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The broadening of spectral lines which is caused by the interaction between impurity -center
electrons and lattice vibrations is considered. The treatment is carried through for the case
of a weak electron-phonon interaction. Electron-phonon interaction Hamiltonians which are
linear and quadratic in the phonon operators are investigated. Detailed examination is given
to effects associated with the presence of local vibrations and with anharmonicity, and it is
shown that local vibrations can lead to much greater broadenings than vibrations of the crys-
tal. An Appendix deals with a new mechanism of nonradiative transitions and with spin-
phonon relaxation caused by interaction with local vibrations.

1. INTRODUCTION

THE interaction of impurity-atom electrons or of
nuclei which absorb photons with the vibrations of
a crystal leads to the appearance of a broad spec-
tral distribution, corresponding to electronic-
vibrational (or nuclear-vibrational ) transitions,
and to a broadening of the so-called ‘‘no-phonon’’
line (NPL). This broadening is primarily due to
the existence of a finite probability of nonradiative
thermal transitions in which the energy released
in an electronic transition is transferred to vibra-
tions. If the energy difference of the electronic
levels is smaller than the maximum energy of the
phonons, then in the first order of perturbation
theory such transitions are caused by an electron-
phonon interaction Hamiltonian linear in the phonon
operators. The probability for these transitions
calculated in [H2] is sizable, and they can lead to
a broadening which is considerably larger than the
natural width.

Besides this mechanism of broadening of the
NPL there is another which is particularly impor-
tant if the difference of the electronic levels ex-
ceeds the energy of the phonons and the probabil -
ity for ‘‘changing’’ the electronic energy into the
energy of several phonons is small. This broad-
ening is caused by terms in the electron-phonon
interaction Hamiltonian which are quadratic, not
linear, in the phonon operators, and is due to fluc-
tuations of the phonon field near the absorbing
centers. This mechanism of broadening has been
treated by Silsbee ] (see also [4J) by means of
the method of moments. A previous paper by the

present writer (5] gave a more rigorous treatment,
which permitted the determination in explicit form
of the shape of the broadened NPL in an impurity -
absorption spectrum or in a Mossbauer spectrum,
and also the width of the line. There is an inde-
pendent detailed treatment of the temperature
broadening of the Mdssbauer line in a paper by
Kagan. (61 The broadening of the NPL has been
treated by a somewhat different method by
McCumbar 7] (see also E8:]). According to [53, the
decisive contribution to the broadening can be due
to the interaction of the electrons with local vibra-
tions. The anharmonicity of the vibrations must be
taken into account in calculating this broadening.
In the previous paper[ﬂ the treatment was
made for the case in which the difference between
the electronic (or nuclear) levels is considerably
larger than the phonon energy, and the adiabatic
approximation was used (but the electron-phonon
interaction did not have to be small). If the differ-
ence of the electronic levels becomes comparable
with or smaller than the phonon energy, some new
features of the broadening effect appear. In this
case the adiabatic approximation can no longer be
used, but the calculation can be made by assuming
that the electron-phonon interaction is weak. The
results of a calculation of this kind will be pre-
sented in the present paper. Here, as in [5], our
main attention will be given to effects caused by
the interaction of the electrons with local vibra-
tions and with anharmonicity {(which was not con-
sidered in [%:%8]), It is obvious that the results
obtained can be applied both to the absorption of
light and to the resonance absorption of micro-
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wave radiation. It is required that the concentra-
tion of impurity centers in the ideal crystal be
sufficiently small, and that the broadening from
other causes, for example dipole-dipole interac-
tion, must be smaller than the broadening consid-
ered here.

Interaction with local vibrations can also lead
to a sharp increase of the probability of nonradia-
tive transitions between closely adjacent electronic
levels. This effect will be treated in the Appendix.

2. GENERAL FORMULAS FOR THE SPECTRAL
DISTRIBUTION

Let us consider the impurity absorption of pho-
tons by a crystal which contains one electronic
impurity center. In this case the Hamiltonian of
the system is of the form

H=H,+4 H; H0=H0(T‘)+2(Ouau+au+Ha1 @

where r is the set of coordinates of the electrons
of the center; H(r) is the Hamiltonian of the
electrons; w, are the frequencies of phonons in
the distorted crystal containing the impurity cen-
ter, and a; and a, are their creation and annihi-
lation operators; h = 1; Hg is the Hamiltonian of
the anharmonicity, containing a small parameter ¢;
and H; is the Hamiltonian of the electron-phonon
interaction, whose explicit form is presented
below.

The cross section o(w) for impurity absorption
of light can be expressed in terms of correlation
functions (cf. e.g., £93).

ho ¢
o{w)= CthhﬂTS MM () + M ()M} > cos otdt;
1o _Ano @)
3hcn (o)

Here ME is the operator for the interaction of the
electrons of the center with the electric field E of
the wave; ((...)) denotes statistical and quantum-
mechanical averaging over both electronic and vi-
brational states; c¢ is the speed of light; n(w) is
the index of refraction; and N is the concentration
of centers.

We perform the calculation of the expression (2)
by means of two simplifying assumptions. First,
we shall assume that the electron-phonon interac-
tion contains a small parameter ¢, and shall drop
all terms of order ¢? in o(w), keeping only terms
~¢% Then the only effects of the interaction are a
broadening and a shift of the no-phonon spectral
lines. The electronic-vibrational spectrum, whose
intensity is proportional to ¢2, will not be consid-
ered. While neglecting terms ~ ¢, we naturally
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shall not treat as small the terms ~ ¢% which de-
termine the shape of the broadened line and will
be included essentially in all orders of perturba-
tion theory. On the other hand terms ~ Z“t, which
determine the contribution ~ ¢* to the broadening,
will also be neglected. Second, for simplicity we
shall confine ourselves to the nondegenerate case,
in which the different Bohr frequencies wpg of the
electronic centers do not coincide and are not close
to each other, so that their differences Awpg are
much larger than the widths yr and the shifts of
the spectral lines. This makes it possible to ex-
amine separately the shape of only one broadened
NPL, associated, for example, with the electronic
transition from state s (with energy wg) to s’
(wrwgrg = wg' — wg).

It is convenient to calculate the traces in (2) with
zeroth-approximation wave functions (in the ab-
sence of interaction). Furthermore, with accuracy
up to terms ~ ¢%, in calculating the traces we can
keep only matrix elements in the functions s and
s’; in the matrix element of a product of the type

(s|MM(2) [s) = D) Mys, M (1) 5,5
we can keep only the term with s; = s/, and then
in the matrix element

M (t)gs = > (exp[iHt]) s, My, s, (exp [— iHt])s
8182
we can keep only the term with s; = s’ and s, = s.
At frequencies w =~ wgrg all other terms give cor-
rections ~ ¢% or ~ ¢{*wp/Awpg, which are not to
be included in the approximation we have adopted.
We also use the relations

exp (iHt) = U(t)exp(iHot); U(t) = Texp[ i S Hi(t’)dt’] ;

1]

H; ()= exp(iHot')H; exp(— iHpt') (A=1).

Here T is the symbol for chronological ordering,
and indicates that for t > 0 the operators are ar-
ranged in the order of decreasing time from left

to right. For t < 0 the untangled ordered expres-
sion is obtained from the corresponding expression
for t > 0 by replacing t by |t| and changing the
signs of all coefficients in the Hamiltonians and
that of the temperature T. Then (2) can be re-
written in the form

(@)= CRe | dtexp {i(0— o)t} K(1);

—o0

K (&)= (s|U@) [s) (5| U(8) Is) 25

C:CIIMSS'IZ(NS_NsI)v (3)

where (. ..) denotes averaging only over the vi-
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brational states, and N, is the equilibrium number
of impurity centers in the state s.

We carry out the calculation of K(t) in Eq. (3)
by expanding the operators U(t) and U !(t) in
power series in ¢ and then collecting all the terms
of the expansion. As the perturbation Hamiltonian
it is more convenient to use instead of H; the dif-
ference H’ = Hj — (Hj), at the same time including
(H;) in the zeroth-order Hamiltonian H,. This
leads to a temperature-dependent change of the
electronic levels and the Bohr frequencies, which
in first approximation is given by

4)

In what follows we shall regard this change as in-
cluded in wggs, and in U(t) we shall take Hj to
mean the difference H’.

Since (H’) = 0, the first term in the expansion
of K(t) in powers of ¢ vanishes. The second
term of the expansion is determined by correlation
functions of the operators H’ssi(t) = (s|H'(t)]|sq)
at different times (these operators depend only on
the phonon variables). We shall characterize such
correlators by their Fourier components:

Swssr = <Hs's’> bt <Hss>-

(Ha, (1) Hogw (12)> = {0017 (0) do,
;’s' ¢ ,s — io(t,— lz) Aw _s,’s” . — 1
CHospsr (o) Has, (81)) \ Ps, (0)do; A = T -

- (5)
Expanding U(t) and U(t) in powers of ¢, using
(5), and performing an integration, we find that, to
and including terms ~ ¢, K(t) is given by

K(t)=1—K’

K= de[(pzxss

—00

©) Bss, + @32 (0) Bys, — 2937 (0) B

SS]7

1 —cos (0 + cog,)

:%Z[(

” sin (0 + cwg,,) ¢

e—t1—1 O + COogs,)? (0 + coss,)?
14+¢ 1—c¢ )\m} 1 [ 1 ere } .
x [ 2 + 2 € +.2— (l)+0)ss, - ® — Ogg, -

(6)

In particular, for [t]|—
1

K = TT]t —{—LV°t+2M—lL|t|
=1 X 2lex(co,)
c=+1, —1 8
+ 2 o, ) [ 155+ L5 exp (hewn) | — g (0);
Vo= Vs0 + Vs’o; Vso
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d s]s 1 . e)\m
- _2_ @ {Z cpss, [ ® + mssx 0 — ('0531 :1
s’s’ 1 A
0l (@) 5 (1 —e=)};
dy, dyp dos¥
_ . 88 7
2L d (cWss,) + d (coys,) " o =0 @)

Here we have used the fact that in the cases we
shall be considering changing the signs of all the
coefficients in the Hamiltonians (including those of
the st1) and those of w and T leaves the func-
tions wgés(w) unchanged. For brevity we do not
present the explicit expression for the quantity
2MS81 which determines a small (~ ¢?) change

of the intensity of the NPL, since we shall not be
considering this effect.

To determine the shape and width of the NPL it
is essential to know the behavior of the function
K(t) for large times. Therefore in the calculation
of the higher terms in the expansion in powers of
¢ it is sufficient to deal only with the case of large
|t|. We shall assume that |t| »> T;, where T, is
the characteristic relaxation time for the phonon
system (T, can be of the order of I‘,;i, where I'y
is the damping of a phonon, or of the order of w,}i ).
We can then find the general term of the expansion
in powers of ¢ by means of an argument just like
that used in [5],1) based on the fact that when the
differences between the times used are large, av-
erages of products of operators H'ss1(ti) taken at
different times tj approach zero rapidly (expo-
nentially ). Therefore in the 2m-fold integral over
dt;. . .dtyy which is the coefficient of ¢?™ in the
expansion of K(t) the integrand is negligibly small
except when the variables can be divided into pairs
with nearly equal time values tj: |t; —tj | ~ Ty
For |t| » T, there is practlcally no overlappmg
of these ranges of values of the t;, and the mul-
tiple integral reduces to a product of double inte-
grals (with an error ~ ¢2T,/t). Although along
with double integrals of products of the type

His, (4) Hi s (1),

which occur in the second term of the expansion,
the general term of the expansion contains products
with different indices (for example,

Hy ()

with [ty —ty| ~ [ty =ty | ~ Ty in the fourth term of
the expansion), such expressions will contain an

H (t)Hyg (t2),
s.a, tz)H{ssz (ts

Hss, (tl

DAn analogous argument has been used in a somewhat
different connection in papers by Van Hovel[*°] and Kubo. [11]
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extra exponential factor [of the type exp [i(wg,
—wg)(ts—ty)] in the example shown], and on the
assumption we have adopted (|Awg| > vT) their
contribution to the spectral distribution
(~vy1 /] Awg|) will be negligibly small. Therefore
we can keep only those double integrals that also
occur in the quadratic term of the expansion and
reduce to the expression K’ defined in (6) or (7).
Taking into account the possibility of different
divisions of the tj into pairs, we find that the co-
efficient of ¢*™ in the expansion of K(t) is
(K")™/m1 (cf. [5]), and the sum of all even terms
of the expansion reduces to an exponential function

K(t)= e% = M ¢~V o=z IR giLUItl for ¢ Ty,

yr<<Tot 8

Here we have also used the fact that for t > T,
we can use instead of the expression (6) for K’ the
asymptotic expression (7). In the odd terms of the
expansion one of the groups of times must include
three times tj, and owing to this the (2m +1) st
term of the expansion will differ from the 2m-th
term by a small factor ~ iHg g Ty. When the last
condition shown in (8) is satisfied these terms
(which lead to a shift ~ Hg;s,yTTy of the maximum
of the line ) can be neglected.

Since, as can be seen from (3), the shape of the
NPL is determined by the behavior of the function
K(t) for large times (|t| ~ 1/yT > T,), we can
replace K(t) in (3) by the expression (8), which
holds for large |t|, and neglect the error of the
integrand in the region |t| ~ T;. The result of the
integration is
_oyu¥YrcosL—20"sinL

o2+ yr?/4 ’

o(w)=Ce

o = ® — 0ys— Vo
()]

This expression for the spectral distribution of the
NPL is valid for w’ < Tj!. Since L ~ yTT, (as
must be the case), o(w) > 0.

If we are not interested in small (~ £%) effects
of changes in the intensity of the NPL and in its
anisotropy, we can approximately set M = L = 0.
Then

Yr
o(ow)=C e, (10)
Thus in the weak-coupling case under considera-
tion the spectral distribution is described by a
Lorentz curve with the width y (when the natural
width vy is taken into account, it is easy to see that
in Eq. (10) yT must be replaced by yT +v).

Concrete calculations of the width yT accord-
ing to Eq. (7) will be made separately for the vari-
ous terms in the Hamiltonian for the interaction
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of the electrons with local vibrations and with vi-
brations of the crystal (vibrations of the continu-
ous spectrum ). In the approximation adopted here
the contributions to the broadening combine addi-
tively.

3. QUADRATIC INTERACTION WITH LOCAL VI-
BRATIONS. CASE OF LARGE BOHR FRE-
QUENCIES

Let us consider first the part of the Hamilto-
nian for the interaction of the electrons of the im-
purity center with local vibrations which is quad-
ratic in the phonon operators. The corresponding
contribution in H’ can be written in the form

H =H/+HY + Hy; HY =) V(r) (nx— fix);

HiY'=" Vi () autaw; Hy=1], D} (Vawtx*awtHerm. adj.),
%, n’, %x, %

(n=%) ( 1 1)
where n, = aya, and the summation is taken over
the local vibrations only. The Hamiltonian (Hj),
which as stated before is included in the electronic

Hamiltonian H?, is in this case equal to
SV Va(r) (74 12),
x

where 1y = (exp[Awy] — 1)7L It follows from (4)
that in first approximation (to which we confine
ourselves for brevity ) the corresponding change
of the Bohr frequencies is given by
6(1)313 = 2 (sz's' - Vuss) (ﬁx + i/2)7 (12)
®
where Vygg = (s|Vi(r)|sy). For simplicity we
shall assume that the local vibrations are nonde-
generate and that the differences between their
frequencies are larger than the widths of the local
levels. The contribution to the broadening from the
nondiagonal part of the Hamiltonian Hj and from
the Hamiltonian Hj will be considered separately
in Sec. 6, where it will be shown that when correc-
tions ~ €2 are neglected this contribution is im-
portant only when certain resonance conditions are
satisfied. Here we shall consider only the Hamil-
tonian Hi.

The results of the calculation are decidedly dif-
ferent depending on the ratio of the Bohr frequen-
cies wp of the electronic levels and the widths I'y
of the local levels. In this section we consider the

case of relatively large Bohr frequencies, for which
(0F: > Pn, (13)

(but wp can be much smaller than wg ), and in the
next section we shall consider the opposite case.
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To calculate line width caused by the Hamilto-
nian H{ in (11) by using (7) and (5) we need to know
the Fourier component of the correlation function
of the product of operators n,(t) — n, for two dif-
ferent times. According to [12] this correlation
function can be written in the form

-]

() = Tl () — ol = ei0ttdv, (o) do,

—oo

(o) = 27 (7o + 1)

n(ete 4 174
y Y (0) + yx(— )
[0 — e (0) + e (— 0) B+ [yx(0) + yu(— @) P

where for w — 0 the function mx(w) — k(- w),
and v4(0) = 'y (wy) = 'y, where I'y is the damp-
ing of the local phonon owing to its decay proc-
esses caused by anharmonicity. Furthermore T'y
<< wy, being proportional to the square of the
small parameter € of the anharmonicity, and in
the calculation of y, and m only terms ~ €’ are
kept. The correlation functions

[nu(t) — md[nw (B2) — > for ===«

(14)

are of the order of €2, and can be neglected in the
present approximation. In our present case the
relaxation time T, is ~ I';!, and in accordance
with the last criterion stated in (8) the condition
of weak coupling is satisfied here for yT <« I'g.

It follows from (5), (11) and (14) that, when we
neglect terms of higher order in €, for the Hamil-
tonian Hj

lPig'f' (0) = 2 Viss.Vsssve (@).

®

In the case under consideration, with the condition
(13) imposed, it can be seen from (14) that @gL;
(cwgg,) is much smaller for s; = s than for equal
indices sy = s [by a factor ~ (wg /Ty )?]. There-
fore in the sum (7) over sy we can keep only the
term with s; = s (in the first term) and that with
sy = s’ (in the second). The result is that for our
present case we get the following expression for

the width y = vy; of the spectral line

Vi = D7l A1) (Viess — Vi)Y T (15)
%

The Lorentz shape of the spectral curve, broad-
ened owing to the interaction with local vibrations,
has also been derived for the case of weak coupling
in [5], by means of the adiabatic approximation (in
the adiabatic approximation a treatment could also
be given for the case of strong coupling, in which
the shape of the curve is decidedly not the Lorentz
shape ). The expression (15) for the width y; also

M. A. KRIVOGLAZ

agrees with the expression (9) in (57 if we replace
Viss — Vks’s’ by the coefficient Vi in the differ-
ence of the adiabatic Hamiltonians of the vibrations
of the initial and final states.

The maximum of the Lorentz curve (12) lies at
a frequency which includes the temperature depend-
ent line shift (12), which is proportional to ¢. In
the present case of weak coupling we shall for brev-
ity neglect the higher-order corrections to the shift,
in particular the correction VY and the correction
~ {Vyss — Vks’s’) owing to the odd powers in the
expansion of K(t) in powers of ¢.

4. QUADRATIC INTERACTION WITH LOCAL
VIBRATIONS. CASE OF SMALL BOHR FRE-
QUENCIES

As in the preceding section, we shall take as the
interaction Hamiltonian the operator Hj in (11), but
we shall assume that the differences of the elec-
tronic levels is much smaller than the level width
of a local phonon, so that instead of the condition
(13) we have the opposite conditions

0TIy, o< kT. (16)

In this case, as can be seen from (5), (7), and (14),
all of the expressions vk (cwssy) and v, (cwg’sy)
for different values of sy are approximately equal
to each other and reduce to v, (0), and in Eq. (7)
we must keep all terms in the sums over sy, not
just the diagonal terms. Therefore in this case
the broadening yT = v{ takes the form

r _\) ﬁ“(ﬁ%_l_ 1)

Y = 2,
*® F”

X [(Vuss_ Vus's')2 4+ z | Vuss, |2 + 2 | Viss, |2—‘ . @an
178 sy=8" h

Here the broadening, unlike that in the case of
large Bohr frequencies, is determined not only

by diagonal but also by nondiagonal matrix ele-
ments Vygg,. The formula (17) naturally has no
analog in the theory of (5], which is based on the
adiabatic approximation, since (16) is in contra-
diction with the criterion for application of this
approximation (wp > w, ).

In the general case, when the ratio of wpg and
I’y is arbitrary, and in particular when the condi-
tion (13) holds for some wpg and the condition (16)
for others, we find in an analogous way that yT is
given by the formula (17) if in the last two sums
over sy we replace r by the respective quanti-
ties

2T (55,) [T (0es,) -+ 05s, ] [1 + exp {— hvss, } 1,

2Ty (OJs’s1 ) [To? ((Os's 1) + 0')81321]—1 [1- —+ exp {— 7"(‘08"1}]_11

and
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where 2I'y (wgg) = v (wgg,) + v¢ (- wgg,) and the

explicit expressions for vy, (wggy) can be obtained

from Eq. (A.12) in (12| In this case the quantity L
which determines the asymmetry of the curve is of
the order of

[ z | Vnss, |2 C‘J.ss,_3 + 2 I Vus's, IZ (l)s’sx—s] .

S17E$ 8158’

D o (i 4 1) T

If the law of conservation of energy allows the
decay of a local phonon into two crystalline pho-
nons, then for kT >» wy, according to [13] T'y~T,
i.e., the broadening y; or yj caused by the local
vibrations is proportional to T [unlike the broad-
ening owing to crystal vibrations, which is propor-
tional to T? (see Sec. 6)]. If T — 0, then T'y
—const #0, and y; and y{ — 0. Furthermore, Ty
is proportional to the square of the small anhar-
monicity constant €, and y; and y{ ~ €72, and
therefore if the interaction of the electrons of the
impurity center with local phonons is not weaker
than their interaction with crystalline phonons, the
corresponding broadening vy, or y{ makes the main
contribution to the yT caused by an interaction
Hamiltonian quadratic in the phonon operators (see
Sec. 6). According to various estimates [13-17]
Ty~ (1071=1072)kT for kT > wy and Ty
~ (1072—107%)wk for T — 0. Accordingly the con-
dition (16) can be satisfied only for very small
electronic centers or for levels very close to-
gether. Furthermore as the temperature is raised
there is the possibility of a transition from the
condition (13) to the condition (16), which leads to
an additional complication of the temperature de-
pendence of ;.

If the frequency of the local phonon is relatively
large and the law of conservation of energy does
not allow the decay of the local phonon into two
crystalline phonons, then I'y will be much smaller
than in the estimates we have given, and the broad-
ening y; or y; will be especially large (y; < I')).
Furthermore there is also a change of the temper-
ature dependence of I'y and vyy. If, for example,
the local phonon can decay into three phonons, then
for kT > wy we have 'y ~ T?, and vy and yi do
not depend on T.

If the concentration of impurity centers is large
enough, it is necessary to take into account the
formation of an impurity band. It can be verified
that in the case in which the effective width I'’ of
this band is larger than I'y, we must replace I'y
by I'’ in Egs. (15) and (17), which diminishes the
value of y4 or yi and alters its temperature de-
pendence. Besides the electron-phonon broaden-
ing considered here, concentration broadening of
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spectral lines can also be important at high con-
centrations of impurity centers.

5. LINEAR INTERACTION WITH THE LOCAL
VIBRATIONS

Besides the terms (11) that are quadratic in the
phonon operators, the Hamiltonian of the electron-
phonon interaction also contains terms that are
linear in these operators. We can write the cor-
responding Hamiltonian for the interaction with
local vibrations in the form

H = D\ [Wa(r)ax + Wi (r)axt]. (18)
n
This Hamiltonian describes processes of elec-
tronic transition accompanied by the emission or
absorption of local phonons. Since in general real
processes of this sort are forbidden by the law of
conservation of energy, there is no corresponding
broadening of the electronic levels in zeroth ap-
proximation in €. If, however, one of the Bohr
frequencies is close to the frequency of a local
phonon, then these processes are possible and
make an important (in the majority of cases the
decisive ) contribution to the broadening of certain
spectral lines.

Whereas in the harmonic approximation for the
occurrence of processes of emission or absorp-
tion of phonons it is necessary that wpg and wy
be almost exactly equal (to an accuracy of the
order of the natural width y), when anharmonicity
is taken into account the probability for these
processes is large when the much weaker condi-
tion |wg~wy | € T is satisfied. Therefore, as
in the preceding sections, to study the broadening
effect in question it is necessary to take the an-
harmonicity into account explicitly. Including it
also allows us to consider the effect of broaden-
ing spectral lines owing to the linear Hamiltonian
(18), which appears also in cases in which the res-
onance condition wp =~ wy is not satisfied.

As can be seen from (7), (5), and (18), in the
case now considered the broadening yr is deter-
mined by Fourier components of correlation func-
tions of the types (a,(ty)a,/(ty)) and
(ag(ty)ags(ty)). It is not hard to find them to the
accuracy of terms in €? [and to accuracy ~ ! in
the denominators of fractions, in comparison with
the small factor (w—wf ) | by the method of
temperature-dependent Green’s functions. Here,
as before, we shall assume that the damping and
shift of the spectral lines are mainly due not to
their interactions with each other, but to the inter-
action with crystal vibrations, which are described
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by the anharmonicity Hamiltonian

Hy =1, 2 (Vxx’x”auau’+ax”+

H'R”

+ 13 Vi nttn axe + Herm. adj.).
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For brevity we shall neglect terms of the type

Vikk "acaxag» in the Hamiltonian Hy, which in the
case of small concentration of impurity centers are
unimportant for the effects considered here and in
Sec. 7. Then to the accuracy that has been specified

(p.ssls;s’ ((‘)) = 2 {W:(ss.Wxs,'s’)‘fx ((0) - Wxss.W:s;’S’A"ﬂ (_‘ (D) + WKSSxWKS:’S'p'K ((’)) + W;SSxW;Sx'S'M:‘ (m)} n ((0);

1 Iy (o) . I T
}v“(m):?[maw,‘-—}’x(m)]z—{—[‘f (o)’ n(w) = o —1 7
1 T/ (@) [0 — @x — Py (0)][0 + 0x + Px(w)]

Hu(0) = —

Here the damping I', (w) and the frequency
shift Py (w), and also I'f (w), are regarded as
functions of the frequency w. For the Hamiltonian
H, given above the formulas for these functions
are of the following forms (cf.[137);

T _
(@)= 5 2 {| Voo [2(1 + o+ 7x) 8 (@ — 0 — )
®x'n”

— | Vi |2(1 4 s + i) 8 (@ + 0w + @)
+ 2[ Vumx"lz(ﬁu" - T_Lw) 6((1) — Wx- + (x)u") }’

I/ (o)

k4

T2

D Vet Vo (1 + For + 71 ) [6 (0 — @ — o)
nn”

— 8(0 + ow + ox)]

+ 2Vu’n”uVu"n’u(ﬁx" - ﬁn’)é((ﬂ — 0w + (A)u")}. 20)

The formula for I—‘K(w) is obtained from that for
T, (w) by changing the signs of all the w, (includ-
ing those in n,). The expression for Py (w) can
be obtained from that for I'yx(w) by replacing the
factor m6(w—a) in each term by P(w—a)~!. With-
out loss of generality we can choose the normal co-
ordinates in such a way that Wy(r) = W, (r) and so
that the coefficients V and V'’ are real.

If the renormalized frequency wy = wy + Py of a
local vibration differs from one of the Bohr frequen-
cies +wgg, Or *+wg’g; by an amount < Ty, then, as
can be seen from (7) and (19), the corresponding
resonance term is much larger than the other terms
in the sum (7) over sy and ¢, and the other terms
can be neglected. In the resonance region we can
also neglect p,(w) in comparison with A (w) (if
we are not interested in the asymmetry of the dis-
tribution). The contribution vy, to yT, which is
due to a resonance interaction of the type in ques-
tion with a local phonon x, can be represented in
the form of the sum of the corresponding widths of
the electronic levels s and s’: Yo« = Yagk + Yas’ks

(19)

7 {[o— ox— Px(0) P+ T2(0)} {lo + ox+ Pu(0) R+ Tw2(0)}

and ordinarily only one of these terms is important
(unless the condition |wgs, - ws’s2| < Ty is satis-
fied for some sy and s, . For example, for wgg,

’
Wy

Yasx = 2 [ Wussl |2

~

Tx
((Dss, - (Dx/)z -+ I

If, on the other hand, wgg, ~ - wg, then in (21)
we must replace n(wss,) +1 by n (|l wss,|). The
quantity vy,g’yx is obtained from (21) by replacing
s by s’.

In particular, for | wgg, ~ wy | < Ty Eq. (21)
takes the form

Y2sx — 2anss, |2[n((1)ssx) + 1]/ Fu,

i.e., vo, like vy, is ~€e~2. Since the coefficients

Wygs, in the linear terms of the interaction Hamil-
tonian are ordinarily much larger than the coeffi-
cients Vigg in the quadratic terms, the broaden-
ing vex is larger than the width vy, or vy{, pro-
vided only that for some one of the Bohr differ-
ences between the electronic levels s or s’ and
some level s; the condition of resonance with a
local vibration « is satisfied. A characteristic
feature of this mechanism of resonance broaden-
ing is that it occurs only for certain lines s — s’
in the absorption spectrum, for which the initial
or the final level is broadened.

For high temperatures and |wgg, — wi | < Ty
the width y,, is of a degree in the temperature
smaller by unity than the degree of y; or yi, and
at low temperatures 7y,gx, unlike y;. goes to a
nonzero limit if wgg, > 0. As can be seen from
(21), for |wggy — wk | > T the width vy, is pro-
portional not to €2 but to €%, and is small be-
cause the anharmonicity parameter is small. The
mechanism in question for the broadening of elec-
tronic levels and spectral lines is essentially due
to electronic transitions accompanied by absorp-
tion or emission of local phonons, whose levels
are smeared out owing to anharmonicity into bands
with widths ~T°.

l2(wss)+ 1], (21)
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The formulas presented in this section are
equally applicable both to local and to crystalline
vibrations. The consequences of these formulas
that relate to crystalline levels will be considered
separately in Sec. 7.

6. QUADRATIC INTERACTION WITH CRYSTAL-
LINE VIBRATIONS

The Hamiltonian for interaction with continu-
ous-spectrum vibrations which is quadratic in the
phonon operators is also defined by (11), in which,
however, the summation is not taken not over the
local, but over the crystalline vibrations. Since in
this case Vygg ~ Ng!, where N, is the number
of atoms in the crystal, the broadening y; or v
will go to zero for Ny — . A finite broadening
in this case is due to the nondiagonal terms Hj
and Hj in the Hamiltonian (11). Calculating corre-
lation functions of the type (ay (t1)a,(ty)a, (ty) X
af('(tz )) in the harmonic approximation, we find
from (5) and (11) that for the Hamiltonian H’ = Hj
+ Hj the function q)gtssl'(w) is of the form

928 (@) = D Vaowss, Vs (¢ + 1) 8 (0 — 0+ )
®n'

+ j/ZV/ | 4 ‘sr's’ Tixdin' 0 (0.) — Wy — (‘)n’)

+ 1/2 V:a’c"ssx V:cn’s,’s’(ﬁn + 1) (ﬁx’ + 1)6((1) + Wy + (Du')] .
(22)
In the case of the crystalline vibrations inclusion
of anharmonicity leads to only a very slight cor-
rection ~ €2 (cf. [5]).
Substituting (22) in (7), we find that the broad-
ening y; caused by the quadratic interaction with

the crystalline vibrations can be written in the
form

Y3 — 'Y3s+Y38’+'Y3ss';

Yass' = 2T 2 I Vnu’ss_Vuu’s’s'Iz ﬁu(ﬁu+1) 6 ((Du“(l)x’) H

ux’

Y3s = T Z 2 {2‘ V"Mlssx lz(ﬁu + 1)ﬁu’6 ((‘Ds"l — Wy + (Du’)'

xR $15=8
+ | Viewrss, |2 [7i 4 1) (7ns 4 1) 8 (055, — 0n—0x+)

+ Fascltnd (s, 0x+@xr) ]} (23)
The broadening y3g of the electronic levels is
due to processes of electronic transition in which
two phonons are absorbed or emitted, or else one
phonon is absorbed and another is emitted. Such
processes are possible only if for some s; we
have |wgg,| < 2wy, where wpy is the maximum
frequency of the vibrations. The broadening vys;gg’

211

of a spectral line is due to fluctuation changes of
the Bohr frequency caused by interaction with the
vibrations, and is different from zero for arbi-
trary relations between the wp and wy,. The
formula (23) for y3gqr agrees with the analogous
formula (19) in [5], which was derived in the adi-
abatic approximation, if in the latter we replace
the coefficients Vi, in the difference of the adia-
batic Hamiltonians of the initial and final states by
Vik'ss — VKK'S'S'.Z) It is obvious that in the adia-
batic approximation when wp > wy, then yzg = 0.

For a comparison of the broadening y; with the
broadening y; caused by interaction with local vi-
brations, it is convenient to transform the sums
over k into integrals over wy, by introducing the
distribution function g(w) of the vibration fre-
quencies. For example,

Yas = 2No D\ Vi (i + 1) g ()

—_— 23‘[N02 S d(l)u ﬁﬁu(ﬁx + 1)g2((‘0”)’

where V%(wy) is the average value of

| Vik’ss — Vki’s’s’ |* for wygr = wi. It can be seen
from a comparison of this expression with (15) that
vsss’ differs from vy by replacement of 1/I'y by
by glwy) land of (Vg — Vkg’s’)? by NoV2].
Since usually g(wy) ~ 1/wy « 1/T'; [in the case
of optical bands of width Aw in the correspond-
ing frequency range g(w) = 1/Aw], 7y is much
larger than vy; if the energies of the interactions
with local and with crystalline vibrations are of
the same order of magnitude. On the other hand,
vy can be interpreted as a broadening caused by
interaction with a narrow band of a continuous
spectrum with Lorentz function g(w) having its
maximum at the frequency of the local phonon and
width ~I'y, (for wpg > I'y). In the same way, for
wB < wpy, Aw the expression (23) for vy; agrees
with the formula (17) for y{, which was derived
for the case of small Bohr frequencies wpg << I';.
It can be seen from (23) that at high temperatures
Y3 ~ TZ.

2)We point out here that Eqs. (16) and (18) in {51 are not
valid for arbitrary values of the coefficients V, as indicated
in [5] , but only for small V,, when along with the condition
(17) in [*] the condition wegs2 S i Vi’ ViV << 1 is also
satisfied. If the latter condition is not satisfied, there is an
additional correction to the frequency shift V° in Eq. (19) of
[51. As before, however, the broadening in the harmonic ap-
proximation will be due only to the quadratic terms in the
Hamiltonian Hf — Hj, and the formula (19) in [5] for the broad-
ening yT” remains valid. I take occasion to express our grati-
tude to M. A. Ivanov, who called my attention to this fact.
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In the case of interaction with local vibrations
the Hamiltonian Hj + H3 in the harmonic approxi-
mation can make a (divergent) contribution to vy3
only if there is an accidental coincidence of wgg’
and +wy * wys. When anharmonicity is taken into
account there is a resonance increase of y; when
the condition |wggr + wy = wir | KTy + Ty is
satisfied, where w; and wys are frequencies of
local vibrations; this effect is analogous to the
resonance effect caused by the linear interaction
and considered in Sec. 5. When we use the ex-
pression for the Fourier component of the corre-
lation function (a,(t;)ay(ty)ay(ty)ay(ty)), cal-
culated with anharmonicity included [cf. Eq. (20)
in [53], it is not hard to show that this resonance
contribution to y3g caused by interaction with
iocal vibrations « and «’, for example for wgg,
~ Wy — wyr, is of the form

(x4 1) A (T + L)
((l)ss, - (l)n/ + (l)u'/)z + (Fu + I‘M’)2'
For wgsy ~ * (wk + wk’) we must replace
| Vkk'ss, |* in 24) by 4| Viyrss, |2, and also
(ng + 1)agr by (g + %+ Y) (g + Y% = %) and
— Wk + Wk’ by F wkF wg’. When the resonance
conditions are satisfied the broadening (24) is
~ €% and can decidedly increase the broadening
(23) caused by interaction with crystalline vibra-
tions, but far from resonance it is ~ €® and its
contribution to the total broadening is small.

As has already been pointed out in 6%, there
can also be a sharp increase of y3gg’ in cases in
which quasilocal vibrations arise near impurity
atoms and lead to a Lorentz peak of width I'” < w
in the function g(w).[“] The corresponding for-
mulas for y3gg’ and for y; with wp < I'” can be
obtained from the formulas for y; or y{ by re-
placing 'y by I'” and (Vggs — Vks’s’)? by N,V?
at the frequency of the quasi-local vibration. If
the sum or difference of frequencies of quasi-local
vibrations is close to wssy, then, as can easily be
seen, y3g is given by a resonance formula of the
type (24) with appropriate obvious changes of the
quantities involved (for example, I'y is replaced
by T'”).

Y3s = 2 [ Vmc’ss, Iz (24)

7. LINEAR INTERACTION WITH CRYSTALLINE
VIBRATIONS

The expression (19) for the correlation function
¢ (w) in the case of an electron-phonon interaction
linear in the phonon operators is valid both for
local and for crystalline vibrations. Substituting
this expression in the formula (7) for yT and as-
suming that Wy, Vi rer and Vi, are real, we

M. A. KRIVOGLAZ

find that in the general case the broadening vy,
caused by the linear interaction is given by the ex-
pression

Vi == Yis + Vas’ -+ Viss’;

Yiss® = 4m ?__ (Wnss - VV%s's’)2 Iim [}“‘rf(m) + Hu(‘ﬂ)]n(‘”)v

» w->0

Yis = 2n 2 2 W:ss, [7")1((053,)

® SiFES

—_ 7\«(—' (Dss,)+ 2“%((1)33.)]["'(0).98‘) -+ 1] (25)

If +wgg ) falls in the range of frequencies of the
vibrations and the anharmonicity is small (T
< wm) then, as can be seen from (19), Ax(wss,)
~ 6(w551 — wg). Therefore when anharmonicity is
neglected

Yis = Yks’ = 2752 2 IWvuss, IZ[G((DSS - (l)x) (ﬁ” + 1)

®x Si1FES

+ 6((1)53‘ + (l)u) ﬁ”]

w
m

= 21Ng D) § doow ] Wass, [218 (05, — ) (7ix 4 1)

si#=s 0
+ 6((0.%', + wu)ﬁx]g(lwssll),

where | Wess, |2 is the result of averaging | Wyss, |2
over k at the frequency wy = +wgg,-

If, however, +wgg, does not fall in the allowed
range of vibrational frequencies, or else if the
value of g(w) at w= +wgg, is small [for example,
in the case of small Bohr frequencies |wss, |
<« wm, when g (sts1|) ~ wgs?], the main contribu-
tion to y, may be that of terms ~ €% associated with
the anharmonicity. Then, with wB > wg, as we see
from (19), n(0)A((0) > AK(wssi)n(wssl),
n(0)ug(0) > uK(wssi)n(wssi) (a)ss1 = 0), and the
main contribution to vy, comes from 7v,gg’.

Substituting the expressions (19), (20) in the for-
mula (25) for y,gg’, we find
Yiss? = 8n Z lWxss — Wisrsr |2 O)u_zl unw'lz ﬁu'(ﬁw -+ '1)

wu'n”

X 8 (@x — wxr), 27)
where the summation over « is taken over both
crystalline and local vibrations. At high tempera-
tures y;gg’ ~ T?, and for T — 0, viss’ ~ T If
wp > wg, then y,gg’ can also be expressed in
terms of the coefficients Vy in the difference of
adiabatic potentials Hg—H;j (cf. [513)).

(26)

3n Egs. (22), (23) of [*] no account was taken of the fre-
quency dependence of I'x (w). Inclusion of this dependence,
and also of terms in y(w), leads to a change in Eq. (23) of 5]
for yT”’, the factor I'x(2n + 1) being replaced by the quantity
g@) o 2l (@)[2n(w) + 1], so that the result is Eq. (28).
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Yiss’ —82 |v | lim Fy(m)n((n))

% o—>0
= 8n Z_——lv;«xu |2nx Tixr +'1)6( r— ox). (28)
w2 K
The correction ¥{s to vs (v4s = vis + Vis)
caused by anharmonicity can be written in the form

Yis =21 2 D 2 AWies2[ehu(coss,) + tx(oss,)]

% c=+1, —1 8,5

(coss,) }n (oss,) + 11, (29)

— Wiss2 s’
where

A (@ss,) = 7 I (@ss, ) [ (@55, — 0x)2 4 T2 (w055, ) ]

=~ 6((1)551_ (Ou’),

and W%cssl is the average value of W%css1 at wg
= wgg,. In particular, if wB < wm and Vis is
much smaller than the damping caused by anhar-
monicity, then

Ye = 4ﬂ Z [ (”/%:s - H""/-S’a’)z + S‘ W 2

-

X S

+ ¥ Wm,]

8175

X lim [Ax(0) 4+ px(0)]n(w)
o0

=87( 2 [ |Wuss'— Wls’x’lz+ 2 |Wxss,|2

»u'x” sis

S W |2] 02| Vi |2 s (7 - 1) 8 (0o — womer).
s17=s’

30)

We note also that the results we have given here
can be obtained by the method of temperature-de-
pendent Green’s functions (cf. e.g., the Appendix ).
A treatment carried out by this method, and also
concrete calculations of the broadening of spectral
lines, will be presented elsewhere.

APPENDIX

THE INFLUENCE OF LOCAL VIBRATIONS ON
THE PROBABILITY OF NONRADIATIVE
TRANSITIONS BETWEEN CLOSELY ADJACENT
ENERGY LEVELS

An interaction with local vibrations which is
quadratic in the phonon operators must have a de-
cided effect not only on the broadening of spectral
lines, but also on the probability of nonradiative
transitions between closely adjacent energy levels
for which the condition (16) holds, and in particu-
lar on the spin-phonon relaxation time for impurity
centers. In the representation of second quantiza-
tion, for the case of an interaction Hj given by
Eq. (11), the Hamiltonian H for this model is of
the form
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H= 2 wsNs + S_,mzny_

8=1, 2 ®

2 Vol by + /u12b2+b ) (7x — nix) + H,, (A.1)
%®
where Ng = b;bs, and b; and bg are the Fermi
operators for the electrons of the center (these
results will also apply to the case of nuclear
spins ), which besides the usual anticommutation
rules satisfy the condition bib; +hyb, = 1 (there
is one electron localized at the center).

We introduce the retarded Green’s function

g={Ny— "2, N — )3}

== —Le(t) lr\ (t) — 2, Ny( 0) l/2]+>
where [...]s is the anticommutator, and 6(t) =1
for t >0 and 6(t) = 0 for t < 0. The equation of

motion for this Green’s function in the Fourier
representation is of the form

)

2.

1 —_
og(w)= 8 + VMiZ{bl+b2(nx —nx); Ny—

- -— r 1 -
— sz{ batby (ny — 1) ; Ny — 9} . (A.2)

When we now set up the equations of motion for
the Green’s functions that occur in the right mem-
ber of (A.2), and also for the functions obtained by
taking their commutators with the operator Hy,
and truncate the resulting chain of equations, we
find that to terms ~ €

_r 1
gi_8n o—S8(w)’
\ Y 1
S(o)=2 2 Vo ]* (e = ,l.‘)Z[ ® + 0 — Rx(0) + i (—o)

(A.3)

1
T 0 — 012 — Ry (0) + Ry (—w) ]
Here Ry(w) = my(w) — iy (w) is defined hy Eq.
(A.12) in [12] and v,(0) is equal to T'y(w,) = T'y
defined by our present Eq. (20). In the derivation
of (A.3) we have used the fact that the broadening
v of the electronic levels is much smaller than I'y.
It follows from (A.3) that in the present case,
with wyy < I'y, the Fourier component of the cor-
relation function Q(t) = (((Ny(t) 1/2 )(N;(0) —1/2 )))
in the frequency region w < I'y is given by
1 1 g(w)
)= o T T o F o2 (0)

2T (A.4)
=4 .
o(w)=4), > G ATE
It follows from this that in our present case, with
o< Iy and 0 < KT, for t < o~ ! we have Q(t)
= 1/8 expl —c(0)t]. Comparing this result with the
equation

| Vaerz | 270 (71 -+ 1)
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N, —_— Nz == 2W211Vz —_ 2VV12N1 ~ 2W(17V — ]\’1),

where W = Wy, = Wy exp(Awyy) = Wy, we find that
the probability W for a nonradiative transition be-
tween closely adjacent levels caused by interaction
with local vibrations is given by the formula

W =0/2 =" | Vusz |* it + 1) /Tx.

%

(A.5)

The probability (A.5) can be compared with the
probability of nonradiative transitions owing to in-
teraction with crystalline vibrations. It is easy to
see that in this case the interaction linear in the
phonon operators leads to a transition probability
equal to the quantity vy,g defined by Eq. (26), and
the quadratic interaction to the probability vsg
defined by Eq. (23). Furthermore, in the case of
closely spaced levels v;g is small because of the
smallness of g(|wyy|), and when the interactions
with crystalline and local vibrations are of the
same order of magnitude y;g can be much smaller
than W (by a factor ~wm /T'x or ~Aw/Tk).
Therefore at high temperatures the mechanism
now under consideration can be the main mecha-
nism of relaxation in the case of impurity centers
that have local vibrations. Unlike the probability
vY3s, Which is proportional to T? for kT > wyy, W
is proportional to T at high temperatures (if the
concentration of impurity centers is small).

We also note here that in the case in which the
difference wjy of the levels is close to the renor-
malized trequency wy of the local phonon, the
transition probability coincides with the quantity
vssk defined by (21), and shows a resonance in-
crease.
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