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It is shown that the poles of the vertex function, which appear when two elementary particles 
a 1 and a 2 are present in the same channel a, disappear when the wave functions of the par­
ticles a1 and a 2 are made orthogonal to each other. 

IN the study of the analytic properties of the ver­
tex function r (k~, mt, m~) = r (k2 ) of three spin­
less bosons a, b, c as a function of k2 it is most 
important to know whether r (k2 ) may have poles 
in the complex k2-plane. It is usually assumed 
that the product of r (k2 ) and the Green's function 
G ( k2 ) of particle a has no poles oth,er than the 
poles of the Green's function G(k2 }. Therefore the 
function r (k2 ) may have poles only at the zeros of 
G(k2 ). In the case when the Green's function G(k2 ) 

has only one pole at k2 = m~ it can be seen from 
the Kallen-Lehmann representation that it can have 
no more than one zero and that that zero, if it ex­
ists, must lie on the real axis in the interval m~ 
< k2 < ( mb + me )2• Consequently in this case r ( k2 ) 

can have at most one pole. 
Assuming that r ( k2 ) has no poles we have ob­

tained previously [t] an upper bound on the coupling 
constant for the interaction of particles a, b, c. 
Goebel and SakitaC2J and BraunC3J have expressed 
the opinion that the assumption of absence of poles 
in r (k2 ) is incorrect. The assertions of these 
authors were in a substantial manner based on the 
considerations of an example when in channel a 
there occurs beside the particle at an additional 
discrete state a 2 (more precisely, such a state 
exists when the interaction causing the transitions 
a 1 - a2 is turned off, i.e., for example, in the 
primary Lagrangian). In this example the authors 
of [2, 3] find poles in the vertex function. In their 
proof, however, a very important circumstance 
was not taken into account. If two states exist in 
one channel, then the wave functions for these 
states should be orthogonal, i.e., the physical 
(renormalized) operators should be so defined 
that transitions from one state to the other (on the 
mass shell of each state) are absent (see, for ex­
ample, C4J). In this paper we discuss the problem 
with orthogonalization taken into account and show 

that after orthogonalization the pole in the vertex 
function is absent. 

Let us consider first the case when there are 
in channel a two elementary particles at and a2• 

We do not assume a specific form for the interac­
tion Lagrangian. The equations for the Green's 
functions of these particles will be written in the 
form 
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L [ ( k2 - Jl;o2) 6;n- M;k ( k2)] Ghl ( k2) = 6;z, 
h=l 

i, l = 1, 2. 
(1) 

Here llio is the bare mass of the i-th particle, 
Mii ( k2 ) and Gii ( k2 ) are the mass operator and 
Green's function of the i-th particle Mik(k2 ) and 
Gik(k2 ) (i "" k) are the mass operator and Green's 
function for the transition i - k. It is obvious that 
Mik = Mki, Gik = Gki· Eliminating from Eq. (1) the 
functions G12 and G21 we easily obtain the equa­
tions for G11 and G22 : 

[ k2- J.11o2-Mu(k2)- M122(k2) J GH(k2) = 1, 
k2 - ~tzo2 - Mz2(k2) 

[ k2 - J,1zo2-Mz2(k2)- M 122 (k2
) J Gzz(k2 ) = 1. 

k2 -~L102 -Mu(k2) (2) 

It is seen from (2) that G11 (k2 ) has a zero for 
k2 satisfying the equation k2 = Jl~o + M22 ( k2 ), and 
G22 (k2 ) has one for k2 = llto + M11 (k2 ), provided 
that at these values M12 ( k2 ) does not also vanish. 
Corresponding to the zeros of the Green's functions 
G11 ( k2 ) and G22 ( k2 ) the vertex functions r 1 ( k2 ) 

and r 2(k2 ) have poles. The presence of poles in 
r t ( k2 ) and r 2 ( k2 ) can also be seen directly by 
writing r t and r 2 in the form 

g1f1(k2) = R!(k2) + Rz(k2)ilf!z(k2) / (k2 - ~tzo2 - Alzz(k2)), 

gzfz(k2) = Rz(k2) 

(3) 
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where Rt (R2) represents the contribution of the 
totality of those diagrams representing r t ( r 2 ) 
which cannot be broken up into two parts by cutting 
just one line of particle a2 (at ) . 

Consequently, the not orthogonalized Green's 
functions G11 and G22 have zeros, and the not or­
thogonalized vertex functions r t and r 2 have 
poles. ( Orthogonalization of one -particle states 
has been carried out previously in a number of 
papers. C4J) Let us now orthogonalize the states 1 
and 2. It is necessary that on the mass shell of 
particles at and a 2 the transition matrix element 
Mt2(k2 ) vanish, i.e., Mt2(J..tp = Mt2 (J..t~) = 0 (J..tt and 
J..tz stand for the physical masses). In order to ac­
complish this we write the mass operator in the 
form 

where 

Ail,= !-t22Mi1,(!-ti2)- !-!12M;k(!-t22) 
1!22- !-l12 ' 

M;k (1122)- M;k (1112) 
Bil, = 

1!22- 1!12 

It is clear that Mik ( J..tl) = Mik ( J..t~) = 0. Equation (1) 
for the Green's functions becomes 

~[k2(6i1,- Bil,)- (fto;215;k + A;k)- M;k(k2)] Gkz(k2) = 6il. 
k 

Let us introduce now in place of the cp opera­
tors of the fields at and a 2 new operators q;' by 
the linear transformation 

qJ/ = ~ Uik(jlk 
h 

and we choose the parameters in this transforma­
tion such that the tensors J..t5i Oik + Aik and oik- Bik 
become diagonal, with the tensor Oik- Bik equal to 
the unit tensor Oik· This can be done because the 
quadratic forms 

i, k i. k 

are positive definite. After orthogonalization the 
equations for the Green's functions become 

~ [ (k2 - ~-t;2 ) 6;"- M;k' (k2)] Gkz' (k2 ) = 6i!, 
k 

and, consequently, the transformed Green's func­
tions Gik ( k2 ) and vertex parts q ( k2 ) are ex­
pressed in terms of the transformed mass opera-,..., 
tors Mik by means of the same formulas (2), (3) 
(with the bare masses replaced by the physical 
ones). 

The renormalized Green's function Glf(k2 ) 

differs from Gfi ( k2 ) by a factor: 

From (2) and (3) it is directly apparent that as a 
result of orthogonalization the renormalized 
Green's function Gll(k2 ) does not have a zero at 
the point k2 = J..t~, at which the expression k2 - J..t~ 
+ M22 ( k2 ) appearing in the denominator in (2) 

vanishes, and correspondingly r i ( k2 ) does not 
have a pole at this point. 

Analogously aN( k2 ) has no zero (and r 2 has 
no pole ) at the point k2 = J..ti. Except for the zero 
at k2 = J..t~ the expression Q = k2 - J..t~ - M22 ( k2 ) 

has no other zeros. To see this we note first that 
it follows from the Kallen-Lehmann representation 
and (2) that Q(k2 ) has at most two zeros. Next, 
the derivative Q'(J..t~) > 0, hence if Q(k2 ) has just 
one more zero at the point k2 = k5 it must be true 
that 

Q'(ko2 ) < 0, dGuR(k2 ) I dk2 lk'=k,' > 0 

which is in contradiction with the sign of the de­
rivative of the Green's function at its zero, as de­
termined from the Kallen-Lehmann representation. 

Thus we have shown that in the case when there 
are in channel a two elementary particles at and 
a2, the poles in the vertex functions r t and r 2 due 
to the transitions at - a 2 disappear when these 
states are made orthogonal. It seems to us that 
this conclusion remains valid when one of these 
states (or both) are not elementary particles but 
bound states, since also in that case both physical 
states should be so defined that the transition ma­
trix element vanishes on both mass shells, so that 
the vanishing of the denominator in expression (3) 
for r is compensated as before by the vanishing 
of the numerator. 

It follows from what has been said above, in 
particular, that the results obtained previously [t J 
on the assumption of absence of poles in the vertex 
function are sufficiently general. 

The authors are grateful to I. Yu. Kobzarev for 
useful discussions and to M. A. Braun and C. Goebel 
for communication of their results prior to publica­
tion. 
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