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Assuming the electromagnetic field energy density to be small and the phases of the electro-

magnetic waves to be random, we obtain a closed set of non-linear equations for the distribu-
tion function of the plasma particles and the electromagnetic field. For the case of a plasma

without an external magnetic field, we find explicit expressions for all coefficients in those

equations.

1. INTRODUCTION

A. number of authorst 1% have considered by
different methods the problems of the non-linear
interaction of waves in a plasma in several par-
ticular cases. An attempt is made in the present
paper to construct systematically a non-linear
theory of a weakly turbulent plasma and to obtain
by a single method all necessary coefficients oc-
curring in the basic equations.

For the derivation of the basic equations we
use a semiquantum method of calculation which
introduces the concept of number of quanta N (k)
(or plasmons) corresponding to any one branch of
the dispersion equation, and the concept of the
probabilities for a process in which particles and
quanta take part (scattering processes) or in
which only quanta take part (decay processes).
Since the method of description given below uses
the concept of number of quanta which clearly has
sense only in the case of weakly damped waves, it
allows us to take into account only the interaction
through almost undamped waves, and does not
take into account the interaction corresponding to
strongly damped ‘‘waves.’’ The latter, however,
turns out to be important only when the noise in-
tensity is close to the noise intensity of thermo-
dynamic equilibrium and when emission and ab-
sorption processes for waves and ‘‘binary colli-
sions’’ give a contribution of the same order of
magnitude and, strictly speaking, can not be con-
sidered to be independent.m

However, in the case of a turbulent plasma in
which the noise intensity is by many orders of
magnitude larger than the thermal noise intensity,
the main role is played by the interaction between
the particles and the waves or between the waves
with one another, and we can completely neglect
‘‘binary collisions.’”’ In other words, we may as-

sume that the noise intensity is non-vanishing only
in the region where the plasma is transparent and
we can describe the processes in such a turbulent
plasma by means of a set of equations obtained on
the basis of assuming particle-wave and wave-
wave interactions.

We must perhaps note that the method used in
the following to obtain the equations, which take
into account the non-linear interaction, is not
unique. Indeed, a similar set of equations can be
obtained also from Vlasov’s self-consistent equa-
tions [ 754 or, more rigorously, using Bogolyu-
bov’s method of correlation functions & 14:18,19],
Although the last method is in some sense more
general, as it makes it possible in principle to
take consistently into account also the ‘‘binary
collisions’’ of the particles, it is considerably
more complicated mathematically and less lucid
from the physical point of view. In contrast to
this, the semi-quantum method of consideration
used by us is relatively simple and allows us on
the one hand to obtain results valid in the range of
large noise intensity which is of most interest and
on the other hand - and that is also its undoubted
advantage - it is easy to see the physical meaning
of the different terms occurring in the equations
we start from.

2. BASIC EQUATIONS

It is well known that the damping and build-up
of waves obtained in a linear theory can also be
easily obtained and elucidated in quantum mechan-
ical language if one uses the concepts of the prob-
ability for the absorption and emission of quanta by
the particles moving through the plasma.!) This

Dot course, when it is meaningful to talk about the quanta
of the electro-magnetic field, i.e., for an almost monochromatic
wave, when Re o > Im w.
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process, in which one particle and one quantum
take part, corresponds to taking into account only
terms linear in the number of quanta in the kinetic

equation and could be called a first-order process.

One sees easily, however, that higher-order
processes are also possible, in which no longer
two ‘‘objects’’ (a particle and a quantum) take
part, but three, four, and so on. Taking these
processes of higher and higher order consistently
into account corresponds clearly to expanding the
non-linear equations in power series in the energy
density U of the electromagnetic field. If the en-
ergy density U is sufficiently small, we can thus
in first approximation describe the non-linear ef-
fects by merely taking into account the first and
second order processes.

In accordance with this we shall take into ac-
count in what follows only processes where a
particle emits or absorbs a single quantum, scat-
tering processes where two quanta take part in
which the particle absorbs (or emits) one quantum
and emits another quantum (or the other way
round), and finally processes in which only three
quanta take part but no particle, i.e., the so-called
decay processes in which one quantum decays into
two other quanta (or the other way around). All
other higher-order processes will be neglected as
quantities of a higher order of smallness.?)

Thus, we denote by N, (k) the number of
quanta of kind @ with momentum k contained in
unit wave number interval and by Fq (p) the dis-
tribution function of particles of kind q in the
coordinate-momentum space. We choose the
normalization of the functions Ny and Fq in such
a way that®)

S dk QalNg
(2m)®
where Qg (k) is the frequency (or energy) of a
quantum of type a (with momentum k), U, the
electromagnetic energy density in the plasma, i.e.,
the energy of quanta of type « in a unit volume
dr = dx dy dz, and ng is the number dens1ty of
particles of type q. Let, moreover, w, (p, k) be
the probability for the emission by a partlcle of
type q with momentum p of a quantum of type «
with momentum k; Wg (p, k, k{) the probability
for scattering of particles of type q with momen-
tum p, involving the absorption of a quantum of

= U, S dpFy = ny, (2.1)

Dn principle they could easily be taken into account exactly

in the same way as the first- and second-order processes.

3)Here and everywhere in what follows we shall use a sys-

tem of units in which Dirac’s constant h = 1 and the velocity of

light ¢ = 1.
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type S and momentum k; and the emission of a
quantum of type a and momentum k;

WO‘B (p, k, k;) the probability for the emission by
a partlcle of type q and momentum p of a quan-
tum of type a and momentum k and a quantum of
type B and momentum k;, and finally,

VaB’y (k, k¢, ky) the probability for the decay of a
quantum of type @ and momentum k into a quan-
tum of type B and momentum k; and a quantum of
type Y and momentum k.

Assuming the above-mentioned probabilities as
given, we obtain easily equations for the particle
and quanta distribution functions, which are
nothing but the balance equations for the number
of particles and number of quanta. In the classical
case, of most interest, when the energy and the
momentum of the quantum is much smaller than
the energy and the momentum of the particles,

these equations have the form 11,20

dF,

T —a D (p ) 2.2)
¢ Lm P

Dim (p)= 2 § dk kkmiq® (p, k) Ne (k)

«

1
+5 2 § ke die (ks — Fu) (i — Fam) Wood (p, k, k)
ap

+ (ki + ku) (km + Fim) Wo* (p, K, ki) ] Va (k) Vg (ki) ;

dNe
dt

= (202 3 § ap( k%) wqe (p, ) N (K)
q

F,
+ (202 3 3§ dpdi [ (k1) 2L Wb, e o)

7 B
oF
(k) S0 (p, K, i) | Ve () Vo (k)

+Z { diidly (Ve (K, ki, ko) [Vp (ki) Ny (k)

— No (k) Np(ky) — Na (k) Ny (ke)] + VB2 (ky, ko, k)
+ [Vo (k) Ny (ka) + Na (k) Vg (ki) — Na (k) Ny (ko) ]
+ V7B (kg, k, k) [Vp (ki) Ny (kz) — Na (k) Ve (ki)

+ Na (k) Ny (ko) T} 5 (2.3)

I, m=1,23%k={ki, ke, ks}, ki = {ku, ke, kis},

p = {ps, P2, ps}.

These equations contain already classical
probabilities and, as can be easily checked, they
are interconnected by the following relations

an,ﬁ (P: k7 ki) = an'B (pr ky - ki) |

Qp—>—Qp !
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an:ﬂ (py k1 ki) - qu'a(pv kiv k) H
Vaﬂv (k7 k19 kz) == Vﬁva(—kiv k2$ —k) | Qo—>—Q0, Q—>—Qp

Veby (k, ky, ko) = VB (k, ks, Ky). 2.4)

Moreover, one shows easily that the probabili-
ties for processes of different order contain as a
factor essentially different 6-functions which re-
flect the conservation laws for energy and momen-
tum, namely:

we®(p, k) ~ 8(Qu—kv), Qu=Qu(k),

Wb (p, k, ki) ~ 8(Q — Qp — (k —ki)v),
Qp = Qp (k1) (2.5)

where v is the velocity of a particle of type q and,
correspondingly

Vabr (k, ki, ko) ~ 6(Qa — Qp— 24)6(k — ks — ko). (2.6)

Taking Eqgs. (2.4) to (2.6) into account one
verifies easily that the set (2.2) and (2.3) possesses
a number of first integrals which express the con-
servation laws for energy and momentum for the
system particles + field quanta, and in a number
of cases the conservation law for the total number
of quanta.

We note also that decay processes clearly do
not change the total energy of the electromagnetic
field and lead only to a redistribution of the en-
ergy over the spectrum and to a transfer of the
energy from quanta of one type to quanta of another
type. This follows already from the definition
itself of the decay processes and can easily be
verified mathematically if we take into account
Eqgs. (2.5) and (2.6).

Thus, for given [}ralues of the probabilities w%,
Ww§P, WP and VY Egs. (2.2) and (2.8) are a
closed system of self-consistent equations for the

distribution functions for the particles, F,, and
for the quanta, N, which enable us to study the
behavior of these functions in time and space,
taking non-linear effects into account. In the
particular case of rather weak noise intensity we
can neglect in Eqgs. (2.2) and (2.3) all terms cor-
responding to second-order processes (quadratic
in the number of quanta). The system of equations
is then considerably simplified and obviously goes
over into the equations obtained in the quasi-linear
approximation [21’22].

The problem is thus reduced to finding explicit
expressions for the probabilities of different
processes. However, since the classical probabil-
ities enter already in Eqgs. (2.2) and (2.3), we can
find them without having recourse to quantum field
theoretical methods, using only the formalism of
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classical electrodynamics. In general outline, the
scheme of calculations consists of the following
(see also (10,20] ). The complete equation for the
number of quanta N, takes into account the change
in the number of quanta occurring both as a result
of processes of spontaneous emission and as a
result of processes of absorption and induced
emission. We now assume that the radiation inten-
sity Ny (k) is so small that the emission is de-
termined only by spontaneous transitions, and that
we can completely neglect processes of absorption
and induced emission. The equation determining
the change in the average density Uy of the elec-
tromagnetic energy will then clearly be of the
form

dt — \ 6t /, ot /s
where
( ‘SU“) =3 { dpQuFywer dk
8 /4 p
+ 3 2 dpdkdkiQuF, [Weet + W] Np (ki) (2-8)

q B

is the change in the energy density of quanta of
type « due to scattering processes while

OUq ) 1
=" El dkdk,dk,Qa[VoB?
( ét 5 (23‘()3 wp S 1 2! [

+ Ve VBN (k) Ny (k) (2.9)

is its change due to decay processes.

On the other hand, the change in the energy of
the field in the system can be found by solving
directly the non-linear set of equations for the
distribution functions for the particles and the
electromagnetic field vectors. For the solution of
such equations it is then necessary, in accordance
with the above-made neglect of absorption and
induced emission processes, to neglect the influ-

ence of the radiation field on the motion of the
particles in the plasma. Comparing the expres-

sion for the change in the energy density of the
quanta thus obtained with Eqgs. (2.8) and (2.9) and
using Eqgs. (2.5) and (2.6) we can determine the
required probabilities. The uniqueness of such a
procedure is guaranteed by the essentially differ-
ent structure of the arguments of the 6-functions
occurring in the expressions for the probabilities
for the different processes and for well-known. a
priori probabilities.

We must note that in Eq. (2.7) the probabilities
for two kinds of processes occur, namely decay
and scattering processes, the physical nature of
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which is completely different. Indeed, decay
processes are determined clearly only by parame-
ters characterizing the properties of quanta, i.e.,
by the wave vector k and the frequency @ (k),
which in turn are determined by such ‘‘over-all’’
plasma parameters as its density, velocity dis-
persion, and so on, and are completely independ-
ent of the individual properties of some separately
chosen particle or a small group of such particles.
In contrast to this, the scattering processes de-
pend not only on the properties of the quanta, i.e.,
the average characteristics of the medium in
which the process takes place, but also on the
parameters of the particle taking part in the
scattering, i.e., its charge, mass, and velocity.

In accordance with this the methods of determin-
ing the scattering and decay probabilities are

also somewhat different. Thus, to find the scatter-
ing probabilities it is sufficient to find the energy
emitted by the plasma when some ‘‘test particle”’
moves through it and to compare the expression
obtained with (2.8). However, to determine the
decay probabilities, on the other hand, we can
completely neglect the influence of resonating
particles and consider the plasma as a medium

the properties of which are completely determined
by its average characteristics (for instance, the
density and the temperature).

We must emphasize that we can use such a
procedure only in the case when the resonating
particles form a small group which does not ap-
preciably change the average parameters of the
plasma. One sees easily that this requirement is
the same as the condition, used above, of weakly
damped or weakly intensified waves: Re w > Im w.

3. PROBABILITIES OF SCATTERING
PROCESSES

We start now with finding expressions for the
scattering probabilities. We restrict ourselves
here to the case of a non-relativistic plasma and
we assume that the external magnetic field is
equal to zero. It is well known that in that case
three kinds of waves can propagate in the plasma:
transverse, Langmuir, and sound waves. The de-
pendence of the frequency Q, on the wave vector
is given for them by the following formulae

Q2 = w? + k2, vrl<<1,
Q2 = g2 + 3]62111'92, k2vre? < 0)032,
212y, 2
Q2 — _ WoTRUTe” + 3k%vr2,  kur2<<oe?, (3.1)

woe? + K2vre?

where V?qu = Ty/mq is the mean square of the
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velocity, Tq the temperature, mg the mass of a
particle of kind q, w%q = 47reanq/mq the corre-
sponding Langmuir frequency, ny the density,
while the indices t, I, and s indicate that the
corresponding quantities refer to transverse,
Langmuir, and sound waves.

Not having the possibility to expound in more
or less detail the complete procedure of calcula-
tions, and referring for details to another paper
by the author [20]’ we give here only the final ex-
pressions for the required probabilities, indicating
the limits of their applicability. In order not to
complicate the formulae we assume everywhere
that the electron temperature is not much higher
than the ion temperature so that quantities of the
order meTe/miTi can be neglected compared to
unity. We also neglect small non-linear correc-
tions to the probabilities for first-order proc-
esses.

In accordance with this, the expressions for
w§ will have the well-known form:

wqt (pa k) = 07
eq® Woe
wa(p,k)=2—qn kg 8(Q — kv),
s eq2 st
Wq (P,k)=2—¢;mé(9s“‘k")- (3.2)

For the probabilities of the second order we
find the following expressions:
tt-scattering. Restricting ourselves to the non-
relativistic case and neglecting quantities of order
kv/Qt as compared to unity, we get?
Qi—Qy, — (k—k)v)

e \29(
Weit(p, k, k) = —) A
(p, ke, k) (m (271)3] Q0 |

N
21 + cos?kk;
2

B [ €efi \2O(Qe — Qs — (k— ki) V)
Wz” (pakvl‘i)_< m ) (2n)3|9t9t1| N

| &3t (S22k2)
gl (szz)

e

N\
edt(Qok2) — 1|2 1+ cos?kky
3.3
l Sl(szz) 2 ’ ( )
Q= Qi (k), Qi =Q:(ki),
Q= Q; — Qy,, k; = k — k.

The expression for the probability of the elec-
tron scattering is valid only under the condition

“Here ei’ t and eli’ t are the longitudinal (or transverse)

dielectric constants of the electron and ion plasma with distri-
bution functions F¢ and Fj, so that the total dielectric constant

el» tof the electron plasma is equal to €b t = eé’ ty Eil’ t_1.
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Qo
thz

| &l (Qak2)
gl ( szz)

In analogy with first-order processes (see (3.2))
the probablhty thl (p, k, k{) = 0.

l,t-scattering. In that case we fet easily the
expression for the probability Wt 1(p, k, ky) for
arbitrary velocities, and we have

2 6(9: - Qz,—' (k— kj)v)
(270)°| |

Wt (o, k)= ;f; ) ,
s [led B

where®) eoe.
Wit (p, k, k) = 224

(3.4)%

26(Q — Q—(k—ky)v
(270)3| Q|

ou 1.

,

A k) = — {1 — o [l — Yk — 2 k) [},

= Q; —kv;

(3.5)
2 _ . _ .
B, (k, ki) = m?e Ky [ — Q0,0 (e (k) — 1) /00e7]
Q9,2 e (Qaks)
+ Q:Q, ki[ ko _ Feo2v — ko Qs }
Q, Qoe! (Qok2) k2 — Q28! (Qaks)
k=k—k, Q=0 —Q.

We note that if the frequency of the transverse
waves Ot > 2], ® wge, then only above-thermal
particles take part in the scattering. The expres-
sion for the probabilities thl is the same as the
one found earlier in a paper by Gailitis and
Tsytovich 23] and used in the papers by Tsytovich
and the author [1J,

If, on the other hand, the frequency of the
transverse waves is close to that of the longitud-
inal waves, subthermal particles with w < vTe can
take also part, and their number exceeds by far
the number of above-thermal particles. In that
case the expressions for Wall simplify and take
the form®)

Wt (p, k, k)= (

€.2 )2 0(Q: — Q;, —(k—ky)v)
(

. 27) Saos?

i k 2
! _8(3-2—22) sin? f(\kh

et (Qokz)

*[kB;] = k x By.

5)We note that we have written the expression for B; in such

a form only in order to take at once into account both above-
thermal and subthermal particles. In particular, if we are inter-

ested in scattering by subthermal particles with v < vre we must

neglect all terms except the one proportional to €é Qk,) — 1.
6)Like in the case of tt-scattering, the expression for
W‘lx (p.k.k,) is va11d under the condition
=
thz *

8 (Q2k2) {ng[
i S
e (Qaks) Y
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8(Q: — Qi — (k — ky)v)
(270) 0

eqe; \?
Wit (p, k, k) =( 22 )

e

g (ko) — 1|2 . 2T
— 7 | sin?kk;.
el (Qaks) l e

(3.6)

s,t-scattering. Since the frequency of the sound
waves is much smaller than the frequency of the
transverse waves, the subthermal electrons can
take part in the scattering only when k ~ wjye and
ki <~ wpe/vTe. In the opposite case of long-wave-
length sound waves k; < wpe/vTe only above-
thermal electrons with v >» vpe can take part in
scattering. As far as scattering ions are con-
cerned, they are always clearly above-thermal
(i.e., v > voi). Taking into account that s,
< kyvTe, we find

21\2 —
Wetss (p, k, k1)=(%) o8

e

Qs — (k—ky)v) Qs,
(2315) 30)01'2 \

Xj {k(A:BS)l !2 ,
() ==

I [kB] |2

Qs — (k—ky)v)

Wits(p, k, ky) = (27) 002

’ Qs,°

(3.7)

where A is defined by Eq. (3.5) while?

ky [ect (Qak2) — 1] & 0oe?
Ty e (Qak2) ko? ke

X[ k. _ ko?v — koQs ]}
Qzﬁl(gzkz) 7{,’22 _ sze‘ (Qikz)

Qt - Qs;

B, (K, ki>~——

k=k—k, Q= (3.8)

As a rule most interest lies in the probability
for the interaction through subthermal particles,
the number of which is relatively large. In that
case the expression for the probability of scatter-
ing by electrons takes the form

28(Q; — Qs — (k — ky
W (p, kT e (2 ) 2R )

X sin2 kki

@o;
[ 3I (3.9)
ll-scattering. When particles interact with
Langmuir oscillations, the main role is played by
the process of the emission of an I-plasmon with
momentum k and the absorption of an /;-plasmon
with momentum k;. The process of simultaneous
emission (or absorption) of two I-plasmons (cor-

'We note that when Q, > k,vTe the first term in (3.8), pro-
portional to Eé (Q,k,) — 1, must be neglected compared to the
others.
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responding probability Wéli) plays, generally
speaking a less important role. Indeed, since the
frequency of the Langmuir oscillations depends
always weakly on the wavelength, it follows from
the energy and momentum conservation laws that
the process corresponding to the probability wily
takes place with participation of slow particles
with v & vpe, kve/wpe < vTe. At the same time,
in the process of simultaneous emission (absorp-
tion) of two I-plasmons only fast, above-thermal
particles, the number of which is much smaller
than the number of subthermal particles, can take
part. On the other hand, in the corresponding
first-order process, i.e., in the process of emis-
sion (absorption) by a particles of one {-plasmon
also only above-thermal particles, with velocities
of the same order of magnitude as the velocity of
particles taking part in the process of simultane-
ous emission of two I-plasmons, take part, There-
fore, in the framework of the approximation used
here, taking into account the process of the sim-
ultaneous emission (absorption) of two plasmons
in many cases leads only to small corrections to
the first-order process, whereas taking into ac-
count the process of the simultaneous absorption
and emission of two plasmons may turn out to be
very important since the number of particles tak-
ing part in this process may by far exceed the
number of particles taking part in the first-order
scattering process.

In accordance with this we give only the ex-
pression for the probability Wéll:

2\2 O — (e
Well‘(p,k,k1)=(e_") 8(9— Q,— (k— ki) v)

(21) 3o
2kv Gil (szg) 2 ) VAN
—_t—_— kk
X l o TGk | %y
N2 —Q, —(k —
Wii(p, k, ky) = ( i ) 8(R— @, —(k—ky)v)
Me (231) 30)052

£el (Quks) —1
81<sz2)

k =k — ki,

2 VAN
cos? kky,

Q= — (3.10)
sl-scattering. The probability for scattering in
this case has exactly the same form as the proba-
bility for the st-scattering with the difference that
the vector product is replaced in this case by the
scalar product and instead of the frequencies Qt
of the transverse waves we have the frequency
of the longitudinal waves. Depending on the wave-
length of the s-plasmons both subthermal and
above-thermal electrons can take part in the sl-
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scattering. In contrast to the ll-scattering, the
process of the simultaneous emission of an -
plasmon and an s-plasmon can then also take
place with the participation of subthermal parti-
cles. Ions, however, taking part in sl-scattering
always have a velocity much larger than the
thermal velocity vTi.

We can accordingly neglect the scattering by
ions and take into account only the scattering by
subthermal electrons. Recognizing that the latter
takes place only for relatively short-wavelength
s-plasmons with ky = wge/vTe When Qs, = wi
and k; > k, we get

2\2 P
Wi (p, k, k,):("’i) 8(Q — Qs — (k —ky)V)
me (23-[)3
i VAN
X (003 cOSzkki. (3'11)
(1%

ss-scattering. We now consider the last scat-
tering process in which, in contrast to all proc-
esses considered above, an important role is
played no longer by the electronic but by the ionic
component of the plasma current. As in the
simultaneous emission of two I-plasmons, when
we consider the interaction of particles with
s-plasmons we can neglect the scattering of s~
plasmons by electrons, the velocity of which is
of the same order of magnitude or less than the
velocity of electrons taking part in the Cerenkov
emission of a single s-plasmon. In other words,
non-linear effects will be small for an electron
and the total interaction with sound waves will be
mainly determined by the first-order process.
For ions, however, the situation is different. In-
deed, whereas only above-thermal ions with
v > vTi take part in the first order processes,
in second-order processes already subthermal
ions the number of which is considerably larger
can take part. In particular, such a situation oc-
curs for the process of the simultaneous absorp-
tion and emission of two short-wavelength s-
plasmons with k, ky > wye/Ve. We can then,
however, neglect also processes of scattering of
s-plasmons by above-thermal ions.

In accordance with this we give here only the
expressions for the probability of the scattering
of an s-plasmon by a subthermal ion:

€i2

Wiss‘ (p, k, ki) = 4( ;-7;)
0(Qs — Qs, —
(2m)*

(k —k)v) _(kv) zcosz/lzki.
ot

X

(3.12)
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4. PROBABILITIES FOR DECAY PROCESSES

We turn now to the probabilities for decay
processes.S) When there are three different types
of waves present, there are, generally speaking,
ten different types of processes possible, namely
(a=p=7v):

(0, a, @), (@, q, B),

(B! ﬁ! Y)’
vy, v), Wy, a),

(o, a,v), (B, B, B),
(a’ ﬁ’ ’Y)'

(Y’Y? ﬁ)’ (ﬁ’ ﬁ! a’)’

The symbol (...) indicates here the totality of
decays in which a quantum of one, arbitrary, type
(of the ones indicated in the brackets) decays into
the other two.?”

Taking into account the dispersion relation
(3.1) we can easily check however, that in the case
of an isotropic plasma, considered in the present
paper (when, let us say, @ =t, 8=1, y=s) the
processes (t, t, t), (I, L, 1), (s, 8, 8), (8, s, t),
and (s, s, /) violate the energy and momentum
conservation laws (2.6) and can thus not take
place. We need thus only determine the probabil-
ities for the following types of decay: (t, t, {),

(I, 1, t), (t, t, 8), (I, 1, 8), (t, I, s). The method
for evaluating the probabilities V@AY (k, ky, ky)
is formally the same as the method of calculating
scattering probabilities. The only difference lies
in the fact that whereas to find the scattering
probability we must evaluate the change in the
field energy caused by the presence of a test
particle in the plasma, to find the decay probabil-~
ities we must evaluate the change in the electro-
magnetic energy connected only with the non-
linear corrections to the plasma current, com-
pletely neglecting the test-particle current which
takes into account the presence of resonating
particles (for more details see (201 ).

Omitting intermediate steps, we give the final
results. !’

(1, t, t) decays:'!
It _ e Ouk?
Vit (k, ky, kz)_64:rrm92 (0]

X 6(9t1 + Qtz"" Qz) (S(ki +k2_k);

JAN
[1 + cos? kiks]

(4.1)

8)Similar processes have also been considered by other
authors['? **] who studied the scattering and transformation of
a wave in a plasma by fluctuations.

9For instance, (a,a, 8) indicates all decays of a quantum of
type a into quanta of type a and g and of a quantum of type g
into two quanta of type a.

10)We give here only expressions for one probability of a
given type of decay, bearing in mind that the others can easily
be obtained using Eq.(2.4).

IDFor the case of hf fields, Q¢ > wqe, the expression for
vhto t was also given in["'].
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(t, I, 1) decays:
e’

®oe ( kq?
1670me k| Q1]

Q,

ko?

V.11 (k, ky, k) = 5
12

)2
AN

X Sill2 k1k26(91l + Ql,_, —_— Qt) 6(1{1 + kz —_ k) 5

(s, t, t) decays:

1 2
Vst ty (k1 ki’ kz) = 6-4—3'5— ( )

N
X [+ cos? kiks] 8(Q¢, + Qi, — Qs) 8 (ky 4 ko — k) ;(4.3)

(4.2)

[ Qs |3@oc
‘ Qthz | ksziZ

€e

MmeUre?

(s,l, 1) decays:
Vs lnl (k, k4, kz) =

1( ee )2 w002 | Qs ]2
167 \movr /| woitk®

woi2k?

AN
X cos? kikod (Q, + Qi — Q) 6 (ky + ko — k);

4.4)
(s, I, t) decays:
1 €e 2 (DOeSIQslB
S, Iy T _——
Vsl ta (k, ky, ko) 39 <meUTe2 )wmzkzlﬁtzl
/\
Ksin2 kikad (Qy, + Qe — Q5) 6(ky -+ ke — k). 4.5)

5. SCATTERING CROSS SECTIONS

For given values of the scattering probabilities
wg, W(Gl‘ , V'\V/gﬁ, and the decay probabilities V&BY
the set of Egs. (2.2) and (2.3) completely deter-
mines the evolution of the ‘‘field-particles’ sys-
tem in space and time. All the same, the solution
of this set of non-linear equations is a very com-
plicated problem. One must, however, point out
that in a number of cases which are of practical
interest these equations can be reduced to a
simpler form. Indeed, taking into account that
according to our initial assumptions, on the one
hand, the distribution of resonating particles is
mainly determined by first-order processes
while, on the other hand, the energy contained in
the electromagnetic field is much smaller than
the kinetic energy of the random motion of the
particles, we can in Eq. (2.2) for the distribution
function neglect all terms corresponding to
second-order processes.IZ) In accordance with
this and bearing in mind that the number of sub-
thermal particles by far exceeds the number of
above-thermal ones, we can in Egs. (2.3) replace
the probabilities for second-order scattering

12)Exceptions may be processes occurring with the par-
ticipation of transverse waves, since the corresponding first-
order probabilities w; vanish identically. In that case we must
take into account in the equation for the particle and quantum
distribution functions second-order scattering processes oc-
curing when above-thermal particles also participate.
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processes by their values for subthermal parti-
cles and afterwards integrate over the momenta
assuming, say, a Maxwell velocity distribution for
the particles. However, in the terms correspond-
ing to first-order scattering processes we can
not, generally speaking, replace the distribution
function by a Maxwellian one and we must retain
them in their previous form.

The system (2.2) and (2.3) thus takes the form

__-— zapl

Dith = 3\ {dk kikimtog* (p, &) N (k),

a

(q) 0F

(5.1)

£ . oF
dfi\; = (2x)® Eq_\s dp wy* (p, k) Ny (k) (k a_pq)

+2§ ;%8 (k, k) No(k) Na(ks) 4 S Sdk1 dky {NsN
B B,y
X VT VAL VTR — NIV [Vebt — Vors 4. Vves)
— NoN, [VaBY - VBva — [rasd]y, (5.2)
Equation (5.2) now no longer contains the scatter-
ing probabilities, but some other quantities ooB

connected with the usual scattering cross sections
o and % by the following relations:

38 (k, k) Z—Z{E——&{
T,
+ Q. + QB ag (k kl)J
o*P = chq“f*,
q

6, = (2m)? S dp W, R,

f(k, ky)

58 = $16,%8, Gq“3=(2n)3gdp WSRO,

(0) n r

One finds these cross sections easily if one
uses the expressions given above for the proba-
bilities for the scattering of quanta by subthermal
particles. Bearing Eq. (5.3) in mind we give only
the expressions for o and 5o, They have the
following form:

oy e ol | & (k) |*1 + cos?kk,
k) = o | (G 7
me 2, | & (Qeka) | 4(2m)" kyvre
(Q — Q)2
x| =S|
1 . 2 2 A
oit: i (k, k) = | ecei| o |2 (Sl?zkz) 111 +c:s kk,
me Q Qtl € (sz2) 4(2."’5) 11‘:2,”:”
(Qt _ Qtl)z
xeXp[—W ’ (5.4)
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get’t’ (k, k) = glt Wik, k) =0, ke=k—k;, Qy=Q,—Q;

e 81 (szz) sin? ]ﬁ(l
Lk, k) — 3
Ce ( ’ 1) m, | & (Q kz) 2(2:“) /2k2vTe
(R — Q)
xoxp| — G,
oit 1 (k, ky) = | ecei || € (szz)——i sinikk1
me 8 (ngz) 2 (23'!,) /2 kz?JTi
(Q — Q)
X OXP| = o | (5.5)

ge" b (k1 kl) = git' h (k, kl) =0, ky =k —ky, Qy = Q — Qz,?

~ 2 2 . ! : 2k/i(
66t s (k, ky) = 6,05 (k, k) = € Dge W Slnx 1
e ( 1) ( 1) me Qts 9 (21‘5) /2 ksze
Q2
<o ( = i) ¢-6)
sitr st (k, ky) = sitr & (k, ky) = 0, k, =k —ky;
i 2 2 2
L _ e | Ei (k) 4o [kks)
Ce (k, kl) = m, Bl (szz) + 0)092 k22
cos? l?kl (Q—9Q)2
5 oV OX [— %—zr} s
2 (231:) k2vTe 2" UTe
ot b (k, ky) ’eeezl € (Q ky) —1 ' cos? lﬁ(l
’ ' me € (92k2) 2 (2.’]1;)’/2 kszi
(=)
X exp [ W]’ (5.7)

Gl (k, ky) = Sl (k, k) = 0, Ky =k —ky, Q=0 —Q

A
2 (Do.,: cos? kk1

selr o (k, ky) = G,1 & (k, k —_—
(k, ko) k) = o 2 (2m)" kyore

Q2
X exp (— 2k12m%> : (5.8)
oit o (k, k) = o (K, ky) = 0;
2 127, 2, 2 PR 2 1a
o % (k, k) = %:_.kkk;mvtr; 2 sin k}il cos® kk,
i T2 Tl (2m)" kg
(‘Qs—‘\Qs,)2 (5'9)

5ot o (k, k) = 5, % (k, ky) = 550 (k, k) = 0,k = k— k.

We note that Eq. (5.4) for the tt-scattering cross
section was obtained by a different method inl24,25],
On the other hand, the expression (5.7) for the
cross section for ll-scattering by electrons goes
over into the expression found by a number of
authors (14,15,26] 1f we neglect in the square brack-
ets the term | e! (Q5ky)/€? (Q9ky)|2. This is, how-
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ever, only possible for sufficiently short waves,
when
Wee m; \' Ti}
we<ma{(T) 7}

A similar term must also be taken into ac-
count in the cross sections (and, of course, in the
corresponding probabilities) og’tl, og’ll; it was,
however omitted in [15:26]13)

6. STUDY OF THE EQUATIONS IN SOME
PARTICULAR CASES

Using the expressions obtained above for the
scattering and decay processes, we can study
different processes occurring in a plasma, taking
into account the non-linear interaction of the dif-
ferent types of waves with one another. Such a
study was made in some particular cases by the
present author and Tsytovich (1] (see alsol?:14,15,27] ).
We shall briefly dwell here upon other very sim-
ple particular cases and we shall try to estimate
from their example, albeit qualitatively, the role
of the non-linear effects.

1. We consider first of all the case of the in-
teraction of transverse waves with an isothermal
Maxwellian plasma. We shall then assume that
the intensity of the transverse waves, excited,
say, by some external source, is by far larger
than the intensity of the Langmuir waves. More-
over, we assume that the transverse noise is
non-vanishing only in a small region near the
points k = k] and k = k) and vanishes outside the
vicinity of these points. Such a situation may
arise, for instance, when the plasma is bom-
barded by two ‘‘beams’’ of transverse waves with
k =k} and k =kJ, generated by an external
source.

We assume initially that k} and kg are such
that the decay conditions (2.6) are not satisfied.
If we, furthermore, assume that the wave packets
are sufficiently narrow, we can neglect the inter-
action of the waves with one another inside each
packet and take into account only the interaction
between the packets. We can in this case write
the equations for the amplitude of the packets in
the form

dXi

-E- = aQ: X, X,

X XX,

= (6.1)

13)Earlier, Gorbunov and Silin[**] have found an expression
for the cross section for the scattering of Langmuir waves by

ions, ail’l:. However, the region of applicability indicated there
is incorrect; this is connected with an incorrect expression

found for the cross section aé’lt.
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where T
a (ky®, k) = (21028 3 (k,0, k),
A, (6.2
Q=0 k), Q=9 k), 2)

while X; ,(t) are the ratios of the electromag-
netic energy densities in the ‘‘beams’’ to the
average kinetic energy density ngTg of the parti-
cles in the plasma.
The solution of Egs. (6.1) can be found elemen-

tarily. It has the form
Xu(t) = X1(0)[QX; (0) + 21X>(0)]

QX1 (0) 4 Q:X5(0) exp{— [Q:X1(0) + Qi X>(0)]at} ’

X2(0)[R:X1(0) 4+ Q1 X2(0)]

%)= 9%, (0) -+ 21 (0) exp (102X (0) + QX2 (0)]ath(g.3)

From this it follows that taking the non-linearity
into account leads to a transfer of energy from the
region of larger k to the region of smaller k. The
velocity of transfer is determined both by the
quantity a(k?, kg) and by the initial values X, (0)
and X, (0) of the amplitudes. A part of the elec-
tromagnetic field energy, equal to

AX(t) = Xi(0) + X2(0) — Xu(t) — Xa(t),  (6.4)

goes then over into the energy of the kinetic mo-
tion of the particles in the plasma. Depending on
the relation between the quantities k? and kY this
energy can be transferred either to the electrons
only, or to the ions only, or to both simultaneously.
It follows from (6.3) and (6.4) that the maximum
possible magnitude of this energy is equal to

max AX — {(QZ—QI)X2 (0) / Q, when k,° > k,° (6.5)
(R — Q) X;(0)/ Q; when k,° < k,°°
and the characteristic transfer time is
T = [(2X2(0) + X1(0)) [a(k’, k) []71. (6.6)

In particular it follows from this that, other condi-
tions being equal, it is 2 minimum when the
‘“‘veams’’ meet head on.

We turn now to the case when the centers ki
and k) of the wave packets are such that the decay
conditions 2, — 2; = 27 (k) — k}) turn out to be
satisfied. Assuming for concreteness that kg > ki,
and writing N¢ (k) in the form

_ Ny() _ (k— k)2 Na(?)
v e R b
k —k 0)2
xexp[_(_ﬂzzz—]' (6.7)

where A; and 4, are constants, we find
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dX aX.
—C—ﬁi——bgiXin, —d:—=bszzxixz,
aX
dt‘ =voX; + bwgeX1 Xz . (6.8)

Here vy =v (kg - kl) is the damping decrement of
the linear theory,

X1y Q12N,2(2)
Y 2n) T,

are dimensionless field energy densmes, and

14 ('1 + cos? ki/oiizo) (k10 bl kzo) 2(0033Te
16meQ1Qs (Qok1°A1) 2 + (Quk20Az) 4

Clearly, the solutions X; and X, are deter-
mined by Egs. (6.3), in which we must replace a
by b, while the intensity of the longitudinal waves
is

bk, ky®) = (6.9)

t
Xi(ty= X;(0)evt bmoeeWS e~VX ()Xo (t)dt. (6.10)
0
Decays, like scattering, lead to a transfer of
energy from the region of larger k to the region
of smaller k. The excess energy goes now, how-
ever, into exciting longitudinal waves. If the damp-
ing decrement is y, = 0, then
_X() ]

=50 1 %:(0)

From this it follows that the maximum noise in-
tensity is reached in a time of order
To = [b(2,X1(0) +24X5(0))]"! and is equal to

X) max = XZ(O) + o eXZ (0) /92

In the case of finite values of 7y, the amplitude
of longitudinal noise initially increases, then
reaches a maximum value, after which it starts to
diminish and tends to zero as t — *. Here, both
the time to reach the maximum value and the mag-
nitude of Xjmax itself decrease with increasing
Yo-

2. We now consider effects which result from
the non-linear interaction of longitudinal Langmuir
waves with one another. Assuming that the inten-
sity of the Langmuir waves is much larger than
the intensity of the transverse waves and that there
is no plasma sound (i.e., T, 2 Tj), we find from

Xi(t) = X(0)+ -

Egs. (2.2)
dN, )
— =& M)+ V() § a1V, (1) [600 (k, Ky)
— 2§ Q¥ (I, K, )], (6.11)
ANy(k)

— = { dludkolNy (ki) Ny (ko) V22 (K, Ky, k),

where the cross sections 6Lt are determined by
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Eqs. (5.3) and (5.7), the probability V1l by Eq. (4.2),
while y(k) is the increment (decrement) of the
linear theory.

The study of Egs. (6.11) is in a well-defined
sense a more complicated problem than the study
of the analogous equations for transverse waves.
Indeed, while for transverse waves the assump-
tion of almost monochromatic behavior in a num-
ber of cases corresponds to the situation occur-
ring in practice, in the present case the analogous
assumption is rather far removed from reality
as the ‘‘longitudinal’’ noise arising, say, due to
the instability of the beam has a very broad spec-
trum. In accordance with this we restrict our-
selves here merely to a qualitative analysis of
Eqgs. (6.11) and we give a number of estimates
which enable us to understand, albeit in general
terms, the character of the phenomena to which
the inclusion of the non-linear interaction of the
waves leads.

First of all we note that it follows from the
second of Egs. (6.11) that the presence of an in-
tensive ‘‘longitudinal’’ noise leads to the genera-
tion of transverse waves of frequency ~2 wpe.
Here a necessary condition for the generation is
the presence in the spectrum of the ‘“longitudinal’’
noise of waves satisfying the condition Ik1 + k2|
=3 wye. One can easily estimate the order of
magnitude of the intensity of the generated trans-
verse waves. Assuming, say, that the value of
Ni=const for 0 < k < wge/vTe, We find

dUt / dt = Ulzn(l)oevTesUl / neTe (612)

The presence of the factor vT leads to the fact
that the power of the generated transverse noise
is very small for a low-temperature plasma and
increases steeply when the electron temperature
is increased.

We turn now to the equation for the longitudinal
waves. Simple estimates show that in the majority
of cases scattering processes rather than decay
processes play the main role in Eq. (6.11) for Nj.
Changing in (6.11) to dimensionless variables,

Jem3N, (K
P(x,7)= ek Vi (k)

(2m)3n.T. '
k
T=wet, I'= Y , X=_—, Fop = 20 ,
®oe km Ure
we find
do

2 =00x DIN(x ) — § duk (x, x) 0 (x, )],

3n.
K(x, xi) =2m0

)6 (22 — z42)

XZSF ©(p)dpWh (p, k, ky) ’k =kmx

k 1—kmx,

(6.13)
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We note that in the particular case of relatively

long-wavelength vibrations with

®oe ( meT; )‘/’
miTe !

K<

Ute
when the ions give the main contribution to the
scattering cross section while the scattering by
electrons can be neglected, the kernel K (x, x;)
takes on a relatively simple form (see also D‘d ):

3VYn [ miT; "
K(X, Xi) = [
4&y2 ~m.T,
zT 2 2 — 242 R e;
cos? xxy, = |-—
(T; 4 2T)2  |x—x4] e

On must, in general, solve Eq. (6.13) together
with the equation for the distribution function de-
termining the increment I'(x, 7). Not aiming
here at a rigorous solution of these equations we
restrict ourselves merely to a qualitative study
and indicate a number of physical consequences
flowing from them.

First of all we note that as it follows from
(2.4) that the kernel K (x, x;) is odd with respect
to an interchange of its argument and positive
for x > xq, it is clear from (6.13) that taking into
account second-order scattering effects leads to
a transfer of the waves from the short-wavelength
to the long-wavelength range of the spectrum. The
excess energy occurring then goes, depending on
the character of the spectrum, to heating either
the electronic or the ionic component of the
plasma, or both in equal degree.“) In accordance
with this waves with low wave numbers are
damped more slowly than would follow from the
linear theory, while for a relatively intensive
noise (or in the region k > wjye, where y (k) =10)
they can even get intensified. On the other hand,
in the range of large wave numbers taking non-
linear effects into account leads to an increase of
the damping decrement for a stable (in the linear
approximation) plasma and a decrease in the in-
crement for a plasma, unstable compared with
the linear theory. Furthermore, when rather in-
tensive noise is present in the long-wavelength
part of the spectrum situations may arise in
which, for instance, a beam propagating in the
plasma turns out to be stable with respect to the
excitation of Langmuir waves. A sufficient condi-

1DWe emphasize that these two statements are valid in the
very general case, regardless of the concrete form of the kernel
K(x,x,) and that they are a direct consequence of Egs.(2.4) and
(5.3).
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tion for this is clearly the inequality
T'(x, 7)< e S dx,K (X0, X1) @ (X1, T),

where x; is the value of the wavenumber corre-
sponding to the maximum value of the increment
of intensification.

In conclusion we dwell briefly upon the problem
of the propagation of an electron beam in a plasma.
Denoting the particle number density in the beam
by ny and the velocity dispersion in the beam by
Av, one shows easily that the intensification in-

crement
Vo 2

Avy 7 ’

On the other hand, for a beam freely moving in an
unbounded plasma, the maximum possible noise
intensity U produced by the beam does not ex-
ceed the magnitude

N, 1)sST= nﬁ<
Re

nywe?

Uo ~ S(pdxsneynz.
From this it follows that in the case of a suffi-
ciently monochromatic beam (Avy, < vpg) the
second term in Eq. (6.11) is always much smaller
than the first one and non-linear effects can only
play an appreciable role in the later stages of the
process when the beam is already rather spread
out (I « I'y) while the noise has almost reached
its maximum value.

The initial stage of the process, however, can
be rather well described by the quasi-linear
theory 21,22] e must, perhaps, draw only atten-
tion to one effect which may occur as a result of
the non-linear interaction between waves, already
in the initial stage of the process. The spectrum
is only broadened in the quasi-linear theory in the
wavenumber range k > wpe/vy, and hence only the
rear end of the beam (v < vy) will spread out.
The front end, however, remains practically un-
changed. Taking non-linear effects into account,
however, can be shown to lead to a broadening of
the noise spectrum in the long-wavelength region.
As a consequence, particles with velocities
v > v, start to diffuse into the region of even
larger velocities and some spreading out occurs
also for the front end of the beam, which increases
as the noise intensity in that region increases.

It is necessary to emphasize, however, that
even the initial stage of the process of the inter-
action of a beam with a plasma can by far not
always be described by a quasi-linear theory. In-
deed, in a number of cases, for instance, when a
continuous beam passes through a bounded plasma,
the noise intensity in the plasma can appreciably
exceed the particle energy density in the beam.
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In that case it is clearly no longer possible to
neglect the non-linear terms in Eq. (6.11), the
non-linear interaction processes play an essen-
tial part, and it is necessary to start from the
complete set of non-linear equations.

The author deems it a pleasant duty to express
his gratitude to V. N. Tsytovich for manifold ad-
vice and discussions.
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