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The bremsstrahlung process in the scattering of neutrinos on nuclei is considered. Expres-
sions are obtained for the angular and spectral distributions of the quanta and for the total
cross section in the case when the neutrino energy is smaller or much larger than the mo-
mentum at which the nuclear form factor begins to decrease appreciably.

IN a recent paper BY Rosenberg has considered
the bremsstrahlung process in the scattering of a
neutrino in the Coulomb field, calculated the ma-
trix element for the process and.gave an estimate
for the total cross section which is valid for neu-
trino energies €; below the value q, of the mo-
mentum transfer to the nucleus at which the form
factor of the nucleus begins to decrease appreci-
ably. We shall calculate the spectral and angular
distributions of the quanta, the cross section of
the process, and also the energy of the emitted
quanta € = fwdow for the case € < q; and, with
logarithmic accuracy, for the case € > q.

1. CASE ¢ < qy

The process is described by two graphs, one of
which is shown in Fig. 1; the second graph differs
from the first only in the directions of the mo-
menta of the virtual electrons. Here k,, Ky (€,
€,) are the final and initial momenta (energies) of
the neutrino, k(w) is the momentum (energy) of
the emitted quantum, q is the momentum transfer
to the nucleus, and p is the momentum of the
virtual electron.

Rosenberg’s expression for the cross section
has the form?
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mg is the electron mass and f(q®) is the nuclear
form factor, which we replace by unity in this

DFormula (25) of [*] contains a superfluous factor 1/2.
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section, since we are concerned with the case ¢,
< qq. Therefore, we have from (1) for €, < q
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For €; > mg we can neglect mé in (2), so that
F (q, k) takes the form

F(q, k)= —i+q—1k(1+-qi)1n(1+ zqk);

qk 2qk g
1 2qk
~ — f k 2,
F(q,k) kln e or g¢k>q
1 k ”
F(q,k)z—q—z— for |qk| << ¢

(e is the base of the natural logarithm).
If gk < 0, then | gk | = q%2. Indeed,

P+ 2qk = (¢ + k) = (01— %n2)® = —2ue2 = 0.

For gk — —q%2 we have F (q, k) = —1/gk.
Let us consider the function
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F(g, k) = (¢* + qk)~
= [2e182(1 — 2') + wer(1 — 20) — wez(1 —2z) ]~ (4)

It is equal to F(q, k) for gk = —q%2 and | gk |
<« ¢ and differs little from F (q, k) when | gk |
~ g. On the strip —q%2 =< gk = ¢* the maximal
difference between the two functions is 22%, and
for gk = 10q> we have F ~ 2F. For gk > q2 the
following relation holds: F(q, k) = F (q, k)i x
In (2qk/eq?). It will be shown in the Appendix that
the contribution from states for which gk > g?
is small compared with the contribution from
states for which | gk | ~ ¢?, if we are interested
in the total cross section and the spectral distri-
bution do/dw. This holds also as far as the quan-
tity d%/dwdz, is concerned, with the exception of
the region

822 1

= =1.
e? 1—12

~

€2 < €1,

Therefore, F(q, k) in (3) can be replaced approx-
imately by F (q, k). This allows us to carry out
the integration completely, whereas the integrals
with F (q, k) cannot be expressed in terms of
elementary functions. As a result we obtain
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We note that Rosenberg’s estimate of the cross
section is 13 times smaller than (8).
For w <« €; we have
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For €, = €, — w < €; we have
d?c 1
e (1272,6
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—_— = 2 2 6 ’
do  (2n)7 e ae

2. CASE ¢, > q

The kinematics and the notation to be used are
explained in Fig. 2. If we assume a form factor
f (g®) with threshold cut-off at @* = q%, then there
exists a limiting angle into which the photon can
be emitted. If w and €, = €, — w are much larger

than qg, then
(1 — zO)max = (o2 / WEy. (11)

Let us consider two angular regions in detail:

FIG. 2
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(1= 20) < g0/ 207 (12)

(1 il Zo) > qu / 202,

In region (12) we have q’ = KZ_L— 262(1 - z")
for ¢’ close to q%. In this region we can therefore
replace f2(q®) by unity in (1) and integrate over
(1-2z") from 0 to q3/2€3. In this case the proof
for the smallness of the contribution to d U/dcudzo
from the region where ak/q? is sufficiently large
still holds, and F(q, k) in (3) can be replaced by
?‘(q, k). For w ~ € ~ €; the integration leads to
the result

(13)

_ G?Z% [ we, 14 0/2e1 — (1 — @/2e1) ©/2¢;
90 = "5y [ 1+ (1— o/2e;)? ]
©° (814 &2)2q0* \ .
ot o Mt (=2 }dcodzo. (14)

Let us now consider the region (13). Here
varying q® from the smallest possible value (for
fixed w and z,), which we denote by %, to ¢}
leads to insignificant change in gk, and we have

gk = (e1/ &) 0*(1 — 2). (15)

In the region (13) gk is much larger than g, and
we find from (4)

1 2qk €2
In =

Fla k) — 2w% (1 —
(Q7 )—q_l»

@) (16)
egyq®

eq?  e02(1— 2)

The quantity 1 — zz, entering in (1) also remains
almost constant [as long as (13) holds]:

1 — 230 = (1 — z) (e12 + e22) [ e22. (17)
Under the same condition we have
2 __ 52 da?
Ay = UL —T) _ ¢ (18)

€92 €22

where we must integrate over ¢’ from G? to q3.
Substituting (15) to (18) in (1) and integrating

over dSKz, we obtain, keeping only the highest

power of the logarithm,

G*Z2¢8
(270)7

X (90" — §%) dodz,.
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egaqo?

do = (19)

&1 4 g2 [
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For w?(1 - 2¢) ~q} and w ~ € ~ €, formulas
(19) and (14) join.

It is clear from (14) that the contribution to
do/dw from quanta for which 1 — z; = ¢%/2w?
contains no terms logarithmic in w/q, and there-
fore, the main contribution to do/dw for w/q
> 1 comes from quanta for which (1 — zg)yax
= (1 - z,) = ¢}/2w?. Integrating (19) within these
limits and keeping only the highest power of the
logarithm in q,, we have
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do 1 G*Z%"® 812+ €22 20 7°
i o [m22T.
do 3 (2w)7 eqo
The total cross section and the energy of the

emitted quanta E = f wdo are of the form (keeping
only the main terms)

2812(1) (20)

) 1 G2Z2e8 02 [l %E:lé’

12 (2m)7 eqo (21)
2 G228 (22)
=9 @y & ‘[m"J

The threshold fall-off of f(q ) is an idealiza-
tion of the real situation, and one must specify
what has to be substituted for q; in the realistic
case. Taking account of (15) to (18), we therefore
write (1) in the following form:

o G2 e4? + 92 2(q?) [
dodznde — ()7 Zeto(l—z0) ¢

In 2024 (1 — z0) 'r.
egxq?
(23)
Let us integrate (23) first over (1 — z;) (as the
upper limit we must take q€;/we;) and then over

q?:

do 1 G2Z%5 g2 + gy2 g [

do 3 (2n)7 2efw
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It is clear from (24) that the main term of do/dw
is given by (20) for realistic form factors 21 if we
take

2= (e (25)
However, the corrections to the main term will be
different for the different form factors. Thus, for
a form factor with threshold cut-off the correction
to the main term (20) is equal to (%) x
[1n(2w/eq0)]2. In the realistic case it will be less.
For f2(q®)=1 - q2/2q%, which is closer to reality,
the correction is 1.21[1n (2w/q0)]2.

Badalyan and Chou Kuang-chao (3] have made an
estimate of the cross section for the creation of a
lepton pair in the scattering of a neutrino in the
Coulomb field without account of the nuclear form
factor. The total cross section is ~ €3, as was to
be expected (logarithmic factors are of no interest
here). Kozhushner and Shabalin and Czyz and
Walecka ™! have made a calculation taking into ac-
count the form factor, and found that the cross
section is ~ q; €;. In our case the inclusion of the
form factor led to an even stronger cut-off of the
cross section (-~ q% ). In other words, in our case
the role of the small momentum transfers to the
nucleus is smaller than in the papers just men-
tioned. Another aspect of this fact is the circum-
stance that in the work of Kozhushner et al. ™) the
calculation could have been carried out by the
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Weizsicker-Williams method (method of equiva-
lent photons), (5,6] whereas our problem cannot be
solved by this method, since our graph for the
elastic scattering of a real quantum by a neutrino
leads to a vanishing matrix element.[™

In the consideration of light nuclei (e.g., the
proton we have the particular situation that q, is
not very different from the mass of the nucleus
M and therefore the condition €; > q, means that
€; 2 M. Since the graphs of Fig. 1 give contribu-
tions only for small momentum transfers to the
nucleus and q is almost pure space-like, all
formulas remain valid if the energy of the neu-
trino €, is comparable to, or larger than, the
mass of the nucleus. But for such energies of the
incoming particle the radiation from the nucleus
becomes important.®] However, this radiation is
distributed over a much larger region of angles
than we are considering. One may therefore ex-
pect that formula (14) and, in some angular re-
gion, formula (19) are valid when €, > M.

Another peculiarity of the case of light nuclei
is that the magnetic moment of the nucleus makes
an appreciable contribution to the graphs consid-
ered by us. This contribution amounts to ~q,/M
of the main term.

The author expresses his deep gratitude to
V. B. Berestetskii, I. Yu. Kobzarev, and L. B.
Okun’ for discussions and valuable comments.

APPENDIX

We show that the contribution to the integral (3)
from the region where qk/q* is sufficiently large,
is small, except in the case when €, > €,
(&/€5)/(1 - zy) R 1. We prove this by substitut-
ing F(q, k) for F(q, k) in (3). The proof re-
mains valid for F(q, k), since these functions
are close to each other for kq ~ ¢° and differ
only by a factor In (2qk/eq’) in the region gk
> .

It is clear that if the assertion holds for w
~ €, then it is a fortiori valid for w < €. Let
us therefore consider only w ~ € ~ €; and ¢,
<< ¢;. For these values of w the function ro‘(q, k)
[formula (4’)] varies smoothly with varying z
(from z, to z_) and arbitrary fixed z; and z’
(for w < €, this assertion would be false). This
circumstance allows us to consider, instead of (3),
the integral

1 “x
S A(z’)dz’S

—1 z

dz
(1 4 222"z — 20> — 22 — 22) 2’

(A.1)

for an estimate of the relative contribution of the
various regions of z to the integral (3) (for fixed
z’, ).

M. S. DUBOVIKOV

Let us consider the case «w ~ €,. For simplicity
we take € = w = €;/2. As z changes (for fixed z’,
zy), the quantity gk/ q® takes different values. The
states with qk/q2 > 1 give the largest contribu-
tion in the integration of (A.1) over z, if 1 — z’
=1-2zyand 1 — z;— 0. Indeed, in this case

@*lgk=4— (1—2z)/(1— 2), (A.2)
and the limits of integration over z are
1— 2 — 4(1 — z0) (1—1_2“), 1—2,—0, (A.3)

so that qk/q®> — 1/2(1 - z;) for 1 -z —1- z_.

From (A.2) we obtain the following condition:
if (1-2z)=(=)4(1-2y)(1— 1/N), then gk/q’
= (=) N. We have from this that for fixed 1 — z’
=1 -1z, and 1 — z, — 0 the ratio of the contribu-
tion to the integral (A.1l) from the region where
gk/q> > N over the contribution from the region
where gk/q®> < N is of the order N-V2,

If z’ is different from z,, then the relative
contribution of the region where agk/q* > N can
only be less, and therefore the role of the regions
where gk/q’> > N in the integration over z’ in
(A.1) can only become less important in compari-
son with our estimate. We arrive at the same re-
sult if (1 — z;) is increased.

If € « €, we consider two regions of angles:

1) 1—"Zo>822/812, 2) 1—-Z0§822/812.

In the first region, evidently q2 = 2gk. In the
second region we obtain through a simple analysis
that, after averaging over z and z’ ak/q* ~ €4/ €,
and therefore dzo/dwdzo is, in this region of
angles, indeed larger than expression (10) by a
factor [In (€/€,)]%. But it is easy to see from
(10) that the contribution from this region to
do/dw is small and the result (10) is true.

1t should be noted that, for very small (1 - z;),
the coefficient in front of the logarithmic term in
d%0/dwdz, will be larger than indicated in (5),
even if w ~ €, owing to the difference between
F(q, k) and F(q, k) by a logarithmic factor for
gk > q®. However, the character of the increase
of d%/dwdz, for (1 — z,) — 0 is correctly given
by formula (5).
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