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The kinetic equations and the field equation are derived taking account of the interaction be-
tween longitudinal and transverse electromagnetic waves. It is shown that nonlinear interac-
tions can lead to an instability for the longitudinal and transverse waves. An isotropic plasma

and a beam-plasma system are considered.
1. INTRODUCTION

IT is now evident that a characteristic feature of
plasma, regarded as a state of matter, is the ca-
pability of supporting various kinds of oscillations
(noise modes) under the effect of relatively small
external perturbations (as a consequence of so-
called plasma instabilities). On the other hand,
nonlinear effects tend to couple longitudinal and
transverse waves and it is possible that this cou-
pling could have a stabilizing effect at high oscil-
lation levels. ! In the present work we derive the
particle-field equations for a plasma, taking ac-
count of the interaction of longitudinal and trans-
verse waves and the interaction of these waves
with the plasma particles. This interaction is
essentially scattering of particles accompanied by
induced conversion of the plasma wave into a trans-
verse wave (or vice versa), and the absorption
(emission) of two waves.®] We limit ourselves
to frequencies and wave numbers that correspond
to the region of transmission and which do not sat-
isfy the ‘‘decay’’ conditions. We assume, further,
that the noise intensity is so large that the spon-
taneous processes can be neglected compared with
the induced processes.

2. PARTICLE-WAVE EQUATIONS

The following equations describe.the distribu-
tion functions for plasma particles of type «, flg‘a,

plasma waves, Nf{ , and transverse waves, Nltqz’
1

taking account of the induced scattering (in which
a longitudinal wave is converted into a transverse
wave and vice versa), induced radiation and ab-

DThe transformation of longitudinal waves into transverse
waves in scattering on fluctuations has been treated in.[* 2]

sorption of longitudinal and transverse photons:?
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Here, w¢ (ky) is the probability of Cerenkov ra-
diation from a particle of type « with momentum
P yielding a plasma wave with momentum k;;
W§., (ky, k) is the probability of scattering of a
particle @ with momentum p, leading to the ab-
sorption of a plasma wave k; and emission of a
transverse wave k,; W& (kq, k,) is the probabil -

Po
ity of radiation from a particle o with momentum

2)We assume for simplicity that h = c= 1.
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Pq Vvielding a plasma wave k; and a transverse
wave k.

In the classical case, which is of greatest in-
terest ky, ky < p, expanding the right sides of
Eq. (2.1)—(2.3) in powers of k;, and k, and keep-
ing the first nonvanishing terms we find

aife. 8 9

dt ~ opg D op;®

fas
Dyy* = § diikeyog, (ko) N+ § diey o ViV,
X A(Feqi — kys) (aj — Feig) Wp,, (Ku, ko)

(ks - Feas) (eoj + Feu) W, (Ky, ko) (2.4)
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Tk,t = S N kxlCDt (k1 ko) dky,
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£, O (000520 . (2.6)

The system (2.4)—(2.6) contains tkLe classicai prob-
abilities where Wg‘a( k4, k) and Wf,‘a( ky, ky) are
related by 3

Wi, (s, k) = Wi, (', ko) |, @.7)

If the imaginary part of the frequency is much
smaller than the real part, the phase velocity of
the longitudinal waves is much greater than the
mean thermal velocity (but much smaller than
the velocity of light) and w; ~ w, while the fre-
quency of the transverse waves w, > w, so that
wy = | ky|; hence, the expressions for wf}a (ky)
and W5 (k;, k,) assume the form (3]

3)The system of equations that has been obtained cannot
be written in the form used in[*]. This follows because it is
necessary to take account of processes that correspond, in
the classical limit, to the transition radiation of a charge in-
teracting with the inhomogeneities produced by the plasma
wave. These processes make a contribution to the probability
that is of the same order as that corresponding to radiation of
a particle oscillating in the field of a longitudinal wave. The
effect of such processes in the interaction of longitudinal
waves is discussed, for example, in.[4]
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The obtained system (2.4)—(2.6) obviously satisfies
energy conservation

T T

W= (B /8 = (2m)® § 0,V diky,

W= (B /81 = 2y { [ke| Vi dhka. (2.11)
Thus, the interaction between the longitudinal and
transverse waves results in a modification of both
the diffusion tensor and the growth rates (damping
rates) yf{i, yf{z (cf. [5"7]). It follows from (2.8)

and (2.9) that the essential role is played by par-
ticles whose velocities exceed the phase velocity
of the plasma waves. In other words, the effect
being considered (the interaction between longi-
tudinal and transverse waves) can be important

if there is a relatively large number of superther-
mal particles. Such cases are not unusual and are
of definite interest. Indeed, superthermal particles
are necessary for turbulent heating; high noise in-
tensity of this kind also is produced-in a plasma
having superthermal particles. (8,9] Hence we
shall be concerned primarily with cases in which
the plasma contains a relatively large number of
superthermal particles.

Without going through a detailed investigation
of the equations that have been derived we proceed
directly to a number of results that follow in cer-
tain particular cases.

3. EXCITATION AND DAMPING IN AN ISOTROPIC
PLASMA

If the particle velocity distribution is isotropic,
i.e., £ =f{(v), in the nonrelativistic case
(ky/ky < 1)
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where 6 is the angle between the vectors k; and
k), me and mj are the masses of the electron and
ion respectively, and ¢(€)(v) = ffge)dpl is the
one-dimensional distribution function; p; is the
component of p perpendicular to k; —k,.

The ion contribution is unimportant in most
cases-because the corresponding term contains
the small factor me/mj.* For Eq. (3.1) to hold
it is necessary that the distribution function be
isotropic only in the vicinity of the point v =
| (wg + wy)/ (kg £ ky)|. In other regions, specifi-
cally, at lower velocities, it need not be isotropic
(for example, a plasma in the presence of a beam
with velocity much smaller than |(w, + wy)/

(ky £ ky)| ~ wy /| Ky .

1. We now consider damping of transverse
waves in an isotropic plasma. Since the expres-
sion appearing in the curly brackets in Eq. (3.1)
for &t is essentially positive, it follows from
Eq. (2.6) that transverse waves are always damped
( yf‘ < 0) if the particle momentum distribution is
isotropic. In general this damping is small; how-
ever, if there is a relatively large number of
superthermal particles and a high noise level
Nf{l this damping can become appreciable, even
exceeding the damping caused by collisions (y¢).

To estimate the mean-square noise amplitude
((El)z) at which the damping ykz becomes com -
parable with y. we assume that the noise is dis-
tributed uniformly over the interval between some
kmin and kmax > kmin and that the electron dis-
tribution function in the region vy <v < v, (where
vy > AV = vy —V;) is constant and equal to
ny /47rv§Avm:é, where vy > v =V 2kT/m ; outside
this region it is assumed that the electron distri-

(3.1)

n certain cases, all of the ions can make a contribution
of the same order as the electrons because in addition to the
small factor me/m; the expression in question contains the
large quantity ~ 1/v2 > 1, where v, is the mean character-
istic velocity of the superthermal particles.
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bution is Maxwellian with temperature T. Assum-
ing further that kpygx = wy/3vT and that the Cou-
lomb logarithm in the expression for the collision
frequency is of order 10, we find that the damping
is nonvanishing for frequencies w, < 3 x 10*

wevy /YT where

Iﬁit —=5.1072

[+

n (1)22 1 (T2 )’/z ha
n, ©% v*Av (—— UEDD-

n,

(3.2)

It then follows that the nonlinear effects being
treated here are strongest in a high-temperature
low-density plasma. For example, assuming that
vy =10"Y, T =10%°K, n;/ny= 1072, ny= 10" cm™3,
Av/vy = 1071, E! = 1 (CGS) we find that /! = 5 x 102
Ye, i.e., nonlinear effects lead to a very strong
damping even at a relatively low noise level.

2. We now consider longitudinal waves and ex-
amine the conditions under which the presence
of ‘““transverse’’ noise Nf{ can cause an instabil -
ity of the longitudinal waves in an isotropic plasma.
Neglecting terms proportional to f{}) and ¢(®) in
Eq. (3.1) and assuming that the noise is concen-
trated in a narrow band around w, = wJ, we find?’

,_ (2m)%*a, sin® 20

Kk, ©2%k;3
@f | @2 — @, ) e ( 0y’ + ]
X{O( k, — ky° T k; + ko° )

2
X (ERy — Zoume o (%) (3.3)

[ ki | *ng
The last term in Eq. (3.3) is obviously always
negative but the first can be smaller or greater
than zero. Thus, if there is a group of superther-
mal particles for some v = vy > v, i.e., if fge)
exhibits a maximum at the point v,, then at large
value of ( (EY)2) and appropriate values of w)
and v, it turns out that Yllkﬂ can be positive, that

is to say, the longitudinal waves can become un-
stable.

If the energy spread of the superthermal par-
ticles Av, is narrow ® the instability condition
can be written in the form

(e) 0 t\o
2:1:30)&% sin? 29f(:e) (0 [la) <)
2 Ty (@] [ke]) To™e
To make an estimate we assume that ff)e) is con-
stant and equal to n; /41rm(33v%Avo in the range
vy = Avy; outside this range we assume a Max-

~>1.  (3.4)

S5)It is valid to neglect these terms if the superthermal par-
ticles are primarily electrons and if the velocity spread of
these electrons is small enough, i.e., Av/v < 1. This case is
the one that is treated in this work.

0)Av, < max {wy/k,, wIki/k2.
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wellian distribution with temperature T, wg

= 4wy, ny/ng =102 sin? 20 = 1/r, v, =3 x 10°
cm/sec, Avy/vy= 107!; for waves characterized
by ky=10"%w, cm™! the relation in (3.4) assumes
the form

1075n, 1T 21097 (B2 > 1. (3.4')
The growth rate then becomes
e 1 Th\8
L — 73 sin? n_l(_mo_)_& SEYD
Ty = 7° sin® 26 n o) Aoy oy (3.5)

In Eq. (3.4’) we take ny = 10" cm™3, T = 10° and
find that waves characterized by k; = 17 cm ™! are
unstable even when V ((Et)2) =3 x 107° cgs esu.
The growth rate in this case is ~ 10% ( (Et)?),

i.e., for a mean field intensity Et =10 cgs esu the
growth time for the instability is very small,
amounting to 107 sec.

4. BEAM INSTABILITY FOR TRANSVERSE AND
LONGITUDINAL WAVES

We now consider further effects of the nonlinear
interaction between longitudinal and transverse
waves in the presence of beams in a plasma.

1. We first treat the excitation of transverse
waves by a nonrelativistic beam in the simplest
case, in which the longitudinal noise is essentially
along the beam. Assuming that the spread in
transverse beam velocity is small compared with
the characteristic range in longitudinal beam ve-
locities and that for the transverse noise k;-v
~ kv > 0, we find

32¢* o33
melky®

dN* (vph)
d?}ph

sin® 20 S @ (v) dv

t—
Tk’ vph=“’oD/|k2|’

¢@) =\ 72 @) dpr, N (vor)=§ Ni dk, 1 ey oyopy » (4.1)

where ¢ (v) is the one-dimensional particle dis-
tribution function in the beam, Nl(vph) is the one-
dimensional distribution function for the longitudi-
nal noise, 6 is the angle between k, and v while
p) and k| are the components of the correspond-
ing vectors perpendicular to the mean beam ve-
locity.

In the most interesting case, in which Nl(vph)
decreases with increasing Vph, it is found that the
transverse waves are unstable. Suppose that N
is a weak function of vph and falls off rapidly for
an amount Avph when? v ~ Vph;- If the velocity

7This case can be realized if the longitudinal noise is
formed in the beam itself while it is accelerated in the elec-
tric field if the longitudinal instability occurs when v < vpp,
where the limit on vy, is due either to the bounded system
(c£.*°]) or to nonlinear effects.
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spread in the beam is relatively small (Av < Vph
wy /wy), the following frequencies are excited:

Wy =~ WV / I}ph, (sz I~ (.l)zAUph /Uphx) (4.2)
with a growth rate
3 1
= 16n%w (&’) T Yphigine og 4.3
T, "\w,/ n, Avpy, nyme’ @.3)

where W! is the energy of the longitudinal waves
per cm3, Assuming for example nj = 101% ecm3,
wy=5x10° sec™, n;/ny=3x 107% AVph, /Vphy

= Y40, vphy = 1071, Wl = Yionymevhy; ky ~ 1 cm™l,
we find y‘t{z ~ 108 sec™1.

We note that Eq. (4.1) applies even for mono-
energetic beams if Avg is sufficiently large. This
follows from

Ty, <<max {k1vAvpn [ vpn; Ky, Av}. 4.4)

2. Now, using the example of excitation of trans-
verse waves by a nonrelativistic beam we analyze
the change in beam parameters in the development
of the instability. The mean value of the quantity
L is denoted by the symbol (L) = [f, Ldp/ [fpdp;
from Eq. (2.4) we find the mean change in the en-
ergy of the superthermal particles
0

+'_7

4.5
o Op (4.5)

d
77 &> = (A;
where

i = § 12— 0) (ke — ki) W (i, ko)

+ (03 + ©) (kg + k1) W (kp, Kg) } Vi Ny dlsy dhg. (4.6)
The sign of d({e)/dt is determined by the sign of
9j/9p. For a beam of nonrelativistic particles and
the one-dimensional longitudinal noise considered
above we find that j has a single component along
v and that

o Aeto,cdky oy g 1[0
o SEN]Q sin 292]\7 (7‘:—2-22) .

A=A|
Nt=

= (4.7)
The function V‘lNZ(wov/kz) is a diminishing func-
tion in the region of interest and consequently
dj/dv < 0. This means that the beam is retarded
as a result of excitation of transverse waves.

3. We now consider the case in which a beam of
relativistic particles with mean momentum p = p,
=me, (€; > 1) and dispersion Ap, propagates in
a plasma. Assuming that the relativistic beam in-
teracts most strongly with the transverse waves
propagating along the beam we limit ourselves to
waves characterized by k, Il p, and a well focused
beam.8 After some simple calculations we find

8)We assume that the angle 6 is not too close to #/2 and
also that §, < 1/€, for ky 2 w, and 0, < €3® for kjj < w,,
where 0, is the angle between k, and p;

Aoz 0 Aeo}
k_LvJ_ < max ez » e e J°
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Ny ) = (N @ aki, 9= (70, k)~ — R,
Po (PPo) (kpo)
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PL=P Po? I o
_ (ppo) _ P
Pi ——po ) &= m

It is then evident that the quantity Ayl (depending
on the form of the spectrum Nt) can be either
larger or smaller than zero. In other words for
a sufficiently large ‘‘transverse’’ noise the non-
linear action can lead to additional excitation or
damping of longitudinal waves with the appropri-
ate values of k;.

As an example let us consider the effect of a
“‘monochromatic’’ beam of waves on the longitudi-
nal waves. Using in (4.8) the following approxima-
tion

Ny’ = 1® (02°) (B2 8 (ks — k),

we find
k o, \4
At =K1 =9 95, (_0-) sin? 0
L mol 0
<(F )2
n Tz 8 H] (4-9)
e= Vm,o/z(lc —@0)

i.e., Ayl >0 for waves characterized by kj > wo
+ w/2€} and waves  characterized by wy—w3/2¢}
< k” < Wy

It is interesting to note that waves propagating

against the beam are also unstable when w} > 2€3w,.

To make an estimate we assume that 9¢/0¢
~men;/(Apgy)?, a beam density n; = 10" cm ™3, a
plasma ny = 10% ¢ "3, Apy/py = 10‘ , €= 10%
Et = 10% cgs esu, w)=2 x 1015 sec™!, and find that
the growth rate for plasma waves characterized
by ké = (wo + 10" sec™!)/3x 100 em! is 10" - 5
x 10 sec™!, which is very large.

We note that the expression obtained for Ayl,
Eq. (4.8), is valid when Ay! is not too large, spe-
cifically, when

v ma R0, 02 872)

5520 5E
2e)*’ g p,

where Aw, is the characteristic spread and fre-
quencies of the transverse waves.

9We recall that the formulas obtained here apply only when
| &y | > @o/2e0? 0o < ki < ksY2e0.
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An analysis similar to the one given above
shows that the development of the instability is
accompanied by spreading of the beam. In this
case the energy going into excitation of waves
characterized by kj > w, is taken from particles
characterized by p < p;. These same particles
simultaneously excite transverse waves at fre-
quencies close to w). However, particles char-
acterized by p > p, are accelerated by virtue of
the transverse waves and frequently lose energy
in the excitation of longitudinal waves character-
ized by kj < wy.

4. We consider finally transverse waves in a
plasma in the presence of a relativistic beam.
Using the same assumptions as in the preceding
section we find
32n3etm, 7]

me2k,? S e —(% de

k k
X{Nul <2—822+(00) + Nyt (@0—2?22)] ,
where, as before, ¢ (€) is the one-dimensional
beam distribution function while

Te! =

(4.10)

k 2
Vit ) = | e b

In the general case the value of y! depends on
the form of the spectrum Nll However, if the
function N” (wp = ky /2€?) varies slowly in the
range €, + A€, the expression for Yk, assumes
the simple form

3,4
T = — 3———2;322?0 ”l—g;: e*

e )+

and the instability condition obviously leads to the
requirement

e ) 0o )]

If Nﬁ is large in the region kj| < wy/vT and if
(4.12) is satisfied then waves are excited with fre-
quencies wy ~ woe(z,/vT (v «< 1), which can lie

in the optical region even for plasmas of relatively
low density.

In principle, the transverse instability arising
as a result of the nonlinear interaction of waves
with a beam opens the possibility of using such
systems for amplification and generation of mil-
limeter waves.

To make an estimate we assume that the ‘‘longi-
tudinal’’ noise exists only in a range from k|
= wo/Vo to k) + Ak” where Ak =k AVO/VO in
which Ae€j/€y < Avy /vy < 1; from Eq. (4.10) we

(4.11)

(4.12)

<.

E=¢,
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find that waves are excited at frequencies w,
= 2€dw, /v, with characteristic growth rate

70’ 1 v \2r <(EH
g’ \Avy, no mng, °’

(4.13)

Tk,t = O

which for ny= 10" ecm=3, n; = 102 cm 3, Av/v
=1071, vy = 0.5, El = 10? cgs esu, €)= 10 yields

w2 = 210" sec™!, 1, =210 isec”t.
This result applies when
Tx,! << max { Aey 0, ky Az } .
& Vo

The interaction of transverse and longitudinal
plasma waves has been investigated above. As we
have noted, the relative weakness of these effects
is due to the fact that the longitudinal and trans-
verse waves interact only via superthermal par-
ticles, which are generally present in small num-
bers. This is due to the fact that the phase veloc-
ity of the longitudinal wave exceeds the thermal
velocity. However, other wave modes can propa-
gate in a magnetized plasma; in particular, waves
whose phase velocity is smaller than the thermal
velocity (for example, waves propagating across
the magnetic field with w; = nwy). Such waves
must interact with the transverse waves for which
wy > wy through particles with velocities less
than or of the order of the thermal velocity, and
the number of such particles is large. In turn
this effect can lead to an appreciable intensifica-
tion of the interaction of the transverse waves
with the plasma.,

In conclusion we note that nonlinear effects
analogous to those considered here can also occur
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in solid-state plasmas; these are of interest since
the values of w, (and consequently the values of
w,) for which growing waves are possible are very
large.

The authors are indebted to M. S. Rabinovich
for his continued interest.
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