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The cross section for scattering of longitudinal waves by an arbitrary charge moving in a
plasma is calculated by taking into account nonlinearity of the plasma. Variation of the cross
section for emission of Cerenkov radiation of longitudinal waves by a charged particle, due

to nonlinear effects, is considered. The results are valid for arbitrary particle velocities and
wave phase velocities. The cross sections can thus be used to derive kinetic equations
describing nonlinear effects in plasmas of arbitrary temperatures, including ultrarelativistic
effects. The nonlinear equations take into account effects of longitudinal wave interaction as
well as effects of nonlinear interaction of transverse and longitudinal waves. The results ob-
tained are used to estimate the role of nonlinear effects involved in acceleration of cosmic

rays by plasma waves.

THE question of the radiation produced when
charged particles are scattered by plasma waves
is of interest both from the point of view of astro-
physical applications (1) and from the point of view
of the study of nonlinear effects arising when
waves interact in a weakly-turbulent plasma 2-4.
A turbulent plasma is characterized by the fact
that interaction via waves prevails over particle-
collision effects. When we consider such an inter-
action in a weakly turbulent plasma we take into
account only processes of lower order in the num-
ber of emitted and absorbed quanta. In the first
approximation with respect to the number of quanta,
the effects produced are stimulated Cerenkov
emission and absorption of longitudinal waves [5],
which are described by quasilinear equations (6,7,
The next higher-order effects correspond to in-
duced scattering or emission and absorption of two
waves [8], each of which can be either transverse
or longitudinal. The effects of induced scattering
are manifest in both the kinetics of the plasma
particles and in the kinetics of the waves, and
characterize the nonlinear aspects of their inter-
action. Along with scattering, the kinetics of the
waves can be influenced also by decay processesm.
In decay processes all the plasma electrons act
coherently and their distribution function does not
change.

The present article is limited only to effects
that influence the kinetics of the plasma charged
particles. The physical characteristic of the scat-
tering is the probability of scattering by a single

charged plasma particle. It is easy to obtain the
induced scattering effects by multiplying this
probability by N + 1 and by N for the emitted and
absorbed quanta respectively. Principal attention
will therefore be paid below to an analysis of the
cross sections for the scattering by a single
‘‘trial’’ plasma charge. Of special interest, both
because of its simplicity [0 and the possible ap-
plications [11,12], are the non-equilibrium distribu-
tions such that all the electrons are divided into
two groups, one constituting the plasma proper
and containing a large number of low-energy elec-
trons (which determine the wave dispersion law),
and one containing a small number of ‘‘super-
thermal’’ electrons interacting with the waves.
Consequently we shall allot a special place to the
analysis of superthermal ‘‘trial’’ electrons in
what follows.

We shall show below that in the analysis of
scattering we cannot disregard effects connected
with the change in the probability of Cerenkov
emission of the particles . Under certain condi-
tions this change partially offsets the effect of the
scattering.

We calculate in this paper the cross sections
for the scattering of a longitudinal wave accom-
panied by transformation into either a longitudinal
or a transverse wave, and the corrections to the
Cerenkov radiation which are necessitated by both

DScattering in the presence of Cerenkov radiation of trans-
verse waves was considered by one of the authors in[*?].
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the longitudinal and transverse waves. The calcu-
lation is accurate to the square of the wave ampli-
tude. Unlike in many earlier papers [2_4’14_”], we
analyze in detail the case of superthermal parti-
cles having arbitrary (in particular, relativistic)
velocities for arbitrary wave phase velocities.

The plasma surrounding the trial charge does
not fail to make its own contribution during the
scattering, and the polarization currents produced
in it change the physical picture markedly. We
shall use the kinetic equation to analyze the polar-
ization currents. If the frequency of the scattered
wave is much larger than the frequency of the in-
cident wave, a simplified approach is possible
without direct application of the kinetic equation.
The authors employed this method earlier (8] jp
an analysis of the transformation of a plasma wave
into a transverse wave by a fast charge (compared
with the phase velocity of the plasma wave). The
method used below can be used for arbitrary fre-
quency ratios, so that arbitrary velocities of the
trial charges, from thermal to ultrarelativistic,
can be considered. The cross sections obtained
below for the thermal velocities were used by the
authors in 1% to analyze the nonlinear interaction
between longitudinal and transverse waves in a
weakly turbulent plasma.

We have shown in M%) that the polarization cur-
rents screen the field of the scattering charge,
thereby reducing the transformation cross sec-
tion 2 at transverse-wave frequencies w > wy
(wo—plasma frequency). We shall show below
that this cancellation effect takes place also when
w ~ wg, but not if the phase velocity of the plasma
wave becomes relativistic. From the methodolog-
ical point of view, the advantage of this procedure
over that employed in (-4 i5 that for the calcula-
tion of the cross section it is sufficient to take into
account only quadratic effects, whereas in 24 it
was necessary to go to the fourth power of the
fluctuating-field amplitude.

One of the authors has shown 29 that in a
weakly turbulent plasma the superthermal charged
particles are accelerated by the plasma waves.
This effect has found application in many astro-
physical problems (21,22] The scattering cross
sections obtained in the present paper have en-
abled us to assess the role of nonlinear effects in
the acceleration of charged particles by plasma
waves.

2)The fact that the cross section for scattering of longitud-
inal waves by longitudinal waves is reduced was noted in [*].
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1. GENERAL RELATIONS

1. To calculate the radiation from a single
electron whose motion is perturbed by the primary
wave, we employ in somewhat modified form the
device used in 2324 to determine the ionization
loss. The power radiated by an extraneous cur-
rent flowing through a plasma is equal to the aver-
age, per unit time, of the work performed in the
field E(r, t) produced by the current itself 3

1 T/2
=—lim7—g drdtE(r, t)j(r, t)

T >0 —1/2

=—1i

T—>o00

(2n)¢
7 (1.1)

§ dki (k) E(R),

E (k) and j(k) are the Fourier components of the
field and current. The time averaging is neces-
sary to eliminate from Q the oscillating terms. In
the transformation (1.1) we have used the relation
T/2
lim etot dt = 216 (w).

T—>c0 -T2

(1.2)

It is convenient to eliminate the linear effects
at the very outset with the aid of the linear equa-
tions of the electro-magnetic field:

Ei(k) = i (k)j; (k) (1.3)
and reduce (1.1) to the form
(2
= —1im B (anje s i, (4)

The nonlinear effects produced in the plasma can
be taken into account by including in the extrane-
ous currents j (k) both the current due to the
electron in question and the nonlinear part of the
plasma polarization currents.
In an isotropic plasrna‘” we have

dniw {ﬂ; 1 _ k20;; — kik; } (1.5)

k? o? &'(k) k2 — w?e! (k)
For a weakly absorbing medium we obtain from
(1.4) and (1.5)

iy (k) = —

0=0+0,
¢ = lim (2;)6 S‘"‘l“" | il [2 8 (k2 — w?t), (1.6)
o =1m Z 10 Epom 2oy, e

3)We henceforth use k in the arguments of the functions to
denote the aggregate of the wave vector k and the frequency w;
dk = dkdw and the limits of integration with respect to w are
—oo and + oo,

“DHenceforth fi = ¢ = 1.

*[kjl =k x j.
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where Qt and Ql are due to the radiation of the
transverse and longitudinal waves, respectively.
The integrands in (1.6) and (1.7) are equal to the
values of the power radiated in the frequency in-
terval dw and the wave-vector interval dk.

We expand p (k) in powers of the wave ampli-
tudes and confine ourselves to the zeroth (I),
linear (II), and quadratic (III) terms:

p =~ p1 + pir + pur (1.8)
We assume that the primary waves
Ei(r, 1) = |Ei (k) el -0 dhy, By ks, (1.9)

have random phases, i.e., have no other bilinear
correlations except

Ly () Eq (k)

= E()i (,ﬁ) on(ki)é(ki =+ k2)6((.01 + (1)2), (1.10)
and we average | p |%:
[p]2 = pr* + 2p1pmr + [pm|2 (1.11)

We resolve & into two terms (Cerenkov and
scattered radiation Qlc and Q%{): Ql= Qé + Q%{:

2m)8 dk —
w=?igﬂﬂyw+mmmm@m
@) o dk—s
0t = lim === f ol gz pul*8(e).  (1.13)

Such a breakdown is connected with the fact that
both py and pypp are proportional to 6 (kv — w).
The square of the d-function can, as usual 25, be

replaced in accordance with (1.2) by
8(w) = 6(w) T/ 2n. (1.14)

The term T drops out from (1.12) and the product
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S(kvyp— w)éd( el) remains under the integral
sign, i.e., the radiation propagates at the Cerenkov
angle.

Equation (1.6) can be transformed in analogy
with (1.7). This reduces to replacing j (k) in (1.6)
by jir(k), since there is no Cerenkov radiation
Qct of the transverse waves.

2. The motion of the trial electron is accom-
panied by polarization currents in the plasma. The
fraction of these currents proportional to the field
has already been evaluated. The nonlinear part
should be lumped with the extraneous currents.

We obtain j (k) or p (k) by perturbation theory.
In order to classify the different terms of the
iteration series it is convenient to use diagrams
even in the classical approach. The diagrams of
the first, second, and third order of interaction of
the trial electron with the plasma waves are shown
in Fig. 1. Leaving aside questions arising in the
quantum-mechanical application of these diagrams
(see [18]), we shall interpret the diagrams as fol-
lows. The continuous line denotes the current
(charge) density of the trial electron. The circle
(oval) corresponds to the currents of the nonlinear
interaction, due to two (three) fields in the plasma,
and the interacting fields correspond to photon
lines coming from below; the external photon lines,
which are directed downward, pertain to the pri-
mary waves. The electron line with attached one
(two) lower photon lines denotes a linear (quad-
ratic) correction (in terms of the field) to the
electron current. The photon line directed upward
from the electron line (circle, oval) corresponds
to the electric field due to the current of the line
(circle, oval), in accordance with formula (1.3). If
this photon line is external, it determines the field
of the secondary wave. Thus, to calculate the radi-
ation we should count in the upward direction all
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the elements of the diagram and arrive at the cur-
rent generating the secondary wave. The sum of
these currents (charge densities) over all dia-
grams, in accordance with (1.6), (1.12), and (1.13),
determines the radiation. Diagram I determines
p1 and, in accordance with (1.12), the Cerenkov
radiation. Diagrams Ila + IIb determine pyy, i.e.,
the scattered radiation. The diagrams from Illa
to IlIb correspond to pyr, and the interference
between py and pyyy gives rise to a change in the
Cerenkov radiation. The formulas corresponding
to the individual elements of Fig. 1 will be written
out in later sections.

It must be emphasized that in the present arti-
cle we used expansion in the wave amplitudes, as-
suming the plasma to be rarefied, i.e., confining
ourselves to the lower order of the expansion in
the plasma parameter (reciprocal of the number of
electrons in the Debye sphere). No account was
taken here of the collisions, radiation decelera-
tion, and renormalization of the trial-electron
mass [26], the deviation of the field acting on the
electron from the average field [273, and also other
effects of higher order in the plasma parameter.

2. CURRENT OF TRIAL ELECTRON IN THE
WAVE FIELD

To calculate the diagrams Ila, IlIa, and IIIb it
is necessary to use the law of motion of the
‘“trial’’ electron. We assume that in the zeroth
approximation the electron moves uniformly,

r = vit. Let us find the force acting on the electron
in the field (1.9)

F=e¢ { By (k) exp {i(kivo— 1)} dks.

From the equation

d v
T e 2.1
o (1 — ) F (2.1)
we have ?)
r=vi + or(l), 2.2)
or(t) = _¢ S |Ey (K1) | ky — vo(vok) ks
m k] (01— kyvp)?
Xexp {i(kivo— 1)t} (1 — ve?)" 2.3)

The relativistic equation of motion (2.1) will be
used to obtain results that make it possible to in-
vestigate the role of nonlinear effects in the ac-

5)1t can be thought that the calculation of Prira calls for
higher accuracy. However, the corresponding correction (2.2)
vanishes when averaged over the phases (1.10), if none of the

primary waves satisfy the Cerenkov conditions, as is assumed.

celeration of cosmic rays by plasma waves (Sec.
5).
From (2.3) we can easily get

p(h)= (2:04 gdte-i(kr (t)—wt)

o ‘ 1
~ (Z;)q \ dtemitkveen (1 — ikor — - (kdr)?), (2.4)

pl(k)=ﬁa(kvo—m), 2.5)
by — EU =0 ¢ [ Eath)] (ks — (k) (vk))

Pita ) - (23‘[)3 m Ik;l ((1)1 - k1V0)2

X 6(kV0— (.O—k1Vo+(A)1)dk1, (2.6)

(kky — (vok) (voks) ) Eo* (k1)

puma () = — S0 2 ¢

2(2m)3 m# ke (01 — kyvo)*
X6 (kvp — 0)dk,. 2.7)
Analogously we get
€evy
j = ————06(kvo— 2.8
ir(k) L 8 (kvo — w), (2.8)

ie Y1 — vg? S [Vo (kky — @ (Vok) ) + (0 — kvp) ky]

Jua (k) = — (2n)°m (01 — k;vo)?

E
ML

2.9
el (2.9)

the subscripts in formulas (2.5) and (2.9) refer to
the diagrams of Fig. 1.

3. SCREENING OF THE FIELD OF THE
SCATTERED CHARGE BY THE PLASMA.
CONTRIBUTION OF PLASMA NONLINEARI-
TIES TO THE SCATTERING.

The expressions for the nonlinear currents
produced in the plasma by two or three waves will
be derived with the aid of the kinetic equation

i)

ad ad e
(G+v ot oE) v, =0,

whose Fourier transform is given by

dfe
1, 0) = X (k) [E() 2

(3.1)

+§ awE®k—1) %f(k’, v) ]

) (3.2)

The term proportional to E (k) is separated in
(3.2), and therefore the point k’ = 0 is eliminated
from the integration region in (3.2) and in all the
subsequent formulas. We put6

6)The volume of the plasma is taken to be unity.
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X (k) =ie/mkv — o), (3.3)
T/2

fo =1 (0, v)_hmig dtdrf(r,v, t). (3.4)
—T/2

The distribution function f(k, v) determines
the current flowing in the plasma:

j(k)=e § vdvi(k, v).

Expressing f(k, v) in terms of (3.2), we have for
the nonlinear part of the current

(k)= § vX(kyav § avE® — k')% (K, v).

Approximating f(k’, v) in (3.4) by the first term
of (3.2), we obtain the current represented in Fig.
1 by the circle:

/ aJ‘o
() E (k)2

We can express analogously the current produced
under the influence of the three fields:

jei k)= ¢ (vavx (k) farE (% — k')%x . (3.5)

fou(k) = ¢§ vavx (k) § § awarE (e — k')a%X(;c/)

0
XE(k — k”) (k”)E(k”)j (3.6)
corresponding to the oval on Fig. 1.

The current corresponding to diagram IIb (Fig.

1) is obtained in the manner described in Sec. 1,

item 2, by means of formulas (3.6), (1.3), and (1.5):

b= e Svde(k)Sdk,[E(ki) 9 X ( — ks) Eex (s — k1)6f°
d dfo
+ Bas(k— k) 2 E(k) X (k) o | (3.7)
where
o 2e kK (Kvy—oek)o _
Balh) = = (k) k= ot (k i ot (?s)

Adding J1mp (3.7) to j1ia (2.9) we get jyp. Sub-
stituting in (1.6) and eliminating the square of the
6-function with the aid of (1.14) and averaging in
accordance with (1.10), we obtain the power dissi-
pated in the form of transverse waves

X [kBPo (k2 — m2at), (3.9)
where
/4 e? S vdv | 6 a fo
—ol " v v (k — ki) v— (0 — ) ov

991
0 ki &f
+a7va—wfa‘v} (3.10)
= (k —kq)2\ el(k — ky)
_((k—ki)>o— (0 —o1) (k—ki)) (0 — o)
(k— k)2 — (& — 01)2e! (k — ki) } (3.11)

Equation (3.10) assumes a simpler form when
long plasma waves (kyvT <« w;) are scattered by
a superthermal electron (vq > vT) (vp—thermal
velocity of the plasma electrons):

. k1 ((0 - kVo) + Vo(kk1 — (k1V0) ) . Vs
I (1= )"
N 1

(k —k1)?— 0?4 2004

X {—k—i(—-kiz—l————ml—(kz—Zkki)
» o — 204

—_ (1)12— (1)1](\’0 >— L(:: (((.0 —_— (1)1)1(12— (Dikki) }'. (312)

Attention is called to the decrease in (3.11) when
nonrelativistic plasma waves (k; >» w,) are scat-
tered by a nonrelativistic electron (v <« v, < 1).
In this case we have Q) ~ v2. This is due to the
mutual cancellation of the contributions of dia-
grams IIa and Ilb (diagram Ila causes the first
terms in (3.10) and (3.12) and IIb the second terms).
A formula that follows from (3.12) was derived by
the authors without the use of the kinetic equation
and investigated in detail before (18] under the more
stringent assumptions kv, > wy, when w > w,.

In analogy with (3.9), we can obtain an expres-

sion for Q& (1.13). It takes the form [see (3.10)
and (3.11)]
et d kd ki Ee? (ky)
I —_ -
Or 2nm? S ki2k?| o

xé(kvo—kiv(,—co—i—mi)lkﬁ [26(el(k)). (3.13)
For further transformations it is convenient to use
the region of integration with respect to w from 0
to « [and not (-, +=) as in (3.13)] and separate
in QZR the part radiated in the same side of the
Cerenkov cone for the given w (Q_) and the part
radiated in the opposite side (Q,), relative to the
incident radiation: QZR =Q, +Q._,

et S dk dk1
nim? k2k12

s =

S S od odo; E? (k) 6 (¢! (k)

X 6(1{"0* -+ (k1VQ‘—‘ (1)1)) lpi(k, k1) |2, (3.14)
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kk; — (vok;) (vok)
(0)1 - ](1V0)2

4re? S dv
+ m(k+k)2el(k ki)Y (0—kv)

P+ =

(1 —_ UOZ) P

Xy o+ o—(kxk)v v

(ke ky o) (3.15)

ov o1 — kv dv
(in the derivation of (3.15) we assume that Kk, ky

> wg). In the limit 1 > vy > vp and kyvp < w,,
kv <« wg, the expressions (3.15) are much simpler:

N kk,
p+ ~ ((1)1 —_ k1V04)2
_ (kZ + kki) (kiz + kk1)
+ 5 [kk1 o ] (3.16)
1 1
P qu(—__(mo_kw)2 —m—oz)' (3.17)

It must be noted that the scattering of plasma
waves into plasma waves was calculated by Mat-
suura (281, However, in that article the nonlinear
currents produced in the plasma (diagram IIb) are
neglected, and the results obtained are equivalent
to (3.15) if only the first terms of the expressions
in (3.16) and (3.17) are taken in place of p,. Ex-
pressions (3.13)—(3.17) contain a singularity when
the directions of the incident wave and of the
Cerenkov cone come closer together. The singu-
larity is due to the large amplitude of oscillations
of the trial electron in such waves. We shall show
in the next section that as the primary waves ap-
proach the Cerenkov cone, the intensity of the
Cerenkov radiation decreases and as a result the
total radiation has no singularity.

4. CHANGE IN CERENKOV RADIATION
INTENSITY

In the presence of extraneous waves the Ceren-
kov radiation intensity is determined by (1.12).
We confine ourselves to the influence of the plasma
and of the high-frequency (w; >» w;) transverse
waves on the Cerenkov radiation of nonrelativistic
(k > w;) plasma waves. We calculate first the
influence of the plasma waves.

From among the quantities contained in (1.12),
we have already calculated py and the part of
pIII corresponding to diagram IIla (pyq) [see
(2.5) and (2.7)]. We determine now PIIIb: PIllc:
P1md. and piyre. We calculate pyppp by the method
described in Sec. 1, item 2 [Eq. (3.7)]

and V. N. TSYTOVICH

Puib (k) = eS dvX (k) S dkil:Ei(/fj)%

ot

X X(k - k‘)Een(k - ki) av

a
+Eeu<k—kl)aﬁvX(kl)E(k,) f"], (4.1)

av
where
Eent (k) = —[4nik / k%! (k) ]pma (k)

[p11a is given by (2.6)].
Averaging of (4.1) in accordance with (1.10)
yields

S 4red (1 — vy2) ' 0 (kvo — )
pmb( )— - 3 (2n)3
dy dk, d k—k d
XSES‘—EOZ(’CO[M—— L Oh
o —kv Y kg ov o — oy — kv kv dv
o k9
k—k;)— e
+( 1)6v w1 — kv av ]

(kky — ky* — (k — ky) vo (kavo) )
(0)1 —_ k1Vo)2(k —_ ki)zsl(k — k4) ’

X (4.2)
Nonlinear wave interaction generates secondary
fields whose influence on the radiation of the elec-
tron is described by diagram IIlc. However,
averaging causes pyy[e to vanish, so that diagram
IIlc makes no contribution to the Cerenkov radia-
tion. The wave vector and the frequency of the in-
ternal line representing the electric field of the
electron on diagrams IIId and Ille, satisfy the con-
dition €(k) = 0. Consequently, this line corre-
sponds formally to an infinite factor, as expected,
since the inclusion of the elements shown in Fig. 2
signifies allowance for the influence of the pri-
mary waves on the dielectric constant, which de-
termines the dispersion of the Cerenkov radiation
waves. In this connection we change (1.12) to

(2m)¢ dk _ _
T S lﬁ) IF (pr® 4 2p1(pura + prp) )

ch = lim
T—o00

X0 (e + 8¢l). (4.3)

The contribution of the diagrams IIId and IIle is
taken into account by a correction o€, which can
be obtained by the method used in (1,
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4net wdlyEo? (k) |, dv a 1
l— ‘ ‘ ky —
o m3 S‘ kq2k? {S‘(ﬂ—kv YoV o — o — kv 4 kyv

X[ka ky Oy .0 k 6/‘0]

Emiwk;« ov '9v o —kv ov

+ 4me? [ S dv

m(k—Jk)%el(k— ki) LY 0 — o — kv 4 kv

[ki_k_i_., o _ .2 _k_fﬁﬂz}. (4.4)

ov o, — kv 0Ov 'ov o — kv dv

We note that € (k) in (4.3) is determined by
the average distribution function (3.4), which takes
into account both the thermal motion of the plasma
electrons and their vibrations in the field (1.10).
It is advantageous to represent el in the form €
= eol + 6yel where ¢l—dielectric constant “prior
to switching on’’ the field (1.10), and 60€l is the
change of €l in the case of adiabatic switching-on
of the field. A simple calculation yields

__ 2met av dk, d 1
el ()= — =5 § < Sy B 3 o e
XEo (k1) af" (4.5)

We thus obtain the intensity of the Cerenkov
radiation:

2 dk :

8met Y1 — vy?

m3

S (kky — (vok) (Voky) ) 2Eq? (k1)
k% (01— kyvg)*t
dv Ak B (ky) [ 0 k — k, dfo
XS m—ka k,2 k%w-—wt—(k—ki)vﬁ
kl afg ] kki —_ klz - (k_kl)VO(k1V0) }
(01— kyvo) 2 (k—ky)2et (k—ky)

(4.6)

y—

A
Hk— k)

av Wy — klvm
X (5(801 + de! + 6081).

By comparing (4.6) and (3.15) we can verify that
the terms containing denominators 1/(w, — ky - v,)*
cancel each other in thelimit as «; —k;*v;— 0, and
therefore QI = Q% + Qé does not have the singu-

larity 1/(w; — kyvg)* as w; — k, " vy — 0. For use
in the next section, we write out (4.6) for the ul-
trarelativistic electron 1 — v} < 1 and for long
(ky >» wy; >» kyv) plasma waves that are iso-

tropic in direction

e2we® 0 dk
Qct =2 § 5 kv —on) (1= T2 T ay
101 103 17 149 k2 — k2
6 6 — " pkfe,2 200 b
36 36 73 BRE T Tog B+ 20k,

993
103 101 37 13
6 6 Ry 71 — 412
X[ 36~ T 36 ki+12“’T4k‘k}
k+k1 ]
XIn | 2 ! S douEe (k) ) (4.7)

We can investigate in perfect analogy the in-
fluence of the transverse waves on the Cerenkov
radiation of longitudinal waves. The formulas have
a specially simple form in the limit when w; > w,,
vk < wy Kk, vp K vgx 1

* 2 E) (%)) k)2
681—}—6031——(‘”‘; _,_ﬂ)A, A:-B,W.S(—O_(—i)—)dki,
®

wt m2 o
(4.8)
0o 5 12 ol (25 o
2we? ¢ dk A
= 2:5 _l?< - (-3_(_1{\’—0)_>k?=consbé(kvo_w0)'

(4.9)

It must be noted that the intensity of the Ceren-
kov radiation is affected by the transverse waves
only if they are anisotropically distributed. In a
Maxwellian plasma with temperature T we have

2 2
_%)5(1‘*‘31(7'\'

mw?
The transverse radiation leads, in accordance with
(4.8), to an increase in egpel. If 3T/m > wlA/K?,
then dw/dk > 0, but if 3T/m < w}A/k? then
dw/dk < 0. When A ~ 1 our analysis is no longer
valid.

The group velocity of the plasma waves re-
verses sign when the amplitude of the electron
oscillations in the external wave reaches a magni-
due on the order of the Debye radius. This occurs
when the ratio of the energy density of the external
radiation to the energy of the fluctuation fields is
approximately w;/w, times larger than the number
of electrons in the Debye sphere.

g =1

5. NONLINEAR EFFECTS IN THE ACCELERA-
TION OF THE ELECTRONIC COMPONENT OF
COSMIC RAYS BY PLASMA WAVES

The expressions obtained above can be used to
calculate nonlinear effects in plasma kinetics. By
way of an example we shall consider an isotropic
nonequilibrium plasma, consisting of a large num-
ber of relatively cold electrons (for example—
electrons in interstellar plasma) and a small num-
ber of ultrarelativistic electrons of cosmic rays.
According to [20‘22], the plasma waves accelerate
the cosmic rays in such a plasma, and the accel-
eration is proportional to the intensity of the
plasma waves. However, with increasing intensity,
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nonlinear effects arise and limit the region of ap-
plicability of the developed theory. An estimate of
these effects is the purpose of the calculation that
follows.

The radiation of an individual electron is easi-
est to relate to the plasma kinetics by means of
quantum-mechanical considerations. The radia-
tion intensity is then expressed in terms of the
probability wg (v, k) of the Cerenkov radiation,
the probability w_ (v, k, k) of scattering with
absorption of a quantum k; and emission of the
quantum k, and the probability w, (v, k, k;) of
simultaneous emission of two quanta:

0= {0 k)ywe(v, k)T‘;H;_)3
dkdk,
= [o@we(vk, k)N (k) gy 0’ (5:1)
400
N (k) = 2 SdmaL;g‘lEOZ(k), (5.2)

—o0

where N (k)—number of plasma quanta in a state
with momentum k.

The probabilities necessary to describe the
interaction of the cosmic rays with the nonrela-
tivistic plasma waves (k > w > kvT) are ob-
tained by equating (5.1), (3.15), and (4.7), assum-
ing that 1 — v} « 1:

2628 (ky — 2 P
wo (v k) = VAT Ty (20,
ke | de! (k) /0o wo'kim?) L 36
103 17 149 — k2
— B — Rk - Ak
36 72 T qog ik + 2kcky
103 101 37 13 ’}
by Ry 71y 5 S g Y
X[ 36 36 Ty Ty R
X In k_rki P Eg (k) )
3pk
wi(v, k, k)= _4@?_,
9m?

[kk1 —_— 4(1(2 —’r kki) (kl —,— 1\1\1)/(1( + k1)2]2
| 0e! (k) /0w | | 0! (k /6(.)1|k2k 2t

X 0((k+k)V— 0 — o),

4(2m)3 et (kky)?
m?*| 0¢! (k) [0w | | 08! (k1) /001 | K2k 2ot

w_(v, k, k)=

X O6((k—ki)v— o0+ o1), (5.3)

where

<§, do E2 (k).

—oo

Eg (k)=

On the other hand, an electron with velocity

v(p) (p=mv/V1 — v?), when a quantum k; is
scattered into k, has a probability N (k) (N (k)
+ 1) w_(v(p), k, ky) of acquiring per unit time
a momentum p + ky — k, and when k is scattered
into k; it has a probability N (k) (N (k)

+ 1)w_(v(p), ky, k) of acquiring a momentum p
+k — ky. By virtue of the symmetry of the direct
and inverse transitions we have w_ (v (p), k, ky)
=w_(v(p+ky—k), ki, k). When N > 1, the
change in the electron distribution due to the
scattering takes the form

(af\ = Y{[f

ol v(p+ki—k))—f(v(p))]w-

(V(p) ’ k27 ki)

—[f(v(p))—F(v(p+ ke —ky))]
Xw_(v(p+ ks — ki), ks, ky dk, dko

)} N (ki) N (ko) (5.4)
(2

The smallness of ky — k; allows us to expand
(5.4) in powers of k, — k;. Repeating this proce-
dure with the probabilities wg and w,, we obtain
an equation of the Fokker-Planck type:

af(v) 91(v)
TR "*DJ )
at op; op;
dk
(27)°

(5.5)

Dy = § kikjwe (v, k)N (k)

dk; dks
(27)°
dkydk,
(2m)8 °
(5.6)
We assume that the plasma waves are isotropic.

This enables us to express Djj in terms of the
invariants

o (o — K i (ke — k) - (v, Ko, ki) N (ki) NV (k)=

lvlpa m] .

5§ ) i 4 K0 w3, Ko, KOV (k)Y (ko) ot

pipj B(v
Di; =(ai,-— ;;)A(v)-{—-éi]‘ _iz_)‘ (5.7)
In particular, B(v) = ViDi]'V]'.
The average change in the energy € of the
electrons with distribution function f near the
velocity v is, in accord with (5.5),

oe Sbﬁdv/gﬂlvzgaraUij%dvfgjdvzﬁ

dt ot dpi
9 vj 2 2 0\B 2B
Hz_,_ljj_B(U):(* ﬁ_) (U)z -
dp; v* \ev g odv/ v €

S (kv)2we (v, k)N (k) —— iS (kv — kyv)?

(2 )3
dk; dk,
@n)°
dkdk,
(2m)°

X w-(v, ka, ki) N (ks) N (ky) 4 S(kv—i—klv)z

X W+(V kz, ki)]\r (kg)N(ki) (5.8)
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Expressing w in terms of (5.3) and assuming
that wy ® wy ® w;, we obtain after integrating
(5.8) over the angles

oo

1d-— 4det o d|k |d| Ky
— 202 ) _
at T (2m)*e*q So (k) — 2m2e g S S k3
101 149 17 103
2 2 6 Joyble® — —— kbk2 — ——— kb
XE? (k) E* (ki)y — ]‘1 + - 108 o 36
k2 — k27 103 01 37
k S_L_-k4] 2 1 2% pkf2
2%k, [36k+36 ‘ + kik]

(=]

[} e

0

k+ ky

e — ky

X1In

1.3
x § k| ki | Bt (k) Eo? (k) [3k2+%/c12] : (5.9)

0

The first term of (5.9) is equal to the linear
acceleration obtained in [20’22], while the remaining
terms are nonlinear corrections. The smallness
of the latter determines the region of applicability
of the linear approximation

zkz

j2<1, (5.10)
®9

where

o

7, BE = 4§ 12d| & |E(K)
0

are the mean squares of the wave vector and the
electric field of the plasma waves.

Thus, the linear treatment of the acceleration
is valid for plasma waves that cause the build up
of plasma electrons, with amplitude eE/mw? which
is small compared with the plasma wave length
1/k. The effective temperature of the plasma
waves should in this case not exceed the tempera-
ture of the plasma by a factor larger than the num-
ber of the electrons in the volume (1/k)3. The
nonlinearities in (5.9) are due to the nonlinearities
of the plasma (diagrams IIb, IIId, and Ille). An
estimate of the nonlinear corrections to the ac-
celeration in an electrodynamically linear medium
(when we can confine ourselves to diagrams Ila
and IIIa) leads to a condition which is m%€® times
weaker than (5.10) 20,

'y. L. Ginzburg and V. V. Zheleznyakov,
Astron, zh. 35, 694 (1958), Soviet Astronomy 2,
653 (1959).

’B. B. Kadomtsev and V. I. Petviashvili, JETP
43, 2234 (1962), Soviet Phys. JETP 16, (1963);

995

DAN SSSR 153, 1295 (1963), Soviet Phys. Doklady
8, 1218 (1964).

3V. I. Karpman, DAN SSSR 152, 587 (1963),
Soviet Phys. Doklady 8, 919 (1964).

4y. P. Silin PMTF (Appl. Math. and Tech.
Phys.), in press. Preprint, Phys. Inst. Acad. Sci.,
A-36, 1963. L. M. Gorbunov and V. P. Silin, JETP
47, 200 (1964), Soviet Phys. JETP 20, 135 (1965).

5V. N. Tsytovich, DAN SSSR 142, 319 (1962),
Soviet Phys. Doklady 7, 43 (1962).

6Vedenov, Velikhov, and Sagdeev, Nuclear
Fusion 1, 82 (1961).

TYu. L. Klimontovich, DAN SSSR 144, 1022
(1962), Soviet Phys. Doklady 7, 530 (1962).

8V. N. Tsytovich, DAN SSSR 154, 76 (1964),
Soviet Phys. Doklady 9, 49 (1964).

9Akhiezer, Daneliya, and Tsintsadze, JETP 46,
300 (1964), Soviet Phys. JETP 19, 208 (1964).

107,. M. Kovrizhnykh and V. N. Tsytovich, ZhTF,
in press; Preprint Phys. Inst. Acad. Sci., 1964.

1Kharchenko, Fainberg, Nikolaev, Kornilov,
Lushchenko, and Pedenko, JETP 38, 685 (1960) F
Soviet Phys. JETP 11, 493 (1960).

2 g, K. Zavoiskii, Atomnaya énergiya 14, 57
(1963).

13 A. Gailitis, Izv. VUZov, Radiofizika, in press.

4B, B. Kadomtsev, JETP 45, 1230 (1963), Soviet
Phys. JETP 18, 847 (1964).

15y, P. Silin, Preprint, Phys. Inst. Acad. Sci.
A-21, 1963.

®w. E. Drumond and D. Pines, Nucl. Fusion
Suppl. 3, 1049, 1962.

1" camac, Kantrowitz, Litwak, Patrick, and
Petschek, ibid. 2, 423 (1962).

18 A. Gailitis and V. N. Tsytovich, JETP 46,
1726 (1964), Soviet Phys. JETP 19, 1165 (1964).

19 A, Gailitis and V. N. Tsytovich, Izv. VUZov,
Radiofizika, in press.

20y, N. Tsytovich, Astron, zh. 40, 612 (1963),
Soviet Astronomy 7, 471 (1964); Izv. VUZoz,
Radiofizika 5, 1078 (1962).

21y, N. Tsytovich, Astron, zh. 41, 7 (1964),
Soviet Astronomy 8, 4 (1964).

22 A, Gailitis and V. N. Tsytovich, Astron. zh.
41, 452 (1964), Soviet Astronomy 8, 359 (1964).

2L. D. Landau and E. M. Lifshitz, Elektrodi-
namika sploshnykh sred (Electrodynamics of Con-
tinuous Media), Gostekhizdat, 1957, Ch. XII.

24y, P. Silin and A. A. Rukhadze, }électromag-
nitnye svoistva plazmy i plazmopodobnykh sred
(Electromagnetic Properties of Plasma and
Plasmalike Media), Atomizdat, 1961.

25 A, 1. Akhiezer and V. B. Berestetskii,
Kvantovaya élektrodinamika (Quantum Electrody-
namics), 2d, Ed., Fizmatgiz, 1959, p. 265.



996 A. GAILITIS and V. N. TSYTOVICH

6V. N. Tsytovich, JETP 42, 457 (1962), Soviet K. Matsuura and K. Ogava, Progr. Theor.
Phys. JETP 15, 320 (1962). Phys. 28, 946 (1962).

2y, L. Ginzburg, Rasprostranenie élektromag-
nitnykh voln v plazme (Propagation of Electromag- Translated by J. G. Adashko
natic Waves in a Plasma), Fizmatgiz, 1960. 206



