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Two kinds of instability are possible in an inhomogeneous system: a localized instability,
characterized by the development of local fluctuations, and a global instability, characterized
by the behavior of the system as a whole. The second develops from the first and is subject
to more stringent conditions. In the present work we investigate localized instabilities of a
weakly inhomogeneous plasma characterized by a small temperature gradient VT, a small
density gradient Vp or, a fixed electric field E. A system of this kind exhibits unique oscil-
lation properties if vp <<'s (vp is the Alfvén speed and s is the velocity of sound) i.e., if

p > H’/8x; in this case we can write Vp = 0. The case VT = 0 and a uniform weak magnetic
field H has been treated earlier.L!] Here we consider the case @75 1 (2 is the electron
Larmor frequency and r is the electron relaxation time). The magnetic field associated
with the thermomagnetic current j is neglected. The dispersion relation has six branches
and an instability can be excited under certain conditions, that is to say, the oscillations can
grow. When Q7 <« 1 the instability is convective and manifests itself in the amplification of
waves entering the medium from the outside; when Q@7 > 1 the instability becomes absolute.

The growth rate depends on the relative orientation of the vectors k, H and VT and is a
maximum when these vectors are parallel. In the presence of the instability an external
poloidal field can produce a toroidal field and vice versa. This mechanism may be of impor-
tance in the creation of magnetic fields of celestial bodies.

1. WAVE PROPAGATION IN A WEAKLY
INHOMOGENEOUS MEDIUM

TWO kinds of instability are possible in an inhomo-

geneous system: a localized instability such as that
considered for the case of a collisionless plasma
by Rudakov and Sagdeev,l:z] and a global instability
characterized by the behavior of the system as a
whole, which has been treated for the same case
by Silin.F*J 1In this work we' investigate an insta-
bility of the first kind for hydrothermomagnetic
waves. Because of the complexity of the equations,
we consider in Sec. 2 the relation between the two
kinds of instability in the simplest case of a sys-
tem with a dielectric constant ¢ that varies in one
direction only and is nonvanishing throughout the
region being considered.

The electric field equation

1 #D(z)
c? o2 ’

VIE (z, t) — grad div E (z, t) =
t
D(z t) = % e(z,t —t')E (z, ') dt’
‘in the case of transverse waves in a bounded in-
homogeneous medium in which € = €(z) can be
reduced to the form

(1.1)

o2 2 1
5B @, + e (0, ) E (0,2 =——D (0, 2)
+2D 0,29 —%D0 (0, ) =% e (0,2 F (0, 2)

(1.2)
with the boundary conditions E(w, z) = 0 at
Z =% Lo.
Here
ootis

E@ 1) = o S E (0, 2ot do (s> 0),

JU
—oco+ia

E (o, z)=SE(z, f) ot dt,  e(o, 2) =\ e(z, f)eetdt,
0

°Q/§8

0
DO (2, t) = & e(z, t —t')E(z, t') dt'.

—00

It is assumed that the field is given for t < 0.

In the case of a weak inhomogeneity
(8e (w, 2)/8z < we¥?/c) the WKB method can be
used and the electric field can be expanded in WKB
modes Y, that satisfy the equation

P (0, 2) + A% (0) k2 (0, 2) Yu (0, 2) =0,  (1.3)

(where K (w, z) = w (w, z)/c?); in the present
approximation these modes are of the form
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z

L,
. —fe ,
P, (0,2 =i [2]::_&“ kdz] {exp(mn _§.kdz)

— exp (— it | kdz)}.

=L,

(1.4)

The WKB modes satisfy the boundary condition if
Lo
An \ k (o, 2) dz = mn.

Lo

(1.5)

We then have
E (0, z) = Z E, (0) ¥, (0, 2),

F (0, 2) = 2 F, (o) Yu (0, 2). (1.6)
n
Because of the orthogonality of the modes for a
given frequency (the orthogonality condition is
written
L,
| # (0, 9% (@, 9 ¥m (0, 9 dz = S,
~Le
En (0) = Fa (0)/(1 — A (0)),
I:,, co+io
E(zt) = zin S dz' doe-t
n L,
F (2, @) B (2", ©) P, (2", @) P, (2, ©)
1—2A2 ()

—cot+ia

(1.7)

Closing the contour of integration over w by an
infinite semicircle in the lower half-plane we re-
duce the integral to a sum of residues at poles
given by the relation )\%(w) = 1. Then

L,
E(z, t) =i D e7onit S dz’
n,j “La
F (2, ;) k2 (2, @) ¥y, (2, ©,5) by (z, o,;)

PYCRCIWED . (1.8)

Here j is the number of the pole, that is to say,
the number of the branch of the dispersion equa-
tion.
The frequencies wpj are determined by the
condition
L,
S k (2, @ny) dz = zn,

Lo

(1.9)

and agree with those given by silin®¥3 if, as we
have indicated, k(z, w) does not vanish at any
point within the system (if this condition is not
satisfied the integral is taken between points for
which k(z, w) = 0). The appearance of a positive
imaginary part in the frequencies wnj denotes the
transition of the system into a state of global in-

605

stability. In what follows it will be found conve-
nient to replace the quantum number n by the mean
wave vector
L
k=2T0 \L k (on, 2) dz=2nT':.
Suppose now that the dimensions of the system
L, increase without limit so that for a given k

the number n also increases without limit. In the
sum
z 2’ z z’
exp(ig kdz +i S kdz) + exp <—i S kdz — i & kdz)
—L, —L, —L, ~L,

— exp (ZS kdz) — exp (— ig kdz)
z z
the first two terms oscillate rapidly so that the
summation over n (1.8) can be approximated by
an integral which vanishes in the limit. Thus,

when Ly — «

L, , , —ioy, st
*ar F(, ;) (2, o,e M

E (Z, t) = — 1 S —_— n
% b w4k (2, 0,) ()»nd}»n/dm)wnj

z z’

X {exp(tS kdz) + exp (— iS kdz)}

z

approaches

: 2 go : iodz' F (2, 0) K" (2, o)
_"4_ —_ oA :

nT Ak T K, o)) (Mdhjdo),,

z*

X exp{— io; (k) t — i S kdz] .

z

(1.10)

(it should be noted that k(z, k) = —k(z, —k)).

Now assume that at t = 0 at the point z =z, a
fluctuation arises that can be written in the form
Hy (z, 0) = Ac™% (z — z,) whence Dy(z, 0)
=Aé'(z -~ 2y), E(z,t) =0 when t < 0.

Then,
A © dk [k (o, ;) 2y, dh -t
T Tine ZS T[ k(z, cop] (7‘ E>w;
)
X exp|— iwj (k) t — i\ kdz|.
| ]
In each of the terms of the summation over j we
introduce the quantity k = k(z, wj) as the inde-
pendent variable. We then have

_ A dw dk %
E (Z, t)— ——4“02’25._;:— —d? l/ k(z’mj)

—1

E (z 1) =

(1.11)

X exp [— iojt — i i.kdz] (7» —%)

z

A k (z0,®;)
= Zne < dej‘/k(z, m;)

5

Z,

exp [— it — i S kdz]
T (1.12)
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by virtue of (1.5) and the conditions A’ (w) =1 at
the poles.

The integration is taken over a contour which
coincides with the real axis in both integrals (1.12)
at +« since k(zg w) — w/c and k — w/c when
w — +. If there are no singularities between the
contour and the real axis (i.e., dw/dk # 0) we can
integrate over real values of w in Eq. (1.12).
However, the condition dw/dk # 0 also means
that we integrate over real ¥ in (1.12). We then
arrive at the notion of a field with frequencies de-
pending on the coordinates of the points at which
the fluctuations arise. These frequencies, which
are analogous to those used in (2], are obtained
from a dispersion equation which is written for-
mally in the same way as for a uniform medium
but with coefficients depending on coordinates.

When |z —z,| < L, where L =¢/|Ve]| is the
scale length of the inhomogeneity, then

z
exp[i\ kdz — ioot] ~ exp [ik (z — z,) — iwt],

2o

and we obtain the usual plane wave.

Thus, for wavelengths satisfying the relation
kL > 1 we can formally write the dispersion
equation for an inhomogeneous medium in the
same way as for a uniform medium but with coef-
ficients that depend on coordinates; this equation
then yields frequencies that will also depend on
coordinates. These frequencies wj (zy) charac-
terize the time development of fluctuations arising
at a point z, as long as its dimensions are much
smaller than the dimensions of the inhomogeneity.
The appearance of a positive imaginary part in the
frequency wj (k, zg) implies a localized instability
which, as is well known, can be convective or ab-
solute. L] The characteristic frequencies of an in-
homogeneous medium bounded in the z-direction
are determined from the quantization condition
(1.9); in this case the frequencies are obviously
independent of coordinates and characterize the
entire volume. The fact that (1.9) is an integral
expression means that the localized instability
appears before the global instability and that the
second develops from the first. While the first
can be either convective or absolute, the second
is always an absolute instability.

2. BASIC EQUATIONS FOR HYDROMAGNETIC
AND THERMOMAGNETIC WAVES

For the case of a magnetic field of arbitrary
magnitude and hydrodynamic motions of v(r, t)
the electric current density is given by the ex-
pression
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=oE" 4 o, [E'H] 4 0, (E'H) H — aVT
— a, [VTH] — a,H (HVT),

E=E+ L a4 LY (2.1)*
c e p
whence
TV . . .
E = — - [vH] — =2 4 nj + n, [jH] 4 n,H(H)
+AVT +A,[VTH] 4+ A,H (HVT), (2.2)
where
. S . 1
n—mz—v M= — 62 + (a1H)? ’
A= ac--a61H? A, — 03 — G610
= fEAr M T eremr
62 — 602

® = T GR GF el

o (2 — 653) — 161 (6 + G2H?) + a2 (52 + (51H)?)
As= [+ Y] 6 + ) :

The energy flow expression which we shall need
below is of the form

q = (A — 3/2¢) Tj + AT [jH] + A,TH (jH)

— oCp [¥VT + %, [VTH] + »,H (HVT)], (2.3)

where k is the thermal conductivity and Cp is the
specific heat. We have made use of the Onsager
relations; the thermal conductivity is assumed to
be due to the electrons (k = ke ). However, if
radiative thermal effects predominate (k. > kg)
then ky = k3 = 0.

We consider waves of frequency w < ck,
w < 1/7 in which the electric field is not purely
longitudinal; the displacement current (47 ) '9E/ot
can be neglected. In this case the equations
assume the form

0H/0t = — crot E, (2.4)T
p‘% = —Vp + —i—[jH]-{—pv(Vzv —i——;— grad divv),
(2.5)
1 dT 1 T dp 4
Tt F U E s dve @0
rot H = 4nj/c, divH = 0, dp/ot + div (pv) = 0,

2.7

where y = Cp/Cy; v is the kinematic viscosity.
We now separate the quantities p, T, v, H into

fixed and varying parts, for example p = p,

+ p'ei(k " T—wt) ( vy = 0) (the subscript zero will

henceforth be omitted) and linearize the equations

*[E*H] = E* x H, (E*H) = E* - H.

trot = curl.
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in the primed quantities; in this case it is neces-
sary to take account of the dependence of the
kinetic coefficients on p, T, and H?. We limit
ourselves to the case kL > 1, where L =T/|VT|.
Under these conditions vWp <« p and these and
similar terms can be omitted.
Hydrothermomagnetic waves will exist only if
the thermomagnetic terms in Eq. (2.4) [ taking
account of Eq. (2.2) ] are larger than the galvano-
magnetic terms. When Q71 < 1 the largest ther-
momagnetic term cAH’ (kVT) = —wTH’, while
the largest galvanomagnetic terms ymk’H’, where
vm = ¢*/4nc is the magnetic viscosity. The cri-
terion for predominance of the thermomagnetic
terms is then wT > pypk®. Carrying out an esti-
mate for a fully ionized plasma wT ~ kT7/mL,
o~ ne’r/m we find kL « (wol/c)? where I is the
electron mean free path and wy =V 4mne?/m is the
electron plasma frequency. When 7 >> 1 the
largest thermomagnetic terms in Eq. (2.4) are of
order cAy (HVT) k x H' while the largest galvano-
magnetic terms are of order c¢’n;(k-H)k x H' and
for estimates AH® ~ e\, n;H ~ Q1/0y (0, is the
electrical conductivity for H = 0) our condition
assumes the form kL <« SZ/VA In arbitrary fields

(QT)?
KL < = = W (2.8)

If these inequalities are reversed, in which
case the thermomagnetic terms can be neglected,
we obtain the dispersion relations considered by
Ginzburg®) and Piddington.t™

It has been shown in '] that when the plasma
thermal conductivity is neglected the thermomag-
netic frequency in a weak magnetic field is wT.
We now show that taking account of the thermal
conductivity does not change this result. Because
of the inequality kL > 1, the frequency wT <« kK.
It then follows from Eqs. (2.3), (2.5) and (2.7) that

T H Qt

T H kL<HkL
Thus, in Eq. (2.4) it is permissible to neglect
terms containing T’, that is to say, the thermo-
magnetic oscillations are isothermal.

3. INVESTIGATIONS OF STABILITY WHEN k, H
AND VT ARE PARALLEL

Assume that at time t= 0 a fluctuation arises
for which the magnetic field

n

S\ H; ) e, 3 H () =

j=1 j=1

H (z, 0) = H' (k), (3.1)

where j is the number of the branch; then, at time
t

2 \ ]t) e1kz—1m (k)t dk. (3.2)

The initial fluctuation is bounded in space and
hence the integral in Eq. (3.2) converges when
z — +. If the frequency is complex w = wy + iwj
an instability arises when wj > 0. In Eq. (3.2) we
go from an integration over real k to an integra-
tion in the plane of the complex variable k = kyp
+ ikj for which w is real. If this is possible then

H (2, 1) = EIS H, (k) ¢™©; ”—““:"j_o’j-j do; (3.3)
and H' (z, t) — 0 as t — o« for finite z. In this
case the instability is of the convective type; if the
transition in the opposite case from (3.2) to (3.3)
cannot be made the instability is absolute.[45]

We now consider the case in which the vectors
k, H and VT are parallel (or antiparallel). We
show below that the growth rate is a maximum in
this case. We take the vector u; = cAVT along
the z axis. The dispersion relation for the two
pairs of branches is then of the form

E{i(v + vn) k + u; + & (iuy + vko,H/o)
)k + uy + & (iuy + vimko,H/o))?

1
1,5 = — -
+ [0 (v — v

+ 4or ]y, (3.4)

where u; = cAy (H-VT) ~ uQr, € =+1. When
| k| — « we get branches of two kinds:

® = — v, k® (i + eo,H/o). (3.5)

o = — ivk?,

In the branch of the first kind when wj = 0,

ky = £Kkj, that is to say the curve showing kj as a
function of ky or wj = 0 is approximated by two
lines that divide the quadrants in half. For the
branch of the second kind with wj =

ki = k, [eo,Hlo + V' 1 + (0,Hlo)?],

i.e., the asymptotes are also lines.

An instability arises at small values of k; it is
convenient to consider two limiting cases in this
region:

1) va <€ max (uy, Uy), 2) v4 > max (uy, Uy).

In the first case, expanding the roots in powers of
VA we obtain two pair of branches

0, (k) = — k [uy + ivek + & (iuy + o,Hv,klo)], (3.6)
) kv
0y (k) = — ivk* + T iV — ") kT & (uz + v, korf]o) °
(3.7

For the first pair of branches (3.6) the contour
equation is of the form
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k = %ﬂ{ul + 2evpk, 5‘5 i[uf + 4devpk, (uz+ gl&H— ul)
+avii (1 + (2] (3.8)
When

u% Uz GlH

ua

which is satisfied when
Qr < Qv ~0.2+0.5 [B],

this is the equation of a hyperbola for which the
asymptotes of one branch are located in the first
and second quadrants; the other asymptotes are in
the third and fourth quadrants. The + signs in
front of radical correspond to the upper and lower
branches. In the integral in Eq. (3.2) we can con-
vert from the real axis to the upper or the lower
branch depending on the sign of z.

When Q = Q. the approaching vertices come
together and the hyperbola is transformed into
two intersecting lines (in which case y = 0); it
then separates again [ shifting to the right or the
left depending on the sign of u, in Eq. (3.8)] be-
coming a new hyperbola for which the asymptotes
of one branch lie in the first and fourth quadrants
and for the other in the second and third quadrants
(in this case u < 0). It is impossible to go from
integration over this branch to the integration
over the real axis for any value of z; hence when
8 > Q ¢y the instability is absolute. The transition
point satisfies the condition dw/dk = 0053 and is
independent of VT.

If at t = 0 a fluctuation arises corresponding to
the first pair of branches

H' (2,0) = A6 (2) = %S eikzdk, (3.9)
then at the time t
H (z,t) = %S eikz=io()t J.
Using Eq. (3.6) we have
r(, __ const
H ("v t) - V?
H
exp [~ + 2o — e %)
{ 2v,, [1 +(c1f/5) 2]

i
X exp {_ v, (1 + (GHJo)]

it =it r 2 D))

(5 o+ 27

(3.10)

When z — +o, H (z, t) — 0 for finite t; when

t— o
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H (z, t)l _ const exp {_ t

Vi 2v,, [1 + (a1H/0)?]
x [wut 2 — w 20}

that is to say, in the region of the convective
instability (u > 0) the quantity H’(z, t) — 0 when
t — « and in the region of the absolute instability
(u <0) H'(z, t) increases without limit. Under
conditions of the absolute instability the field
H'(z, t) increases with time in the region between
two points z; and z, located on opposite sides of
z = 0 with coordinates given by the relation

(3.11)

21,0 = _[ul_u2 csc;Hiuz 1—(%{)2}& (3.12)

and decays in time outside of this region. As time
increases the growth region of the field expands
while the damping region moves away from the
point at which the fluctuation grows (z = 0). For
a convective instability the coordinates of the
points are negative and the region of growth
located between them moves out to infinity in the
course of time.

This same result can be obtained from the form
of the wj = 0 curves in the k = ky + ikj plane. In
the region of the convective instability with z > 0
the transition from the real axis in Eq. (3.2) is
possible only for the upper branch of the hyperbola
which is located entirely in the upper half plane
(ki > 0). Hence the integrand, which is propor-
tional to e-KiZ, approaches zero when z — « and
consequently the integral in Eq. (3.2) approaches
zero when z — o with finite t in the same way as
t — o« with finite z.

On the other hand, when z < 0 the transition
from the real axis in Eq. (3.2) is possible only for
the lower branch of the hyperbola so that the inte-
grand is proportional to eKilZl, But the maximum
of the lower branch is located in the upper half-
plane in the region |ky| < |uy|/vm, ki > 0. In this
region the integrand, which is proportional to
elkizl, approaches infinity when z — —«. Conse-
quently the convective instability grows and moves
in the direction z < 0. The instability will occur
if the smallest wave vector k satisfying the condi-
tion kL > 1 lies in the region in which kj > 0;
thus, the existence of a convective instability re-
quires that the parameters of the medium satisfy
the inequality u,/vy, > 2n/L, i.e.,

2n G (s + ) <,

where Q < Qcrp.
The maximum of the lower branch of the hyper-
bola lies at
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_ € clH
b = = e e [ T A= V),
(’)n’l:e}%\tfi:

. 1 . GlH
b = g e [ 0 VB et 19

If the wave packet given below is incident on the
boundary (z = 0) of a convectively unstable
medium

H' (0, t) = § H' (0) e-tdo, (3.14)

inside the medium (at z < 0) at a distance z the
field will be

H' (3, 1) =S H' (0) e®* it gg, (3.15)

Expanding in powers of w — wy around the maxi-
mum of the lower branch of the hyperbola at large
distances we have

H' (z,t) = H' (om) exp {i (kymz — oml) — kimz}

x exp | KB4 (4w, Vipy ]
o) ©—0 )
™ |4 .16
X _SweXp[ 2 {Bo) J ® (3.16)

This formula holds only at distances such that
the width of the packet in the medium

Vdo)? = ulph | Vv 2]

becomes smaller than the width of the packet en-
tering the medium H’ (w). The relative width of
the transmission poles

Vidoy _ o/ D W
Om ullz]

approach zero as the transition point from the
convective instability to the absolute instability is
approached. The maximum wave growth occurs at
z ~ L [Eq. (3.16) holds when z < L] at a time

t ~ L/u; Vi and is given by the factor

exp [WEW)T](U‘ — VP» 61H>:|
—oxp [ (2]

The amplification can be appreciable when
(wol/c)? > 1.

For the second pair of branches of (3.7) the
curve kj as a function of ky with wj = 0 has two
branches similar to a hyperbola which are located
in approximately the same way as in the preceding
case; however, in the region of the convective
instability the minimum of the upper branch and

the maximum of the lower branch lie at k; < 0.
Hence the upper branch corresponds to a wave
that is amplified in the direction z > 0.

At small k, including the region kj < 0 for the
upper branch, the equation for the contour can be

written

1
k= ——mm—— {—
2v (u‘i" =+ ug) {

+ 4viE2 (u? + ud)®ls).

uvy 4 [udvy + 4devko? (u2 + ud)
(3.17)

A convective instability arises when
u? > u2 (R << Qer ~ (0.5 =+ 1) v,
and an absolute instability arises when
w>uw (2> Q)

and the transition is again independent of the tem-
perature gradient. At the transition point dw/dk
= 0. We find kj < 0 for the upper branch when

[ Br | << VA | ua |/v (u} + ul) (for @ < Q). (3.18)

The convective instability will occur when < Q¢p
if the parameters of the medium satisfy the in-
equality

v | uy IV (ui+ ud) > 2a/L,

which is equivalent to Vm/M (va /s)2(L/1)2Qr
<« 1. The minimum of the upper branch occurs at

-1y 1-3).
1

k. . vAul <
mm
2v (u2 + ul)
i euav? vk,
= — Wy = ———1T
rm , m 2 2
2v (u?_ + ug) uj + uj

As for the case of the first branch (3.6) the rela-
tive width of the transmission poles

r———-(A__T)é B <1 B ug )3/. l/vul (uf’—}—u;)

, 2 2 2

ul szuz

m

approaches zero as the transition point from the
convective instability to the absolute instability is
approached.

The maximum growth of a wave packet incident
on the medium (z > 0) at z ~ L is given by the

factor
e SN )
= exp [ 2v (u? + ud) u}

The growth can be large when
2 /L \2 m
74 (T) u <1

Sl
(in this case @ < Qcr ~ 1/1, vp/uy
~(vaL/sl)Ym/M <« 1).

We have investigated the case in which the

e"‘imL
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thermomagnetic terms dominate the Alfvén terms.
We now consider the other limiting case vp

> max (uy, up). For small values of k, in which
case the 4v% term is larger than the other terms
under the radical in Eq. (3.4), the radical can be
expanded

m—_—ikvA—;—k[ul-{-i(V‘l"’Vm)k

+ & (iuy + o1 Hvyklo)]. (3.19)

It will be shown below that the instability arises at
precisely those values of k for which the radical

can be expanded. From Eq. (3.19) with wj = 0 we

have

ki = 4 (ko /2v4) leu, + (v + vi) kL

The general analytic expression ki (ky) is com-
plicated and is not needed to investigate the kind of
instability. The asymptote of the curve wij = 0 is
known (3.5). We also know the behavior of the
curve at small k (3.20). It then is easy to get an
idea of the behavior of the kj curve as a function
of ky for arbitrary k. The curve comprises two
branches similar to the branches of a hyperbola.
The asymptotes of the upper branch lie in the first
and second quadrants while the asymptotes of the
lower branch lie in the third and fourth quadrants.
The upper sign in Eq. (3.19) and (3.20) corresponds
to the case in which the minimum of the upper
branch lies at kj < 0 while the lower branch is
located entirely in the lower half-plane. Conse-
quently, in this case the wave propagates in the
direction z > 0. For the lower sign (—) the max-
imum of the lower branch is located at kj > 0, and
the upper branch lies in the upper half-plane. The
wave propagates in the direction z < 0.

(3.20)

When va > max (uy, uy) only the convective
instability is possible. This instability will occur
if the smallest wave vector k > 2r/L lies in the
region |kp| < |uy|/(v + vpy); thus, for an insta-
bility to occur we require

[ug /(v + Vi) > 2n/L,

which is equivalent to

Vm 1 m
The minimum of the upper branch of k; (ky) for
wj = 0 with the (+) sign in Eq. (3.19) and (3.20) is
located at :

2
2

- doy (Vv
(3.21)

L 'ur - “
krm = TV kim =
Om = krmva.

The maximum of the lower branch for the (-)
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sign in Eqgs. (3.19) and (3.20) is located at

_eug P S
20v+vy,) T b, (Vv

krm = -
Oy = — krmUA.

The relative width of the transmission poles

V (hop ‘/(V-Hm)vA
[o,[ 2u§z

can be smaller than unity if

M s
m VA

L
T <<

v

1+ h)" (v + 51;)"2 .

The maximum wave growth is given by the factor
ugL
exp 4o, (V+ V)

Us ]/‘7 L ]
—~ exp [‘v‘; T TA v QT 197) |

Up to this point we have investigated various
limiting cases of the parameters of the medium.
We have shown that in the case v > max (uy, up)
there can only be an instability of the convective
type; in the case vp < max (uy, uy) with fields
Q <Qep ~ 71L8] there can only be a convective
instability and for fields @ > Q... only an absolute
instability. The transition from the convective to
the absolute instabilities is independent of VT so
long as the limiting condition vp < max (uy, uy)
is satisfied.

In the general case, however, the transition
points depend on the magnetic field as well as VT.
The transition points can be found by using the
general dispersion relation (3.4) rather than the
asymptotic expressions. The transition point
must satisfy two conditions dw/dk = 0, wj = 0.
Furthermore, beyond the transition point the
asymptote of the curve wj = 0 must change to
make the transition from Eq. (3.2) to Eq. (3.3)
impossible. Using Eq. (3.4) we find two transition
points from convective to absolute instabilities
corresponding to the two signs in front of the radi-
cal in Eq. (3.4). For the upper sign (+) with

u? — ul — 2uu0Hio + Avy >0, (3.22)
where A > 0 is a function of the temperature,
density, and magnetic field, the instability is
convective; in the opposite case the instability

is absolute

A =4 for v, > v,

(3.23)

(o)

A=4 %[1 + (G‘H )2] for v vy,
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For the lower sign (—) in front of the radical with
u? — u + Bvy > 0, (3.24)

where B > 0, the instability is of the convective
type; if the quantity in (3.24) is negative, the in-
stability is absolute. The quantity B assumes
the values 1.75 > B > 1.66 when v > vm,
27 v 3974

B — Ev—m[“L( ) ] for v,>v. (3.25)
The actual transition from the convective to the
absolute instability arises at the lowest values of
the magnetic field and VT given by Egs. (3.22)
and (3.24).

4. INSTABILITY OF HYDRO- AND THERMO-
MAGNETIC WAVES IN A WEAK MAGNETIC
FIELD

In [1) the oscillation frequencies were calcu-
lated for various relative values of the character-
istic frequencies (the acoustic frequency wg = ks,
the Alfvén frequency wp, the thermomagnetic fre-
quency wT = —cA{kVT) neglecting a number of
terms that are small in weak fields. We shall
see that the neglected terms can lead to an insta-
bility that leads to growth of hydro- and thermo-
magnetic waves.

First of all we take wp < wy = kk?, wA K wg-
The relative values of wg and w, are unimpor-
tant for the excitation of the unstable Alfvén wave
(when wp > wT) or the thermomagnetic wave
(when wT > wA). We now consider the remaining
possible cases.

1. When wp > w, the Alfvén wave is stable;

2. When wy > wp > wT we write w = wp
+ AwA where Awp < wp. Eliminating v and T’
from Egs. (2.4)—(2.7) and making use of (2.8) we
have

(280, — 0, + i (v + v) ] H — 2¢ 2A (HH') (kVT)

BH2
— ¢AL{(KH'](HVT) + [kH] (H'VT)}

— [k (kH)— k2H]CA‘”1([kH’] V) + o [%k(kﬂ) — H]

% {i%]
K

il (4.1

(IKH'] V) — 220 (1 H)} = 0.

In the case in which the electron thermal con-
ductivity «H/k ~ Q71 < 1, using (4.1) we have
200, = 2 (Ao, + Awy) = op —i(v4vp) k?

— (G

Al’KJ,

—A.+
+off (A + 20 25 ) (k (BT

") ( [HVT))

[ S (BHVT — (kH) (HVT))

PLASMA 611
+ A, (2PHVT — (kKH) (kVT))]
% [A2HVT S04 (HVT — (kH) (kV) ]}’ (4.2)

An instability arises when the expression in
front of the radical is negative. The growth rate
is a maximum when the vectors k, H and VT lie
in one plane and the first term under the radical
in Eq. (4.2) vanishes. We denote the angle between
the vectors k and H by a and the angle between
H and VT by B and take account of the fact, as
follows from the relation A + AH® = A, (Where
A, is the value of A for H=0) that 9A/9H’
= —A, (when Q7 «< 1). Then

(Awy)? = — —(cAzVT)zsz2 cos a cos (B — o) {cos P
+ (A%, /Agx) [cos a cos (B — a) — cos Bl}. (4.3)

According to £8] Ay>0,A)<0,xk>0,and k; <0

and for singly charged ions k{A;/kA; = 1.1. For

a Lorentz gas xyAy/kA; = 1.95, that is to say, it

is always true that 1 < k;A;/kAy <2. For a fixed

B the maximum growth rate obtains when 2a -

=0, m, 2w, 2r. When the angle B varies the maxi-

mum growth rate, given by ( %)y max

= (Y%,)ck H|A,VT|, is obtained when g = 0 if

2a¢ =B =0,and 2r and B =, if 2a¢ =B =7 and

37. Growth occurs if ymax > (v + vm ) K, which

is equivalent to

V miMEL (1 4 vp/v) < Q1.
In the other limiting case ky > kg (27/KL)
(s?/v)
ZAmAz Op — i(v 4 Vi) k2

2 Az)

x (e VT {7 [ 7

— | Do e (2

W (25 A

% (k [HVT])]2 — (cAy)? (kH) (kVT) (HVT)}”’ (4.9)
An instability arises if
ck | AVT | H> |o4|o;” [kv, I?,
ck |ANVT | H> (v + vy) B2 (4.5)

If Eq. (4.5) is satisfied, the growth rate is a maxi-
mum when kHXxVT =0, 204 —B =0, 7, 27, 3r for
a fixed value of 8. If the angle B is changed the
maximum growth rate (1/2)7max obtains at 3 = 0
if 2 —=B=0,2r,andat g =m, if 2a¢ =8 =7, 37.
3. We now consider unstable thermomagnetic
waves. When wg > wr > wp the stability does
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not arise if the terms containing A = pdA/8p + e”!

predominate in Eq. (2.4), [ taking account of Eq.
(2.2)] as is possible when w?r > wzskLQ 7, in
which case terms containing A are negligible, the
maximum growth rate ymax = ckH | A,VT | obtains
for the same directions of the vectors k, H and
VT as in case (2) in which the electro thermal con-
ductivity predominates. Growth will occur when
Ymax > mK’-

In the case of radiative thermal conductivity
Kp > Ke(sz/vi) (271/kL) the maximum growth
rate is the same as in the analogous case in (2)
with the same orientation of the vectors.

4. When wy >» wT > wg > wp terms containing
X are negligible and the results are the same as
in the preceding case.

5. HYDROTHERMOMAGNETIC WAVES IN A
STRONG MAGNETIC FIELD

For strong magnetic fields characterized by
VA < s, we need consider only the kinetic coeffi-
cients A, Ay, and k; and their derivatives with
respect to H, p and T in Egs. (2.4) and (2.6) in
the case of electron thermal conductivity. If the
radiative thermal conductivity predominates in
Eq. (2.6) only ¢ will remain.

In the first case the dispersion equation is

0" + 10 0% — (02 + 0F,) 0° — ione* (02 + Tok)
+ 020° (202 — 02) + ioee?e® (20% + ©2)

— 00204 — ool = 0. (5.1)

A

Here we have introduced the following characteris-
tic frequencies:

Oy = %y (kKH)2,

As
W oaT 1B,

0}, = — (ckA)* (HVT)*[1 + o [kHI 9 |

. c’yK %o
g, =— 2% 2% (kH) (HVT) (k [HVT]),
03, = — 204 [
d 1 Ag.
X (HVT) (k [HVT]) (KH) 57 In 255

2 2 2 - -
wT Wy wg can be negative. For frequencies

satisfying the relation wt <« 1 the following
ordering applies:

2

—_— 02—~ 2
o~ 0F, ~ Q% ,

Wyg ~ O)leL Qr,

The frequency wT; appears only in the form of a
product wTwys; evidently the frequencies wT; and
wTs can be neglected in all cases of interest here.
Inasmuch as the relations wg > wA, wgy > wTy
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hold the effect of VT on the spectrum is deter-
mined primarily by the ratio wr;/wA.

We first consider the case in which wyy > wg
> max (wp, wry). Then, retaining the
wl + iy weaw® terms in Eq. (5.1) we obtain the
damped branch w= —iywygy. To find the other
roots we must consider terms

Y00 — (00204,

which give isothermal sound waves w? = wé /v

For the remaining terms, by virtue of the relation
wraWTy > “’gl‘z ~ w?n we neglect terms containing
w and ® and obtain an equation for the four hydro-
or thermomagnetic branches:

(0 — 02)* — oo, =0, (5.2)
whence
== (+ mnj:]/oﬂn + 402) .

When wA > wT; we obtain the Alfvén wave.
When

(5.3)

® ® ®

A . Qg %2
— < min (—, )
(')Tl& ©y

Wy

the most important correction to the Alfvén wave
is given by Eq. (5.3) and

0=10, -0 (5.4)

When Q7> 1 we have 8 In(Ay/k,)/8H? ~ 0. Thus
the maximum growth rate for the Alfvén wave
ckH | AyVT |, obtains when H Il VT.

When wTy > wp, Eq. (5.2) gives four thermo-
magnetic branches

o} 2 m%‘l’ o

= ot 2
1, 3,4 (DA/(DTI'

These frequencies correspond to exponentially
growing and damped waves. The maximum growth
obtains when VT Il H.

We consider briefly other possible relations
between the characteristic frequencies. If wyy
> wry > wg > wA, we obtain the damped branch
with frequency w = —iywys as before, two thermo-
magnetic branches o = w¥,, two isothermal
acoustic branches u? = wzs /v and two branches
of = wg /why. For another configuration of the
frequencies wg > wyy > max (wA, wy) the spec-
trum separates into the two branches «*® = wzs,
w = —iwgy; and four hydro- and thermomagnetic
branches as in the first case. Finally, when wg
> wp > wye > wTy the spectrum does not contain
thermomagnetic waves (terms containing VT
only cause splitting) and the spectrum exhibits
the usual form [6>7]

We now consider in detail the case in which
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the magnetic field is perpendicular to VT and
wTy = 0. In this case, if the thermomagnetic
waves are to predominate over the galvanomag-
netic terms Eq. (2.8) must be replaced by the
more stringent requirement

(v,/8)2 kLQT <L 1. (5.5)
If this requirement is satisfied we obtain the equa-
tion
07 4 704 0° — (024 iT0%,) 0° — (0! (02 + 10l,)

+ 020° (20% + i0}) + i020%0,, (204 + o)

— 020%0 (0% +i0,) — i0,0402 =0, (5.6)
where
03, = — ¢ AA, (kVT) (k {HVT])( + 202 H21n A,
o1, = e (KH)? (kVT) [xlAg — 3Agxy — 24, H? 221]

wgm and “"21’5 can be negative and of order

02 ~ kLQro%,, ol ~ o2 /kL (Qr).

Tbs

Considering the same case as in the Eq. (5.1)
and making use of the inequality w?rs < wTwkys
we again obtain the acoustic branches and the four
branches which are damped by thermal conduc-

tivity; when (wg, wgy) > max (wTy, wp) these
satisfy the equation

(5.7)

(02 — 0?)* — 0Pk, = 0.

Whence
0 =21 (+o, +Vor, +be?).

When wA > wTy, We can limit ourselves to
Eq. (6.7) if

(5.8)

[O)

%®2 )
0,7 oy

—-<m1n(

Then we have

(5.9)

— 1
O =0, t5 0

Smce Ay >0, Ay < 0 and if one of the angles
(k vT), (k [Hx VT]) is acute and the other is
obtuse the frequency in Eq. (5.9) is real; however,
if both angles are acute or obtuse an instability
arises. The maximum growth rate occurs when
the plane containing the vectors k and VT is per-
pendicular to H and the angle |(K, VT) | =r/4.

In the other limiting case the frequencies are
given by

(5.10)

2 — 2 2 — i 2 .
Op 5 = Oy 0z, = O A/ oF \

The conditions for instability and maximum growth
rate are the same as before. When wry > wg we
obtain the same four frequencies (5.10).
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6. CASE IN WHICH RADIATIVE THERMAL
CONDUCTIVITY PREDOMINATES

If Eq. (2.8) is satisfied we obtain the dispersion
relation
o’ + ire,,0* — (0 — ito

O7¢) ©° — i, (0f — ']’(1)%,7)

+ 020 (20% — io 05) + 0, 0%0° (202 — 0,)

- 02020 (0} —io o) — (6.1)

] 24 —
x Té lmnmsmA 0’

where
W, = — cA, (k [HVT]),

0%, = (ckAy? (HVT) [2(HVT) — & (kH) (kV7T)
+ 2k [HVT® (HVT) 0 In Ay/0H?];

wTg ~ wTy ~ w/kLQ T in order of magnitude and
wgﬁ can be negative.

If (wg, wg) > max (wA, wrg) the hydrothermo-
magnetic branches can be separated

o + 0o, — (204 — 0})0? — 0o, + 04 =0. (6.2)

In the limiting case wp > wTg we obtain the
Alfvén waves. The correction to the frequency
w = wp can be computed from Eq. (6.2) when

(0] [0} [0
s x A
A

04 Oy Org

min (

The frequency is given by
- % (st + Vm%‘s - 4(0%'7) .

Since Im wTg = 0, the case most favorable for
instability is that in which VT is in the same
plane as the vectors k and H. Introducing the
same angles as in Sec. 4 we have

0=+0, (6.3)

© =20, &5V, V —cosacosPcos (B+a), (6.4

where
= ckH | A, VT |.

Tmax

For a given B the growth rate is a maximum
when 8 + 2 = 0, 27 for | 8| < 7/2 and for
B +2x =m, 3n when | 8| > /2. If the angle 8 is
changed the maximum growth rate, (%) ymax- is
obtained when B8 = 0, 7 (in this case we also have
a=0,7m). If wpg~ wry> wa then

0= — % ((')Ts + V(D?.Pe - 40)%‘7)’

o, , = (03/20%,) (0, +V 63, — 403,).  (6.5)

Growth occurs under the same conditions as in the
preceding case, differing from that considered in
Sec. 5 in that growth occurs for the traveling wave
when wTg = 0

H' = Hye"sin (kr — of),
rather than
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H' = H,¢"sin kr.

Finally, when wrg > wg the hydrothermomagnetic

waves are again obtained in the form in Eq. (6.5).
The general result is that when Q7 > 1 thermo-

magnetic waves exist when wry ~ wpe ~ wpy

> wp; this condition is equivalent to

L<L

s2 M
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