SOVIET PHYSICS JETP

VOLUME 21,

NUMBER 2 AUGUST, 1965

SPONTANEOUS MAGNETIZATION OF A PLANE DIPOLE LATTICE

N. V. VDOVICHENKO
Submitted to JETP editor June 9, 1964

J. Exptl. Theoret. Phys. (U.S.S.R.) 48, 526-530 (February, 1965)

A comparatively simple method is presented for calculation of the spontaneous magnetic

moment of the two-dimensional Ising model.

THE problem of calculating the partition function
of a two-dimensional lattice in an external mag-
netic field has hitherto not been solved. However,
the size of the magnetic moment at a vanishingly
small value of the field was found by Onsager. He
did not publish his method of solution, and there-
fore interest in the problem has not diminished.
The second to solve this problem was Yang;[ﬂ
despite the simplicity of the results, the solution
was extraordinarily complicated. Subsequently a
number of authors 2?7 succeeded in simplifying it.
The present paper presents still another method
of calculating the spontaneous magnetic moment;
it makes use of the achievements of previous
authors, but it is more accessible to the under-
standing.

We consider a plane dipole lattice (the Ising
model). With each site (k, I) of this lattice is
associated a function ogj, which can take on the
two values +1; M is the mean value of this func-
tion at a vanishingly small value of the magnetic
field. As is known,[2’4’5] the moment can be ex-
pressed in terms of the correlation function for
two sites separated a long distance from each
other,

M2 = ;lim {01101141). (1)

To calculate {oy(0t.1), We use the identity
( Uf{l = 1)

0110114t = 011012012013 - . . 0110101111,

We introduce the notation

S {onynr |on} = H (1 4 anirwonoRY). (2)

kIR

For the Ising model

z for k=kK,l=01+Hlandk=FKF+1,1=1

Qrl| k1 — .
! 0 otherwise

Here x = tanh (J/KT).
definition

Then according to the

(O1101241> = 011012012 . . . 011148 / <SD. (4)

__{1 for k=1; k¥ =1,

Substitution of (2) and (3) in (4) gives rise to
products oikoik+1 (1 + Xo1k0iks1). These may be
written in the form

2z(1 4+ 2z 'omont) = z[1 4 (z + g) orGinp], (5)

where g = 1/x — x. On substituting this expres-
sion in (4), we get

$o10114> = 2t (S {Brunr; oni}>/<S {aniper; or}), (6)
where
Brurw = omynre + gA(KL|E'), (7)
A (KL KT)
V=141, 1<i<t

(8)

0 otherwise

We note that in the calculation of the partition
function (cf. [87), there is associated with the
matrix og|gss a matrix ap |77 (we denote it by
A), which is obtained from ayj|k/;’ by multiplying
individual elements by e*i™/4. Further, we shall
use the formula

(S{anyrr; om}d = Det(1 — A). (9)

In the derivation of this formula it was supposed
that aij|k’;’ is different from zero only for near-
est neighbors; but the values of akf|k’;’ can ac-
tually be arbitrary. Therefore formula (9) is cor-
rect not only for the denominator of (6) but also
for the numerator. The matrix bk7|k’l’ (we de-~
note it by B) is constructed from B |k’;’ in the
same way as is ayj|k/g’ from agy|k’7’ (cf. 62)

and has the form (cf. 23 )

B = A+ gD,

where D comes from A in (7) and (8).

We introduce the notation: € = el™/%,
€ = e‘i”/4, v=1, 2, 3, 4, an index connected with
the direction of passage from site to site. In this
notation, we get for the matrix elements
(klv|D|KI'V') for 1=1<t
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AWID[1I—11> =(1,5%, 0, ¢),

AW|D|1L + 13> = (0, &, 1, &), (10)

and the remaining matrix elements vanish. Two
types of supplementary term occur because of the
two ways of passing over the chain of bonds, 1, 2,
3,...t+ 1.L6] We have

kv | D|E'VV') = 818kt (avwOims, v + Bywrdits, ), (107)

where 5ij is the Kronecker symbol, ay; = 1, ay
=€, ayq = €, Bog = €, B33 =1, B43 =€, and the re-
maining «,,’’s and B,/ ’s vanish.

For M’ we get the expression

Va(] —
M2 = lim<0'110'u+t> = lim z! »Det (1 B)

e, 11
t—>o00 1—>o00 Detlh(l - A) ( )

This expression solves the problem of calcu-
lating M2, since the infinite summation over Okl
has been accomplished and the matrices A and
B resemble the ordinary operators of mathe-
matical physics.

If we substitute in (11) the following expressions
for 1-B,

(1—B) =1—A4—gD= (1—A)[1—g(1—4)~D],
then instead of (11) we get
M2 = lim 2t Det':[1 — g (1 — A)-1D].

t->o00

(12)

The matrix A is a shift matrix with constant
coefficients. As is known, such matrices are
diagonalized by a finite Fourier transformation, a
transition from the Kk, /- representation to a p, q-
representation with the matrix exp{2ri(kp + Iq)/N}
(N? is the number of sites in the square lattice).
To find the matrix (1 — A)7L, it is necessary to go
over from the k, I- to the p, q-representation.

We then get the matrix (cf. [6J)

1— Ay (», 9
1 —xa, — xef, 0 — zef,
| —eay 11— oy — zeot, U T
0 —zef, 1—aa, —zep,
— zeay, 0 —zea, 1—ap,

It is then necessary to find the matrix inverse to
(13), and once more to go over to the k, l-repre-
sentation. We get

kv | (1 — A) 1|k UV

1 S S ei[p(h—h'an—z')dezlv;(P’_Q) dp dg.

(2m)? (p, )
Here d(p, q) is the determinant of the matrix
(13), and dpp’ (p, q) is a minor of the same
matrix.

(14)

351
If in the relation
<klv I (1—4)-D I KUV = 2<klv I (1 _A)‘—i l k71"
R
X <k”l”v” I D l kv

we substitute (14) and (10’), we get for the non-
vanishing matrix elements

Ckiv| (1 —A)—D|1I'1)

! ey G edvatedv,
=y S S eilpte-ttat—y—i ST gp dg,
Cklv| (1 — A)—D|1U'3)
: oy 2t dus + edve
—_——— ilph—)tq-r+0)) =~ ° ' "~ *
(2m)* - 4 * qum

We introduce the matrices Py, Pys, P3y, P33
with matrix elements

Py = (1lv |1 — g(1 — A)=*D | 1V,

The matrix 1 — g(1 — A)~'D will have the form
shown in the figure. In the crosshatched part the
matrix elements are different from zero, but their
form is unimportant, since they do not contribute
to the determinant.

On taking the expression (13) for the matrix
(1 — A) and calculating the integrand in (15), we
get

/ g iq(—V) gi
<llpull>=6w-—WSS eid(—l) giq

(1 — 2?) — e~z [2 cos (2np/N) 4+ 1 — 27

X dp dg,
d(p, 9) e
nN_ g st i
X(llp33|l>—6w—-@585eq(ll)e q
(1 — 22)— etz [2 cos (2ntp/N) + 1 — «2]
X dp dg,
d(p, q) paq
2np 2nq
d(p, Q)=(1+$2)2—‘2$(1—x2)<cos—+oos——).
N N
(16)

For Py3 and P34, there are obtained under the
integral sign expressions odd in p. After the in-
tegration over p we get zero. The term §j;7/, in
this case is absent; therefore Py3 = P3y = 0.

Thus it is found that

M2 = lim at Det': P“ Det'- P33.

t—>o0

Now if in P;; we replace q by —q and ! by 7',
we get P33, This means that their determinants
are equal, and

M2 =tl_i>££1 zt Det Pyy = tl_i»[;l Det(cu),

where
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ey =21n S eiot-1f(0) do, (17)
Ho)= 21[ S dp [x — gxe“"{1 — 22— eiog
[1—x2+2cos ]I: ] (18)

On substituting here g = 1/x — x and integrating
over p, we get—introducing the notation
x*=(1-x)/(1+x)—

f(0) =[(zz*eio — 1) (zei® — z*) [ (e?® — 22*) (z"ei® — z) ]'A,

(19)

The elements cj7’ depend only on the difference
of the indices, cj7’ = ¢(l —1"). Such matrices are
called Toeplitz forms. From the theory of
Toeplitz forms, the following theorem is known

(cf. (23T 1f cjy’ is given by formula (17), then
) 1 & VI
m{Diten) | [exp{‘z‘ﬁilnﬂ"’)d“’f] )

(20)

= exp{ Z nKnK_n},
1

where
1 tg
K, = Z:S eion In f (o) do,

-7

D¢ (cy77) is the Toeplitz determinant of order t.
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On taking for f(w) the expression (19), we get
for x* < x

SRR (9 S -

and for x* > x

(=" _ (g/z")"+ (zz”)

n 2n

K, =

= —K_,,

{ nf(0)do =0.

-

On substituting these expressions in (20), we
get finally: for x* <x,

w=esp{fa[1-( 272}
={1—(—WT_%)A}W;

for x* > x,

M2=e>=0.

The point x = x* = V2 -1 is the phase-transition
point.
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