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A kinetic equation for waves in a weakly turbulent plasma is derived in a form that yields

simple symmetry relations for various terms of the equation. Some consequences of these
relations are discussed. It is shown, in particular, that in several cases the ‘‘number’’ of
waves (quasiparticles) is conserved during ‘‘non-decay’’ interaction.

1. INTRODUCTION

A.T present there are many papers devoted to the
nonlinear interaction of waves in a plasma. There
are two different approaches to this problem. One
is purely dynamic, without using an averaging pro-
cedure in any of the intermediate stages (for ex-
ample (1] ). Such a method is convenient in investi-
gations of the nonlinear interaction of a finite
number of waves. In a weakly turbulent plasma, it
is necessary to go over from the dynamic descrip-
tion to the statistical one, i.e., to resort to aver-
aging over some statistical ensemble during one
stage or another. The principles of the statistical
approach were first used in the quasilinear theory
of waves in a plasma (2,3 The derivation of the
kinetic equations for waves in a weakly turbulent
plasma and their application to various concrete
cases have been the subject of many papers (3-41
However, these equations are too cumbersome to
investigate in sufficiently general cases, and con-
crete applications have as a rule the character of
more or less crude estimates.

In this paper we derive the kinetic equation for
the waves in a form which, in our opinion, is quite
convenient for a general investigation and for con-
crete applications, and whose individual terms
admit of sufficiently simple interpretation. It
makes it therefore possible to obtain several sym-
metry relations for the kernel of the kinetic equa-
tion, from which follow certain conservation laws
which in many cases facilitate the investigation of
wave kinetics in a weakly turbulent plasma. In
particular, it turns out that if ‘‘decays’’ of the
waves are impossible (i.e., wk’ + wkr # wk’.k”),
then under certain conditions, which are satisfied
in most cases of interest, the nonlinear interac-
tion cannot lead to a change in the total number of
waves.

For convenience in exposition we first consider
in detail the derivation of the kinetic equations for
waves and of the symmetry relations in the cases
of potential oscillations (Secs. 2 and 3). In Sec. 4
we consider the conservation laws that follow from
the symmetry relations. It is shown in Sec. 5 that
all the symmetry relations and the corresponding
conservation laws obtained for potential oscilla-
tions are valid also in the general case of oscilla-
tions with arbitrary polarization. By way of illu-
stration we consider several examples: the con-
servation laws for nonlinear interaction of poten-
tial oscillations in a plasma without a magnetic
field and in a plasma with a magnetic field in the
presence of longitudinal current (Sec. 4), and the
interaction between plasmons and photons in a
plasma without a magnetic field (Sec. 6).

2. KINETIC EQUATION FOR WAVES
(POTENTIAL OSCILLATIONS)

We consider first the case of potential oscilla-
tions in a plasma. The fundamental equations for
such oscillations are of the form

E = —grad ¢, O0E/dt = —4nd. 2.1)

The polarization current density vector J, with
allowance for the terms nonlinear in E, can be
represented in the form

J = JO{E} + JO(E} + JOE} + ...,

where J®{E} is some functional of the electric
field, of order n.

The currents J™ {E} can be expressed in
terms of corresponding increments to the plasma
particle distribution function. To determine these
quantities we start from the kinetic equation for
the particle distribution function, which we find
expedient to write in the form

(2.2)
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of.Jot + (4., 1.] = — [, 1.1, 2.3 &
il o /il (95", ;] (2.3) ¢ (k, ©) = Sdr \ dte (v, t) e-itkr-ot) (2.10)
where JCj—Hamiltonian of the plasma in the ab- )
sence of oscillations; 3Dt _part of the Hamiltonian
describing the interaction of the particles with the  B™ (K, @iky, 05 .. ik, 0n)

field of the waves:

1 e 2
%j:TnLj(P—TA"> , Ho=rotAg, (2.4
H = Spj (r)@(r)dr, p,(r)=e0d(r—r1;(t)), (2.5)

where Hj—intensity of the stationary magnetic
field; j = e, i (e—electrons, i—ions). This sub-
script will be left out from now on if there is no
summation with respect to j; r(t)—radius vector
of the particle at the instant of time t. We neglect
collisions between particles, so that there is no
collision integral in (2.3).

Going over to the Lagrangian variables r, and
py corresponding to the motion of the particle and
an external stationary magnetic field, we obtain
in place of (2.3) af/at = —[3cAt, £]; from this we
get for the n-th order increment to the distribu-
tion function

t thoy
f(n) (ro’ Po; t) = (—— 'l)n & dtl... S dtn

X 1H™ (t) .. ™ (), ). . ], (2.6)

where 0= f'(r(, pj)—unperturbed distribution
function. With the aid of formula (2.6) we can de-
termine the polarization currents J@):
¢ tn-1
I (r,t) = (— 1) Ay Sdrl.. dr, S dty . .. S dt,,
j

—00 -00

XALe o [vp; (es 1)y 05 (rey 2] oo 0y (rn,y £0)1 /2>, (2.7)

where nj—particle—number density, and the angle
brackets denote integration over the Lagrangian
variables ry and, p, of the particle, while the
square brackets are Poisson brackets with re-
spect to these variables:

OF 0® OF 0D
dpodr, oy Opy’

It follows from (2.7) that the connection be-
tween the Fourier'components of the n-th order
currents and the Fourier components of the po-
tential can be represented by

[F, ®] = (2.8)

ok
4a¥n)(k, o) = mES doy...dond (0 — 01— ...— 0n)
K+, tky =k
X um(k, 0; ki, 015 ... kn, 0n)@(ky, @1)... @ (kn, 0n),
(2.9)

Wherej)

DThe normalization volume is set equal to unity
everywhere.

*rot = curl.

0 th1

:—!Zﬂbgdrl...drn \ . § ae

—00

-0
n

X Y™ (ry,t1; .. .5 Ty, £y) XD [i 2 (kir; — (oltl)] ,
1=1

k=ki+...+ky,0o=0;+ ...+ on (2.11)

In (2.11) =% denotes the sum over all possible
permutations of the wave numbers ki, ..., kp

(and accordingly the frequencies). The quantity
zp(n)(r1, ty, ... rp, ty) is defined by the formula

Y(r—r, b=t — T, by — 1) = (— 1) "hn D
i

X AL Lpi(r, 2), pi(re; )] .. pi(rn, 1) 150 (2.12)
Following [15], we shall call the quantities

u(k, w,..., kn, wp) the n-th order responses.

For convenience we have included among the ar-
guments of the responses the wave vectors k and
the frequencies w, and it must be assumed through-
out that the responses u (k, w; ky, wys...;Kkn, wp)
differ from zero only if

n n
k: Zkl, (-)22(1)1.
=1 =1

Going over to the Fourier components in (2.1),
we obtain the dynamic equation for the waves with
account of the nonlinear effects up to third order
inclusive:

koe(k, o) @ (k, 0) = 4nd® (k, 0) + 4nd® (k, 0), (2.13)
where J@ and J® are determined from (2.9),
and €(k, w) is the dielectric constant of the
plasma for longitudinal oscillations:

ek, o) =1 — puh(k, o) / k% (2.14)

We shall solve (2.13) by successive approxima-
tions, choosing for the first approximation the
solution of the linearized equation

e(k, 0)p(k, ®) = 0. (2.15)

If the dispersion equation €(k, w) = 0 has real
roots wp, then the solution of (2.15) takes the
form oM (k, w) = anol(z(w — wk ). In the presence
of absorption or instability, wyi is complex. In
this case the solution of (2.15) can be represented
in the form

oW (k, 0) = 27, A (0 — ), (2.16)
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A((l)——-(l)k) =

1 1 1
E(m—wk — i 0— g+ ié) » (2.162)
where 6 is a symbol indicating the rule for going
around the poles when integrating the expression
in (2.16a) with respect to w: in the first term in
the parentheses the contour circles from below,
and in the second from above, regardless of the
sig‘n” of Im wk. The time-dependent solution of
(2.15) can be represented in the form
o0 (k,t) = i ‘§’ oW (k, 0)e "t do,
2n Y
which, taking into account the rules for going
around the poles in ¢ (1) (k, w) leads to ¢ (k, t)
= ¢k exp (—iwkt) for all values of t.
Using (2.16), we obtain for the second and third
approximations an expression of the form
1
; do’dw” N SN /4
2nk%e (k, ) ES 'da” 80— o' = o)
K +k”=k

9@ (k, 0) =

p(k, 0; kK o’; kK7,

1‘ 7 " 177
(R

K'+k"’"+K""=k

(D/I)(P(i)(kl’ (D/)(p(i)(kl/, (0” , (2-17)

PO (k, 0) =

><6((})___(0/_0)//_(1)///)

dQd (e — o' — Q)
{225 q%(qmsz)

",y
ik

n(k, o; K, 0’; q, Q)

X p(q, 2 k", o

, mll/)

+ M(k, (J); kl, (,L),; k/l, (JJ”; kl//’ (0///) }

X oW (K, ') e® (K", 0”) ¢ (K", 0

. (2.18)

We now calculate d | ¢ (k, t)|?/dt, confining
ourselves to terms up to fourth order in ¢i. The
bar denotes averaging over the phases of the
initial amplitudes wy that enter in the first ap-
proximation (2.16). These phases, as in [6’73, are
assumed to have random distributions for differ-
ent k.

Representing ¢ (k, t) in the form of a Fourier
integral, we obtain

d— 1
el :Wlmgdmdm’(m—m’)

X ¢ (k, ®) @" (k, 0') e7ile-eNt 21y | Py 2

+ Imgdm do’ (0 — ') [20P (k, 0 M)eD" (k, o)

o
+ 9 (K, 0) " (k, @)] e-ito-e,

(2.19)

2)It is convenient to regard § as a certain function of
w, different from zero only in an arbitrarily small interval
near the point = Rewy, at which point § > | Im wg |. Then
the integration in (2.16) can be carried out along the real axis.
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where Yk = Im wkg—linear increment or decrement
of the wave. In terms of fourth order in ¢ we are
]ust1f1ed3) in neglecting the imaginary part of wy

if |y | < | wk |. In this case A(w — wk) in
(2.16) is replaced by a 6 function. Substituting in
(2.19) the values of ¢ (k w) and <p(3)(k w) from
(2.17) and (2.18), we obtaln the kinetic equation for
the waves in the form

d ———s 1
d_t’q)(kvt)l ZZYR[(PKP—]L](_ZE?

dod (0g — Ok — ®)
{ImE[ S]k k’]:e(kk K, o)

X w(k, og; k', op; k—Kk', 0)

X puk—k, o; k, og; —k', — oy)
+ B (K, 05 K, 0u; K, o i— K, —mk))] 9 P9, I°

T
+ oo 2 k06K, 0w K 0w )P |9 9y 2
ot

X 6 ((Dk — Qg— (Dk")} y (2 .20)
where
&’ = 4 k,
k = % € ) )mfwk-

It must be noted in connection with (2.20) that
the entire deviation presented above was a for-
mal expansion in powers of the oscillation field,
corresponding to usual perturbation theory. How-
ever, such an expansion contains divergences that
are eliminated by a certain renormalization, cor-
responding to the transition to the nonlinear
theory. Thus, in the expression for u (k, wg; k’,
wk’; k', wkr; —k’, —wkr) we encounter a diverging
term proportional to
i

)
ar e\ at Ao (0), e (¢)1 o (€)1 0 (€)1 1%

—0C0

|
[ 1=
8

X exp {—i[oxt’ + o (t"— t'"")]}, (2.21)

[pk (t) is the Fourier component of p (r, t)] and
containing a Poisson bracket [p_jx (0), pk (t')]
identical to the bracket in the first-order current.
Analogous terms are included also in higher-
order currents. It can be shown (1) that summa-
tion of an infinite series consisting of such terms
is equivalent to quasilinear renormalization of the
first-order current, namely to replacing in (2.12)
the unperturbed distribution function f by a
slowly-varying distribution function f°(t). This
leads to a corresponding renormalization of

3)This means that we neglect terms of order yx7'/wi?,

where 7— characteristic time of variation of the energy of
the wave as a result of the nonlinear interaction.
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€ (k, w) and replacement of the linear increment
by a quasilinear one. Thus, all terms of the type
(2.21) will henceforth be omitted, and the distribu-
tion function f°, and accordingly €(k, w), will
be assumed the same as in the quasilinear
theory?). The complete equation for the back-
ground distribution function, with account of both
the quasilinear renormalization and the wave in-
teraction, can be found, for example, in [1416) and
will not be considered here.

We note now that the integrand with respect to
w in the right side of (2.20) has a pole at w = wi~,
k” =k — k’, since €(k”, wk”) = 0. During the
integration this pole must be circuited from above.
We can therefore write
1 i d (0 — ox)

(', o) e (K, o)’

where P—symbol for the principal value.

It is further convenient to introduce in place of
| PK > the “number of waves’’ (quasiparticles)
ng, defined by the relation

1
8

-1 ” .
e (k,m)~P8

4 0 1
0 5 [08 (K, 0)omun [ 9]* = o= R’ i,

(2.22)

ng =

so that nywy is the spectral density of the oscilla-
tion energy. We introduce also the quantities

D (k, o) = 8220 0) (2.23)
I skll ’
Mo (6, 0) = (8 B 05 0L ) (224
| K%ei k%6 1k e’ | "
Nkk' — (83.[)2 u (kv Ok’; k y Ox’; kv O, —k y T (Dk')' (2.25)

| ke’ k"%ey" |
The kinetic equation for the waves then takes the
form

dny

1
a = St gn

% {Im E [ sp My xx (0, 0k — 0x’) M_y x (—og, 0k)

K D (k—Kk', ox — o)

1
+ GAka'] e+ 5 2 [] My (0rr, Op) | nenge
K'4-k"=k

Wk~

—2

o | Re My (0w, 0g~) M ok (— or, 0k) nknk’}

X6 (ﬁ)k-—(l)k' —ﬁ)k”)}, (226)

4)For this reason we have left out from formula (3.12)
for p(k,wiik’, wks k, ok -k’ — wk) the two terms with
ik, Ok, Q75 k% Q%5 k5 Q7 ) and pu(k, & k, Q7%
_k’, Q7 kY, Q).

and V. I.

KARPMAN

3. SYMMETRY RELATIONS FOR THE KINETIC
EQUATION

The quantities zp(Z) and w(s) in (2.12) which
determine the second- and third-order responses,
satisfy definite symmetry relations which follow
from the properties of Poisson brackets. These
relations turn out to be quite useful in investiga-
tions of the kinetic equation (2.26) for the waves.
Let us consider first the properties of the re-
sponses of the second order. From (2.12) we can
easily obtain

YOO, t; 17, t7) = —p@(—r, —t; " —1', 1" — ),
(3.1)
YOO, 5 ) O (" =0 7 — 1 —r, )
+ YA (—r”, —t”; v —r"; ' — ") =0. (3.2)

Equations (3.1) and (3.2) still do not lead directly
to any relations for the quantity pu defined by
(2.11), since the integration with respect to t is
carried out in (2.11) along the semi-axis from —e
to 0. However, if we introduce the complete
Fourier component of the function zp(Z):
w(k, Q; K, Q; k", Q") =S dr’dr”S dv'dt” (v, t;x” 1)
X eXp i(klrl + kllrll —_— Qlt/ —_— Qllt”) ,

k=K +k’, Q=Q +9Q", (3.3)

then we get for this component from (3.1) and
(3.2)

It(k, Q; k/, Q/; k”, Q”) —

—p(—K, —Q5 —k, —Q; k", Q"), (3.4)
n(k Q; K, Q; K", Q")

+ u(—=K, —Q; K, Q" —k, —Q)

+ p(—k”, —Q"; —k, —Q; K/, Q') = 0. (3.5)

The response u(z) of interest to us is connected
with 7@ by the relation

k 'k; LK @") = 1 S dQ'dQ”
nlk ok, o5 KL 07) =g ) e —atie
X{}I(k,g;k/’ Q/; k//’ Q//) ﬁ(k’g;k//’ Q//; k/’ Q/) }
o’ — Q" 4 ie o —Q +ie ’

(3.6)
To clarify the meaning of the formula (3.6) we
consider in greater detail the structure of the
quantities g'(k, €; k’, Q’; k”, Q”). Substituting
zpm from (2.12) in (3.3) we obtain, after integrat-
ing with respect to r’ and r”,

Tk, Q K, QK7 Q%) = D hnepn; | dide”
j —00
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X <[[6(x0), expi (K'r(¢') — Q)]

% expi (k”l‘(t”) _ Q”t”)]fj0>- (3,7)

Differentiation with respect to the Lagrangian
variables r, and p, is implied in the Poisson
brackets, and the angle brackets denote integra-
tion over these variables. In the presence of a
constant magnetic field we must substitute for
r(t)

+ h(hvo)¢,

(3.8)*
where wy—Larmor frequency (of the correspond-
ing particles), and h—unit vector directed along
H,. After integrating with respect to t’ and t”,
we get in place of the exponentials in (3.7) 6-
functions of the form 6 (Q’ — kv, — n’wy) and
6 (2" — kz"vy — n”wy), where n’ and n” are in-
tegers. It is important here that the 6-functions
contain Q@ and k with the same index. These &-
functions are acted upon by certain differential
operators in the momenta p. If there is no ex-
ternal magnetic field, the quantities i assume a
specially simple form. In this case r(t) =r,

+ vt and it follows from (3.7) that

p(k, Q K, Q5 k", Q")

— O
= m;
J

r(t) =ro+ S V(#)dt = ro+ [ho\)rlit)] _ [l;\:]

0

] of
4 /7, . ” /4 "
{avs(@ —kv)kav{a(Q —k"v)k —av}’

(3.9)
vhere wgj = (47re?in-/mj )1/2 is the Langmuir fre-
quency. After substituting (3.9) in (3.6) and inte-
grating with respect to 2’ and Q2”, we obtain an
expression of the same type as in (3.9) except that
in lieu of 6 (2 — kv) we have © — kv + ie.

It is clear from the foregoing that, for example
in the expansion (3.6) for u(k’ + k”; wks + wi~;
k', wk’; K, wkr), the half-residues are due to the
resonances between the oscillations and the parti-
cles of velocity

L) ' O + Ok
= —— — _—_ = 3.1
v k/ ’ k// L] Ik/ + kll | (H(J 0)! ( O)
oy —n'og op— n"oyg
U — kzl ? kzll b
Wy’ + W — mog (HO:;‘:O). (3.11)

kl/ + kl”
The first two cases in (3.10) and (3.11) correspond
to resonances between the natural oscillations
(with frequencies wgk’ and wy) and the plasma
particles, while the last case corresponds to the
resonance between the forced oscillations (with
frequency wys + wik~) and the particles. In all
the nonlinear terms we shall henceforth neglect
*[h vyl = h x v
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the half-residues due to resonances with the
natural frequencies. This is justified by the fact
that these resonances make contributions already
to the linear terms, and the corresponding linear
contribution cannot compete with them.

For the third-order response we can also write
a relation of the type (3.6)

p(k, og; k', oy k, op; — k', — o)

dQI dQI/ dQIll
g — Q | ie

1
-6 (2m’)3§

y { p(k,Qk,Qk Q) —Kk,Q")
((l)k [ Q" Q" + lS) (_ O — Q' X le)
+ E(k,gyk/y QI,—k’, Q”I;k, Qll)
(On— o — Q" — Q7 1 ie) (0x — O F 7e)

, nk, Q, — Kk, Q" k, Q", k', Q)
T (0k F o — Q" — Q"+ ie) (wx — Q' -+ ig)

pk Q—k, Q" K,Q: k, Q)
" ok + o — Q' — Q' ie) (o — Q" + ig)

},(3.12)

’l.\‘:(k, Q; k,, Q’, k”, Qll; k’”, Q///) — Sdr/drndr/// S dt/dt”dt//,/

% ‘!P (I',, t,, l'”, t”; I,I!I’ t///)
>< exp l' (klrl + kl!rlr + kll/rlll . Q,t, i Q"t” _ Q’llt’,’),
k=k +K +k”, Q=Q +Q +Q". (3.13)

Expression (3.12) is written for the responses
contained in the right side of the kinetic equation
(2.26). We note further that in (3.12) we have left
out two terms containing

n(k Q; k Q% K,Q; —K, Q")

and u(k, Q; K, Q" —K, Q"; K, &)

(see footnote 4). The quantities 1 ®) contained in

(3.12) have symmetry properties analogous to
(3.4) and (3.5) (see the appendix). Relations (3.6)
and (3.12) will henceforth be called the spectral
expansions of the second- and third-order re-
sponses.

The spectral expansions are useful in the in-
vestigation of the symmetry properties of the re-
sponses. As shown in the appendix, it follows
from the properties of T (k, @; k’, @/; k7, Q") and
(3.6) that we can obtain the following relation for
the response u (k, w; k/, w’; k”, w”
n(k, o; kK, o’; k7, 0”)

=p* (K, o’ —i0; k, ® — i0; —k”, —a”). (3.14)
The symbol —i0 following the frequencies in the
right side of (3.14) denotes that in the correspond-
ing spectral expansion we replace in the denomi-
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nators containing these frequencies the imaginary
additions, which determine the rule of going
around the poles in integrating by their negative
values.
We introduce the quantity
p(k, o —i0; k', o'; k", ®") (
| Kex k' %e K" 2e l'/’ )
It differs from My/k» (w’, w”) [see (2.24)] only in
the sign of the imaginary addition to the frequency
w. It follows from (3.14) that

3.15)

Ly (0, 0") = (8:!)’/2

My i (0x — 0k, 0x) = Lie, i (0k, — Ok) (3.16)

(we recall that we have neglected in the nonlinear
terms the half-residues due to resonances with
the natural frequencies). We now consider the
symmetry relations for the imaginary part of the
response p(k, wk; k', wirs; k, wg; -k’ —wir).
Putting wk > 0 and wgk’ > 0, we break it up into
two parts:

Imp (k, ox; k', ox; k, og; — k', — ox’)
= Imp~ (k, ox; k', ox; k, og; — k', — o)
+ Imp* (k, ox; k', op; k, og; —k', — o), (3.17)
u (k, o K, og; k, ox; — k', — o)

dQ'dQ"dQ""’

l ¢
6 (2m)? \

“|

(0 — Q +7g) (ox — 0w — Q" — Q"7 ie)

Im (k@ k', @k, Q" —k', Q)

— o — Q7 ¥ ie
Imp(k, Q; Kk, Q; —k', Q" k, Q)}
+ or O T e ) (3.18)

H+ (kv g, kl, (O] k7 Ok, _kly - (Dk')

dQ'dQ"dQ""’

i

S(wk—Q—}—is)

T T 6 2m)? (0x + o — Q" — Q" F ie)
Imp(k,Q; —Kk, Q" k, Q" K, Q)
X W — Q'+ ie
1 Imp.(k,Q;—k',f/l'”,k,QQk,Q)}. (3‘19)
g — Q"+ ie

The quantities ;7(3), in terms of which the re-
sponse u(k, wk; k', wk’; k, wk; — K/, —wk’) is ex-
pressed in (3.12), can have, generally speaking,
nonvanishing imaginary and real parts. It turns
out, however, that their real parts made no
contribution®) to Im p (k, wy; k’, wk’; k, wik; —k’,
—wk’ ) (see the appendix). We have therefore re-
placed 7 ® everywhere in (3.18) and (3.19) by
i Im % ®). We prove in the appendix that the third-

5)We are grateful to A. A. Galeev who called our at-
tention to this.
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order response satisfies the following symmetry
relation:
Im p* (k, oy; k', op; k, og; — k', — Ok’)

= +Imp* (K, ox; k, o K, op; —k, — ). (3.20)

4. CONSERVATION LAWS

We represent the kinetic equation (2.26) in the
form

d
TE=mcE S+ R+ Rny, (40
where
S{n} = —— Myen (7, Oxr) |2 nyenige
16z k’+§=k [ |
o
—2 I o I Re Mk’k” ((.l)k', (.l)k")
X My (— o, o) nknk':l 8 (0 — Ok — @), 4.2)

R {n}= Z Rypngny
"

_1 Lk (— oy, o) M_yx (— o, o)
=g m ; [P D(k—K, ox— o)
wKgr>0
3 ..
+ 5 A/kk’:l ngny, (4.3)
R+ {Tl} == Z R;k'nknk'z
w
1 Lk (0w, o) Mk (0r, o) i +
RIm % [P D(k LK, ox + ox) + P Ny | ngny,
oK>0 (4.4)
Nie = (8 e (K, o K, ok, o — K, —op) (4.5)

| kzek'k’zek" I

In (4.3) and (4.4) the quantities M are replaced by
L, in accordance with (3.16). The summation in
the right sides of (4.3) and (4.4) is carried out
only over positive frequencies.

The term S{n} describes the ‘‘decay’’ inter-
action of the waves, for which the following condi-
tions are satisfied

Ok = Op + o, k =k k. (4.6)

The wave interaction described by the terms
R™{n} and R*{n} which, unlike that considered
above, canbe called ‘‘non-decaying,’’ is due to the
resonance interaction between the waves and the
particles. In this case an important role is played
by resonances with the forced oscillations at the
frequencies | wk |—| wk’ |, in R"{n} and at the
frequencies | wk | + | wgs | in R*{n}. In most
concrete cases the term R*{n} is considerably
smaller than R™{n}. Relation (3.20) can be re-
written in the form
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Im Nie = + Im Ny 4.7
Taking into account the obvious equalities
M ;’k” (O =M _x_x (— o, — O,
Liexr (01, 0r) = Lyr_gr(—0pr, —0xr), (4.8)
we easily obtain
M _yy (— op, 0g)= M:kk’ (— ok, oy),
Loy x (— ok, 0x) = L g (— ok, o). (4.9)

It follows from (4.7) and (4.9) that the part
Ryys of the kernel of the kinetic equation is anti-
symmetrical, while the part Ry is symmetrical,
i.e., Rggs = —Ryri and Rlzkl :Rlzlk. If the ‘‘decay”’
conditions (4.6) cannot be satisfied, and the term
R*{n} is negligibly small compared with R™{n},
then the kinetic equation (4.1) takes on the form
dny -
3 = 2veng + 2 Ryengny.
-
Owing to antisymmetry of Rjjs the change in
the total number of quasiparticles is determined
by the equation

d
(gz = ) T,
k k

from which we see that in the case when the vy,
can be regarded as equal to zero (this can occur,
for example, as a result of the particle distribu-
tion function acquiring a quasilinear ‘‘plateau’’ in
the region of resonance with the natural vibra-
tion[2’3]), the total number of waves (quasipar-
ticles) is conserved: Zknk = const.

The quasiparticle conservation law leads to
important corollaries. Let the spectrum of vibra-
tions be such that their frequencies change little
with variation of k. This takes place, for example,
for electron Langmuir vibrations for which wg
=wee 1 +(%)(krp)?], where rp = ve/wge,
and krp « 1. As a result of the law of conser-
vation of the number of quasiparticles, the total
energy will be conserved in this case in the first
nonvanishing approximation [ accurate to (krp )2],
i.e., in this approximation the nonlinear interac-
tion causes energy to be pumped over from one
part of the spectrum to another. If the energy
transfer is in this case from the shorter to the
longer waves, then in the next higher approxima-
tion in (krp)? the nonlinear interaction leads to
a net attenuation of the wave energy. On the other
hand, if the waves are pumped over in the opposite
direction, then we have in the next higher approxi-
mation an overall increase in the energy of the
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waves in the packete). Such a case is realized, for
example, in the presence of currents in the plasma
(i.e., when the electron motion relative to the

ions exceeds some critical velocity).

Perfectly analogous corollaries follow from the
quasiparticle conservation law also for the
Drummond- Rosenbluth oscillations '™, which are
excited when current flows along the magnetic
field in a plasma in which Ty ~ Tj, and whose
frequency is very close to the Larmor ion fre-
quency.

In the case of ion-sound oscillations without a
magnetic field, the dispersion equation takes the
form

(l)k2 = sze/mi (1 + k2I‘D2)
(we put for simplicity T; = 0). The energy-pump-
ing effect plays here the major role only when the
wave frequencies are close to wgj, i.e., krp > 1.
In the opposite case, generally speaking, the pump-
ing effect and the total change in energy are of the
same order of magnitude.

We now consider the case when vy > 0 for all
the waves present. From (4.1) it then follows that

d
(ﬁzknk>0,

i.e., the linear damping alone cannot compensate
for the wave growth due to linear instability, and
a stationary state cannot be established in this
case. The erroneous conclusions concerning the
establishment of a stationary state in this casel®:]
are due to the fact that, owing to the cumbersome
initial equations and derivations, no notice was
taken of the antisymmetry of the kernel of the
kinetic equation for the waves. It must be noted,
however, that a stationary state can, in principle,
be established if ykx < 0 for a fraction of the
waves in the packet. (An investigation of the sta-
tionary state for several concrete examples is
reported in [16].)

Let us consider, finally, another case when
2yni and R{n} can be neglected in (4.1), so that
the principal role is assumed by the ‘‘decay’’ in-
teraction of the waves (case of a ‘‘transparent’’
medium). Taking (3.16) into account, the ‘‘decay”’
term in the kinetic equation (4.1) can be rewritten
in the form

S{n} = ﬁ 2 {| Moy (07, 0xr) |2 (RacTr — Pty — nchier)
X 0(0k — Opr—ok) 0 (O — Ok — oK)},

+ 2 I JWkk» ((l)k, (Dkl) 12 (nkvnk + ng-ng — nknk,) (4.10)

6)This, however, must not be regarded as a nonlinear
instability, since 3 xny = const.
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(the summation is over the region k’ + k” = k;
wk’, wk” > 0). The decay part of the kinetic equa-
tion was obtained earlier in ¢ for waves of the
form (4.10) from the hydrodynamic equations of a
magnetized plasma. We note that if h — 0 (4.10)
has the same form as the right side of the kinetic
equation for phonons in a solid.” From (4.10)
follow directly the energy and momentum conser-
vation laws Znywg = const and Zngk = const. The
number of quasiparticles Znk, of course, is not
conserved in this case.

In concluding this section we note that the form
obtained here for the kinetic equation is very con-
venient for concrete applications, since the re-
sponses u are relatively easy to calculate. (For
more details see DG], where kinetic equations are
considered for potential oscillations in a plasma
without a magnetic field, and also for Drummond-
Rosenbluth oscillations (17 arising in the presence
of a longitudinal current in the magnetic field).

5. KINETIC EQUATION FOR WAVES WITH
ARBITRARY POLARIZATION

Let us generalize the results obtained above to
include the case of oscillations with arbitrary
polarization. Let A, be the vector potential of the
external stationary field, and A the potential of
the alternating field of the oscillations. We shall
find it convenient to use a gauge in which the
scalar potential is ¢ = 0, so that E = ¢ '9A/0t
and H = curl (A + Aj). From Maxwell’s equations
we obtain

1 A 4m
; Bl gL, §

rotrot A + AT -

The interaction Hamiltonian 3cint, describing
the interaction of the particles with the wave field,

is of the form

(5.1)%

e

int — _ ( eA)A—{— ¢ a2 (5.2)
H = p i ez A .

me
500t is nonlinear in A. In addition, the particle
velocity expressed in terms of its momentum

v :1—(p—e—A0—e—A\) ,
m c c )
depends not only on the vector potential of the ex-
ternal field, but also on the potential of the oscil-
lation field. In this connection, the expression for
the current in terms of A turns out to be quite

cumbersome. Proceeding in the same manner as

7)A quantum approach to the derivation of the decay
part of the kinetic equation for waves in a plasma was con-
sidered by the Vedenovl*?].

*rot = curl.
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in the case of longitudinal oscillations, we obtain
in the required order in A the following expres-
sions for the contributions to the average current
density

t
100, 1) = S0 §ae §ar’ @ae, 1), do(e, )10

J

e,—z

X Ag(l‘/, t,) -

Aa(r,)}, (5.3)

Ja(Z)(r’ t) =2 .Z_;_{ S dl‘,dl'”S

—00

m;
t
dt’S dt”

X Ua(r, ), jo(x, t) Ljn (x”, 7)) Ap(¥, ¥') Ay(r”, ")

i
= oy ) 98 § 9 (W 1), 0, 01> A28, 1)

T 2<lo(r, 1), jo (r', ¥')1/°> Aa(r, t) Ap(v', t') }, (5.4)

& t t
{§ avararr §ar §a §av

—o0 —oo —oo

1ot ="
X K[ [Ua(r, 2), jo(r’, ') 1ju (", 27)1jo (2", £7) ] 0>
X Ap(v, 1) Ay (r”, t7)

! »
X As(r'”, ) —-2%-; ) dr’dr”_S ar g at”

—o0

X ([la(r, 1), ja(x', #)Jp (x”, 1) 110> Ap(x', #') A2 (x", ")
+<[la(r, 2), o', #') 1js (x”, 7)1 /°> A2 (', ¥') Ap (x”, t")
+ <o (r, 1), jo(x, )1y (2, 27) 110> Aa(r, 1) Ap (¥, t')

2 i

X Ay, 1)) +5 25 S §ar <ot 0), 0(¢, )1 >

X Aq(r, t) A2(Y, t’)}, (5.5)

where
i,)="2(p=2A) o —r(t), p(r.)=ed(r—r1(1)),

r(t) =r(ry py; t) is the law of motion of the
quasiparticles in the external field; the angle
brackets, as in (2.7), denote integration over the
Lagrangian variables of the particles.

In the general case the connection between the
Fourier components of the currents and the
Fourier components of the vector potential can be
represented in the form

43‘[ (n) 1
= 0 d « ..
7T (6 ©) = oo > (doi...do,
kit +kp=k
X(S((D—(l)l—‘ . _‘(’)n) Raa,...ap (kv ; kl’ @15 - o3 km (Dn)

X Aq, (ky, @1) ..« Aq, (kn, ©n). (5.6)
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The quantities «, like u, will be called responses
and we assume that they differ from zero if

n n
k = 2 kl, W = 2 ;.
=1 =1

In deriving the kinetic equation for oscillations
with arbitrary polarization we encounter, unlike
in the case of longitudinal oscillations, a compli-
cation, due to the fact that the initial equation (5.1)
is a vector equation. Taking the Fourier trans-
form and confining ourselves to currents up to
third order in A, we obtain from (5.1)

2
[0 ean(lc, 0) + Faka — K2dun | 4a(k, )

4n c?
== —a®(k, 0) + T (k, 0)], eap = dus -+ — xas.

(56.7)
We shall solve (5.7) by the method of successive
approximations. For the first approximation
AWk, w) we choose the solution of the linearized
equation

AD (k, 0) = 2ne7a” (K) A (0'— o), (5.8)

where A(w — wk) is defined by (2.16a), and

T (k) are polarization vectors satisfying the
linearized equation when w = w¥; wf—natural
frequencies of the oscillations, cﬁ—scalar ampli-
tudes, with the index r denoting polarization. The
natural frequencies wlﬁ can be determined from
the dispersion equation which is obtained by set-
ting the determinant of the left side of (5.7) equal
to zero.

As before, we confine ourselves to the case
| vk | < | wi |. We normalize the polarization
vectors a (k) in such a way that | Ck 1> has the
meaning of the density of the number of quanta ny,
i.e., nkwk is the spectral energy density W (k).
As is well known 1%, the spectral energy density
is given by

2
W) = | o 5% [ocas (K, @)],_, }

X 44" (k, 0)Ap(k, 0), (5.9)
from which we easily obtain the following normali-
zation condition for a (k)

|or].

ol
(5.10)

We note that (5.9) and (5.10) are meaningful only
for an almost ‘‘transparent’”” medium, i.e., when
the antihermitian part €,3 can be neglected (1e]
This is precisely the case we are considering
when we assume that |y | < | wy |.

In order to find the next approximation

] aa* (k) ap (k) =
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A® (k, w), it is necessary to retain in the right
side of (5.7) terms of second order in cy, and to
replace A (k, w) in the left side by AC (k, w).
With the aid of (5.6) and (5.8) we obtain

2
[%)2- eap (k, ©) + kakp — kzéqﬁ]Aﬁ(z)(k, ®)

= — 21 Sapy(k, 03 K, 0, K", 0,)ap(K)ay (F7)

R, R

X Chr O (® — QOpr — Ops). (5.11)

Henceforth k will denote the aggregate comprising
the components of the vector k and the polariza-
tion index r, and summation over k will mean
summation over k and r. The solution of (5.11)

is

(&, ®)

A®(k, 0) = — ,

( (0) 25 2 DT(/C (1)) 2 wk,mk)

X ewerd (0 — o — or), (5.12)
where
M,, Ry, (01,00, On) = aat (k, 0)a (k1 o). ety (kn, 0n)

X g a, (K 03 Ky 0155 Kny 0a), (5.13)

D(k, v)= A(k, 0)at(k, w)a(k, o), (5.14)

A (k, w) are the eigenvalues and a(k, w) the
eigenvectors of the equation

2
[ can(h, @) + ko — K20 | an(k, 0) = h(k, 0) aa(k, 0),
C
(5.15)

while a* (k, w) are the eigenvectors of the equa-
tion conjugate to (5.15).

In calculating the nonlinear approximations we
neglect throughout the non-hermitian part
€af (k, w ). Continuing the iteration, we easily
obtain the third approximation:

a(k, w) \ dm’é(m—mk-i—m’)
AP (k@) = 2“; Dr(k, o) k%h { 22 D(q,0')
X Mpry (0n, 0") Mg (0p7, o)
+ My pp (@rr, Or7 u)kw)}
X ep’en”er” 8 (0 — 0r’ — @p” — wr"7); (5.16)

Mgk 7k (wk’, wk”, wk~) and D(q, w’) are de-
termined by (5.13) and (5.14).

The rest of the procedure for obtaining the
kinetic equation for waves with arbitrary polari-
zation coincides fully with that used in Sec. 2 for
longitudinal waves. Performing the appropriate
calculations, we obtain

dnk —>9
di T YW
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+ —1—{ Im Z[8P My pn’ (0", 0p — 0r’) M_p'r(— @1’, @) where P—permutation operator.

8x Y D(k‘—kl, (Dk—ojk')
, t Ay 2
+ 6N -i I 0% +'2- 2 | Mpnrr (0nr, On7) |2 Hartep e

Kk =k

©p'
—2"_Re {Mp'e” (or", 00" )M_p'n (— on’, 08) }
| o
X nknk’] 8 (0n — " — @r") }, (5.17)
Np' = My’ p—r’ (0r’, Or — O1"). (5.18)

In the derivation of (5.17) we made use of the
fact that
7] on
—D(k =8n——
7% (k, @) Sﬂlwkl.

m=u)h
This equation can be readily obtained by multiply-
ing both sides of (5.15) by agt (k, w), differenti-
ating with respect to w, and taking into account
the fact that A (k, wkg) = 0 and a(k, wk) =a (k).
Equation (5.17) differs in form from the kinetic
equation for the longitudinal oscillations (2.26)
only in the additional summation over the polari-
zations in the right side. It can be proved that for
longitudinal waves the quantities D(k, w),

Mk’k” (w’, w”), and Nkk’, calculated with the aid
of (5.13), (5.14), and (5.18), go over into the cor-
responding quantities determined in (2.23)—(2.25).

This proof is cumbersome and will not be presented

here.

We now show how to generalize the symmetry
relations, established in Secs. 3 and 4 for longi-
tudinal oscillations, to the case of oscillations with
arbitrary polarization. We break up the responses
into two parts:

Kooy (K, @5 o5 Ky 0n) = %o, (K, © ... 5 Kn, ©n)
+x;,,_a" (k,0; ...; kn, 0a). (5.19)
The part kJ, tap (k, @i .5k, wy) of the re-

sponse is defined in terms of Poisson brackets of
the microcurrents in the unperturbed plasma
j(r, t):

(1]

Raa,..a, (K, 0; ki, 015 ... 5 Ky, 0n)

tn..
— L35 dri...drngdti...sd‘tn

nl

—00

n
X Vaa,..a, (F1, 15 ... Tn, tn)exp{iE (ry — mltl)},
=1

(5.20)
waai.‘.an(ri —r b—t .. .1, Iy — t)
4
= Cnfl Z'n]([. o [joc(r, t)v jal(riv ti)] . -jan (rn, tn)]fj0>,
! (5.21)
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(k, w;..

be expressed in terms of the lower-order tensors

k0. Thus, for example, it follows from (5.4) and

(5.5) that

The tensors K&ai .. .3 kp, wp) can

. Op

A
xapy (K, 0; K, o’; k”, 0"

- iv[ b

%avﬂ (k — kl, ©— 0.)/; k”, o’

2L 040p
PRI "k —kK', 0 — 0”; K, o)
(SA(W af ’ ’ ’
d
P (K, 0; K+ K, m'+w")], (5.22)
0Aoy

Y r. 1,7 ", 1 17
»apys (K, 0; K, o' X7, 0”; kX', 0’)

1 6:1 1]
—_—— %G'Vﬁ(k— k', o — (1)/; k//’ (,l)”; k//l1 (1),,/)

3 |640p
+ ojz ng?aﬁ(k—k” ©— (D”; k/”, w///; k/, wl)
oy
S 605 0 77 1rr ’ P4 7
+6A %apy(k — k', 0 —0; K, 0'; kK7, 0”)
06
+ éflv 5 Rays (K, 0; K + K7, o' + 0”3 K, ) -
[1}
+ 636 waop (k, 03 K + K7, 0" + 0"} K, o)
0y
66 0 117 ’ 1 /. ”
+6A %aﬂv(k,(ﬂ;k +kK, e +(01k7"0)
08
e k= K, 0= 0 KK, 60
0B 08
60; 66 ” ” 77 ’ 117 ’
+6A od %as?(k— k", 0 — o0”; K"+ K, 0 4 o)
o 0B
Oc Op 111 7, 11 N ”
g s ke (k= K7 0 — 05 K 4K, o + 0 )],
06 oy

(5.23)

where 6,/6A, denotes differentiation of the cur-
rent with index « with respect to A;. For exam-
ple, the term in the right side of (5.22) takes the
form
da
64

=éc—g-2 nJ-S dr’§ dt’<[aj;—§::)—,jv(r/v t/)] f0>
; e

X exp {{(k"t — w0”t")}.

%avo(k_ k’, »— (DI; k/l’ (0”

We introduce the quantities

Mg,k,(m’, 0”) = — agt(k, o)apg (kK o)ay(k", o”

Xnomm(k, o; K, 0" K, "), (5.24)



THE KINETICS OF WAVES IN A

0

Nkk/ =ay" (k)ag(k’) av(k) as* (k’)
0

X %aﬂvé(k- mk; k,v [0 kv () _k/’ —wk’);
a(k)=a(k, o). (5.25)
From a comparison of (5.20), (5.21) with (2.11),
(2.12) we see that these quantities have the same
structure as the quantities My/k~ (w’, w”) and
Nkk’ which we considered above. It follows di-
rectly that they satisfy symmetry relations of the
type (3.16) and (4.7). As regards the quantities
Mfri# (w’, w”) and Ny, which are determined
by the parts k’ of the responses, analogous rela-
tions for them can be directly obtained by repre-
senting k’ in the form (5.22), (5.23). It is neces-
sary to put
Ny = aa® (k) ap (k') ay (k) as* (')
=K, —aw),

X %apys (K, on; K, op; k, 0n; (5.26)

I
*apys (K, 0r; Ky orr; K, 0p; —K —opr)

17 6 o
1 k — K/, on — or; K, op; — K/, — op/
3[(5:405““?6( B R I3 k')

0
+ oy (k, on; k— K/, op — on'; K, mk)]

540y

1 éa ay 0

= —— —Xay(k— K, 0p — on; k — K, 0p — an),
+66A056A06“( Ok 7 On Or — ')

(5.27)

4
napys (K, or; K, op; k, op; — K/, — o)

= ; [ ‘;: 'Ka,ﬁy(k—l—k or + or; K, or; k, 0r)
Oy o , ) , 1
+ 6A0ﬁxwo(k, op; K+ K, op + opy; — K, —ﬁ)h’)J
+—1 Oa_ % %ap® (K + K/, or + op; k+ K, or + orr)
6 04 0Aoy ’ ’ ’ )

(5.28)

We have left out from (5.27) and (5.28) the terms
connected with the quasilinear renormalization.
Thus, the symmetry relations (3.16) and (4.7) and
all their corollaries remain in force also in the
case of oscillations with arbitrary polarization.

6. INTERACTION BETWEEN LONGITUDINAL
AND TRANSVERSE OSCILLATIONS IN A
PLASMA WITHOUT A MAGNETIC FIELD

In conclusion we consider, by way of a simple
example, the interaction between plasmons and
photons in a plasma without a stationary magnetic
field. Using the formulas obtained in Sec. 5 for
the matrix elements Mg/~ (Wi, wk»), Ngks, and
D (k, w), contained in the kinetic equation for the
waves, we find that in our case these quantities
are expressed as follows:
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o woje;

My (0, ©)

x dv{[

aa* (k, 0)ap(k', ) ay(k”, ") 2

2mjc?

ke vy (ko'vp + kpva + kk'vpd [ 0kq)
o —k"v+ie

- ke'vg (ka”vv—{—kvzfa—{—kk”vva/aka) ] 1
T o —Kk'v+tie o—kv4ie
+ OapUvks” Oayvpks’ 66\91]@]‘@-7} of
o —k"'v+ic ' o —kvtic ' o—kvtic) dvs’
(6.1)
- Woj%e;
N = — 6‘” 2’64 S dv{aa(k)ag(lc’)
vauﬁkk ]}2
X [(ka Uﬂ+kﬁva+ kv) ooh—kv_l—ém‘3
k—k’ d
X N (6.2)
or — op — (k—k')v 4 ie ov
®?
D(k, 0) = —|a(k, o) |*— [ka(k, 0)F
W20 va(k, o) af
k - 6.3
+2. Sco—kv—l—iea(’m)avdv’ (6.3)

where woj = 41rej/mj, and the polarization vectors
are normalized in accordance with (5.10). It is
important here that the contribution from the term
R* can be neglected, so that the law of conserva-
tion of the total number of quasi-particles of all
polarizations holds true here for a nonlinear
‘‘non-decay’’ interaction.

With the aid of (5.17) and (6.1)—(6.3) we can
consider a great variety of plasmon and photon
interaction processes. We shall not discuss all
the possible cases, and confine ourselves to a
question of interest in astrophysics (see, for
example, [20,21] ), that of transformation of plas-
mons into photons (we shall henceforth denote the
plasmon wave vector by p and that of the photon
by q).

We consider first the formation of photons with
a frequency close to the plasma frequency wye.
This process is described by a ‘‘non-decay’’ term
in the kinetic equation for the waves. Substituting
in (6.1) and (6.2) the Maxwellian distribution func-
tion, we readily obtain an equation describing the
process in question. It turns out here that the
main contribution is made by the scattering of
plasmons from ions (compare with the analogous
situation in [41). The equation takes the form
dng _ }/;ﬁ)ﬁLgd [pq)® gexp[_< Q )2}

dt (2m)® nT pY;
Q 2

P pg® po,
Q Q
% {[X (pvi )— ZT e (pvi )2 exp [_ 2 (pvi )
*pql=pxaq

}} nas

(6.4)*
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where Transforming 7 (k, Q; k/, Q’; k”, @”) in (A.1) with
z the aid of (3.4), and u (k, @; k”, @”; k’, Q') with
X (2) = 2z¢* Se“ dt, Q= wq— op, the aid of (3.5), and interchanging the integration
0 variables, we obtain
0g = 0g% + c2q%, 0% = 0y° (1 + % p2rD2) , (6.5) w(k, 0; K, o' K7, o) = 1 - S dQ’dQ” .
2(2ni)2Y o — Q4 ie
Vi = (2T/mj )1/2—thermal velocities of the elec- Lo~ , o ‘ ~ Y ,
trons and ions (we assume for simplicity that the )/\{ e (K, Qs k, QF —k”, Q7) 4+ B (K, Q; —k", Q" k, Q') }
plasma is isothermal) and rp = ve/wge—Debye —o" = Q" —ig o —Q e
radius of the electrons. = p*(k’, 0o’ —i0; k, o — i0; —K”, —0”). (A.2)
From (6.4) we see that the process of wave
transformation proceeds in a direction from the To prove (3.20) we need the following formulas

high-frequency oscillations to the low-frequency
ones. The maximum rate of growth of the number
of photons corresponds to the wave-number region = —pn(—k, —Q; —k, —Q; k", Q" k", Q"), (A.3)

I’L(k’ Q; kl, Q'; k”, Q”; kll/’ Q///)

Ef_ (pmin -— 6p) << 'Ei'pmin, Gp ~ rD—in_r;’Z_e . (6.6\ g(k, Q; k,, Q,; k”, Q”; k”;, Q”/) _ ;(kv Q; kl, Q/; k’”, Q'”; k”, Q”)
4 4 i

These photons interact effectively with the plas- = —u(—k", —Q"; k", Q"; —k, —Q; K, Q)

mons in the interval from pyin t0 Pmin + 6p, and 4 (—k", —Q" K", Q7 K, Q' —k, —Q) (A.4)
the effective growth time of the photons in the re- ’ T B

gion (6.6) is of the order of :L(k Q: K Q,; k”, Q”; k”/, Q”')
.—_L moﬁnp 2 —11/;;(;]—1 ~ "o O W O
T {6(4:1)3 wr P ] o 6D = n(k, Q; K", Q"; K, Q" k", Q")
An estimate of the contribution from the scattering —p(—=K, —Q4 K", Q% —k, —Q; K, Q), (A.5)

by electrons leads to a photon growth time (due to

which follow from the properties of the Poisson
the electrons only) which is

brackets and are analogous to (3.4) and (3.5). We
meN'2r ¢ \2 1 show first that the real parts of the quantities in
( ) ( ) PATrpt the numerators of the spectral expansion (3.12)
make no contribution to Im u (k, wk; k’, wk’; k,
wk; =k’, —wk). To this end it is sufficient to
prove that the quantity pp(k, wi: kK’, wgs; k, wg;
—k’, wk’), which is obtained if all the poles in
(3.12) are integrated in the sense of the principal
value, is real. According to (3.12) we have

m;) \ v,
times larger than (6.7), where AI'—phase volume
of the plasmon wave packet.

Let us consider also the process of merging of
two plasmons to produce a photon with frequency
of the order of 2wy (and wave number q ~
V3wye/c). This process is described by the
‘‘decay’’ term in the kinetic equation. From (6.1) pe (k, o k', ox; k, 0, —K', — ox)
and (5.17) we get

. 1 SdQ’dQ"dQ"'
,2 2 .2 "2 T 76 (2mi)® —Q
dng _ 7 ot 5 (PP OO s . (2nd) ok

dt 8 n 1 ; p2p 2q2 PP q P P .

€ P’+p=q 6 8 y { Pv(k, Q, kQ,, k, Q/r; -—k,, Q/u)

(6.8) (0 — o — Q" — Q") (—or — Q")

The authors are grateful to A. A. Galeev and -

R. Z. Sagdeev for fruitful discussions. + Bk QK QF K, Q7 k,Q7)

(mk— WO — Q" _ Q/I!) ((Dk _ QII)

APPENDIX

+ I.I(k, Q; -—k,, QI/I; k, Qll; k', Q/)
Let us prove (3.14) and (3.20). According to (0 + o — Q" — Q) (0 — Q)-
(3.6) we have

l’]‘(kv Q, __k/’ Q'”; kl, Q’, k, QI/)

+ ((.Ok + O — Q” _ Q') ((l)k _ Q”)

u(k, (0; k,, 0)/’ k”, (l)”
. 1 S dQ’dQ” {a(k’ Q, k/, g/; k”, Q//)
T 2(2ni)2Y 0 — Q+ e

_,_ }I(k, Q: k, Q”; k', Q'; —'k’,Q”')
(1)// J— Q// + ig (__ Q — Q///) (— mk"— Q”’) I
LRk QK Q% — K, 0 K, @) }
(_ Q/ _ Q///) ((l)k' —_ Q')

L Bl @K, Q75 K, Q) )
o —Q +ie

(A.1) (A.6)
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We have retained for the time being the renormalization terms in (A.6). The right side of (A.6) can be
rewritten in the form

1 ’ ” 1244
— 5@ ” { aqragrao

« {iI (k, Q; k’, Qr; -—kl, Q'”; k, Q”)_!»I/(ky Q; k,, Q’; k, Q”; '—'k,, Qn/)
((Dk _ Q) ((l)k — Ok — Q" — Q'”) ((Dk—— Q")
+ E(kv Q; ___k/’ Q//I; k,, QI; k, QII) _ !I’(k, Q, ——'kl, Q'”; k, Q”; kl, Q')
((l)k — Q) ((l)k + Wk — Q" — Q,) ((J)k — Q”)

l:(kv Qv k,, QI, k, QI/;__kI, Q///) + ].’I(k, Q, —-k’, Q”’; k, Q”; k', Q/)
(0x— Q) (ox— Q) (— o — Q) T (0x— Q) (0x — Q) (0 — Q)

Bk Qk Q) K, Q; —k, Q)
((Dk—- Q) (_ Szl - Q’Il)(—wk! _ QIII)

+

Bk Qi k Q% —K, Q" ""Ql’} (A.T)

(0 — Q)(— ' — Q") (0w — &)

If the numerator in the first term of the curly brackets is transformed in accordance with (A.4), and then
and the integration variables are interchanged, we obtain
‘!I»- (k, Q, k’, Q/, —k’, QI/I; k, Qu)___ﬁ# (k, Qy kl’ Q,'.“k, Qu; -—k’, Q”')

_ ; ) A.8
(0x — Q) (0x — o — Q" — Q) (0x — Q) (A.8)

From this we see that this term makes only a real contribution to pp (k, wi; k', wi’; k, wg; =K', —wk’).
We prove the same thing in exactly the same way for the second term. By transforming the numerator of
the third term in the curly brackets in (A.7) with the aid of (A.5), and the fourth with the aid of (A.3), the
remaining part of up (k, wg; k’, wk’; k, wig; —k’, —wg’) can be represented in the form

n o . 7.1, [ 111 __~ —k,. _ ,;k. Qll: —k,-——Q:—'k,Q,”\
P\dQ’dQ”dQ"’{M(k’g’k’g’k’g’ k', Q") —u( —Q )

1
T 6 (2mi)? (0x — Q) (0 — Q") (— o — Q)

~ ! ~
B, —Q7 —k, — 9k, Q1 K. Q) | ik, 2k, Q4K Q5 k.0 ik 5k, 0, K, Q" K, Q) }
(0x— Q) (0x — @) (0 — Q) (OO —@—2)—ox— ") (ox— Q) (— 2 — Q7 )(ow — )

Imp k', Q; —k, Q; k, Q; k', Q")
(— ox — Q) (0x — Q) (0 — Q)

i - k, Q, k, Q”; —‘k', Q'”; k’, Q/
=—3@apP S dQ’dQ”dQ"’{ 4 )} (A.9)

(0x— Q) (—Q — Q) (0 — Q')

in such a way that this part is also real. We now proceed directly to prove (3.20). We write formula
(3.18) in the form

R TR A 4 dQdQ"”
“‘ (ky Wk, k y Wg’; ky Wk, —'k ] _(l)k') = b. (23_”)35 ((l)k— Q) (_ O — Q///)

Imp (k, Q; K, Q5 —K, Q" k, )—Imp(k,Q kK,Q;k, Q% —k,Q") Impk, Q K, Q; —k, Q" k, Q) }
X ” " . - ” M
g — 0 — Q" — Q" i o — Q

(A.10)

The last term in the curly brackets of (A.10) can be neglected, since all its denominators contain only the
natural frequencies. Then it follows immediately from (A.4) that

~ , , . i dQ'dQ"dQ""’
Imp~ (k, ok k', ox; k, O; —k', —oy) = 3 (Zm')”S((ukr— Oow —ox — X — Q7 —ie)(—ox — Q)

< (Imp (K, Q k, Q; —k, Q"3 kK, @) —Impu (K, Q: k, @; k', Q" —k,Q")}

= —Imp (k', og; k, oy K, ox; —k, — wg).
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The correctness of (3.20) for Im p* (k, wy; k’,
wk’; k, wk; -k’, —wk’) is proved in the same
manner.
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