yb3+ 2F,,, 5.6 5.5 

considered by Abrikosov and Gor'kov[ 22]. Indeed, 
if we assume that J is constant, make in formula 
(1) of[ 22 J the substitution S- aJJ, and assume 
further in the calculations that 

fx ]Y = Jz 0, JiJI< = 1/al(J + 1H>il<, 
electron scattering by paramagnetic impurities, 
considered by Abrikosov and Gor'kov[22]. They then we find in accordance with (23) of[ 22J that at 
have assumed, however, that the good quantum low impurity concentrations the decrease in Tc is 
number is S-the total spin of the f-shell, and not proportional to ta}J(J + 1). This dependence re-
its total angular momentum. This raises the ques- duces (as shown in [i 9], where it was obtained on 
tion of the degree to which the mechanism consid- the basis of Herring's point of view[ 8J) to the form 
ered by us causes the Tc of lanthanum to be lowered /;"82/(1 + 1/J) to the left of Gd and tS2(1 + 1/J) to the 
by impurities other than Eu, impurities for which right of it, which is in satisfactory agreement with 
J "'0 in the ground state. Recognizing that for Eu the experimental data, except those for the Eu im-
the square bracket of (19) is equal to S(S + 1), and purity. 
writing for the critical temperature, in accord with Another mechanism that leads to a lowering of 
(21), Tc of a superconductor with singlet pairs (possibly 

becoming significant at !;" ~ 1 %) is inelastic scatter-
(22) ing of the conduction electrons by systems of 

several paramagnetic ions 4l, the simplest example 
of which are pairs of neighboring paramagnetic 

we obtain a = 0.033 for Tc ::>J 3.8°K. Assuming as an 
estimate that 10, L'l., and consequently also a are the 
same for all the rare-earth ions, we obtain ac
cordingly for the critical temperature of La with 
1% rare-earth impurities the expression 

(23) 

where x = (L + 1)8/(J + 1) or x = LS/J for the ions 
situated to the left and to the right of Gd, respec
tively. 

The values of T c calculated in accordance with 
(23) are listed in the table 3l, from which we see 
that the experimental values are systematically 
lower than the calculated ones (with the exception, 
of course, of the Eu impurity). It follows therefore 
that although the J excitations contribute to the 
lowering of Tc of lanthanum by all the rare earths, 
in the case of a ground state with J "' 0 there is no 
doubt that other mechanisms, not connected with 
the change in J, play an important role. 

One such mechanism is the scattering of the 
conduction electrons by paramagnetic impurities, 

3 )The table does not include the elements Pm and Tm, for 
which there are no experimental data, Gd, for which L = 0, and 
Ce, which leads to an anomalous lowering of T c, connected 
with the realignment of the electron configuration[6]. 

ions [ 23]. This question, however, is beyond the 
scope of the present article. 

5. Thus, the s-f exchange Hamiltonian (10) ob
tained in this paper and connected with the changes 
in J, and also the indirect-exchange Hamiltonian 
(15) and the conduction-electron interaction Hamil
tonian (17), which were derived on its basis, allow 
us to investigate the distinguishing features of the 
processes accompanied by excitation of the total 
angular momentum of the rare-earth ions. The 
main physical conclusions obtained for the proces
ses considered above are essentially the following. 

The excitations of J cannot lead to ferromag
netic ordering of different rare-earth ions. These 
excitations, however, can influence the occurrence 
of ordered states other than ferromagnetic, charac
terized by superposition of states with different J 
(for example, "subantiferromagnetic" order [iO]). 

4 )Such systems, in metallic systems Cu-Mn, were investigated 
experimentally, for example, by Znamenskii and Fakidov[24] at 
Mn concentrations'"" 2.4, 5.3, 7.5, and 22.8 at.%. Electron
microscope data and a discussion of the stages of their produc
tion and growth in metallic systems subjected to quenching 
and aging can be found, for example, in[ 25]. 
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In addition, these excitations of J can contribute to 
the proper energy of the rare-earth ions. 

The interaction of the conduction electrons, in
duced by excitations of J, has a repulsion character 
for singlet pairs of conduction electrons. In the 
case of triplet pairs, this interaction is determined 
by an odd matrix element (which is consequently, 
generally speaking, of alternating sign). 

Repulsion of singlet pairs of conduction elec
trons, induced by excitations of J, plays a major 
role in the case of the lowering of T c of lanthanum 
by 1% Eu impurity, in which J = 0 in the ground 
state. In the case of admixture of other rare-earth 
ions, the principal role is apparently played by 
other mechanisms, not connected with the changes 
in J. It must be recognized here, however, that the 
good quantum number in this case is not the spin, 
but the total angular momentum J of the f-shell. 
An account of this circumstance, within the frame
work of the calculations given by Abrikosov and 
Gor 'kov[22], leads to satisfactory agreement with 
experiment. 
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