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A method for the calculation of nuclei is developed in which the observable quantities are
expressed in terms of several constants which are the same for all nuclei (except the light
ones) and for all types of transitions near the Fermi boundary. Equations are obtained which
allow one to express the frequencies and rates -of single-particle and collective transitions

in terms of the constants of the theory.
1. INTRODUCTION

IN the theory of the nucleus it is impossible to
obtain quantitative relations between observable
quantities by restricting oneself, as is often done,
to any select set of perturbation theory graphs,
because the interaction between the nucleons is
not small.

In the following we shall develop a method for
the calculation of nuclear processes involving
small excitation energies, which is based on the
separation of sets of graphs that vary slowly near
the Fermi boundary. These graphs can be replaced
by constants for excitations with small energies.

In contrast to the usual approach, we thus take
many -particle collisions into account. A similar
technique is used in the theory of elementary par-
ticles in the study of particle production near
threshold. The constants introduced in this man-
ner must be determined by experiment. They can
be computed only if there is some small parameter
in the problem.

For an infinite Fermi system without Cooper
pairing correlations, such a program has been
carried out by Landau in his theory of Fermi
liquids.[!] It was shown that the spectrum of
single particle excitations is characterized by
a single constant, the effective mass. The spec-
trum of two-particle excitations (zero sound, spin
waves) and the response of the system to an ex-
ternal field are determined by the function I'®,
the forward scattering amplitude at the Fermi sur-
face, which depends only on the spin variables and
on the angle between the momenta of the quasipar-
ticles. For a system with Cooper correlations one
must introduce yet another function of this angle,
r€.[2] The spherical harmonic of this function is
connected with the width of the energy gap in the
single-particle spectrum.

It is natural to expect that I'%“ and I'é, as func-

tions of the angles between the momenta of the
quasiparticles, are well described by two or three
terms in the Legendre expansion. The coefficients
of this expansion are the constants to be introduced
into the theory.

The functions I'® and I'é are determined by
sets of graphs which depend mainly on integrations
over regions far from the Fermi surface. Their
values in a finite system therefore agree with the
values for infinite nuclear matter with an accuracy
determined by the ratio of the range of the nuclear
forces over the radius of the nucleus. Since I'%
and T¢ are insensitive to the level structure near
the Fermi surface, they are identical for all nuclei
with the same accuracy as the particle density of
the nucleus is a constant. This remark applies to
all quantities determined by integrals over regions
far from the Fermi surface, such as the effective
mass, the Green’s function normalization, and the
depth of the effective potential well.

The problem of finding the spectrum of single-
particle excitations in the nucleus reduces[®] to
the solution of the Schridinger equation for a single
particle with an effective mass in an effective po-
tential well. The frequencies of the collective ex-
citations and the transition rates in the nucleus
are found by solving an equation which can be in-
terpreted as a Schrodinger equation for a particle
and a hole with interaction I'“ in a potential well.

2. SINGLE-PARTICLE EXCITATIONS

We quote without derivation earlier results on
single-particle excitations in a finite system, (%3]

It can be shown by exact inclusion of the inter-
nucleon force that the nucleus must have a proton
and a neutron branch of single-particle excitations
near the Fermi surface. The excitation energy is
determined by the Schrddinger equation with the
effective single-particle Hamiltonian
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Hoy = (p*2m* + U (1)) oa = ex¢a- (1)

The Hamiltonian H is defined by the condition
that in the @) representation the Green’s function
G’ be diagonal in A and have a pole at € = €\
where €) is the energy of the single particle ex-
citation. As follows from the Lehmann expansion
of the Green’s function, this condition implies that
there is a single-particle level characterized by
the quantum numbers A. Owing to this condition
the effective mass m* and the effective potential
U(r) are expressed through the exact self-energy
part Z of the single-particle Green’s function.

Since Z can be found only in the form of a per-
turbation expansion, m* and U(r) cannot be cal-
culated for a nucleus with strong interactions, but
must be chosen (as is actually done in the shell
model) such that the ¢€) coincide with the observed
single-particle levels (or such that the magic nu-
clei have the correct position in the Mendeleev
table). Thus the theory provides a rigorous foun-
dation of the shell model.

In the ¢) representation the Green’s function
G takes the form

G = aMdye (6 — &x + iy sgn &)t 4+ GR (), (2)

where G;I}N(e) has no poles near € = 0 (e and €
are reckoned from the chemical potential), a(® is
the renormalization of the Green’s function and de-
pends weakly on the state A. In the following we
shall omit the index A of a.

Expression (2) is obtained as the result of an
expansion of Z in powers of €, which can only be
done if there is no Cooper pairing in the system
(for example, in nuclei of the type magic core plus
single particle). If there is Cooper pairing, the
single-particle excitations are determined by a
system of equations for the two Green’s functions
G and F. The meaning of the function F is that
it describes the transition of a particle into a hole
and a condensate pair. The function F will be rep-
resented graphically as

F = —>——,

- The function F* describes the transition of a hole
into a particle and a condensate pair and is given
graphically by

Ff=«—s,

For the pole terms of F and G we obtain the ex-
pressions

e} ¢
GM‘» =a —__)‘— 6}0‘,’
g2 —el —AZ iy
A
F;‘)\' = —a A 6)\)»’- (3)

e? —e2 — AZ 4 iy
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The quantity A,, which may be called the pair-
ing energy, is the average value of the quantity
A(r):

A= 9,A() gar,

which is determined by the equation

A =—aTt (K (r, 1) A () ar, 4)
K (£, r') = 20, &) 0}, (1) @, () @, ()95, ()
Ahs
) 1 EyEx, T &8,
X {6“-"'?& T 0 —=8,) 2E,\E,, (B, +E) J ° (6)

The spherical harmonic of the amplitude for the
interaction of two particles 1"§ can be written in
the form

g dn L& 1
@ e o = g - ©)

Furthermore,

1,¢,, 8 <E
e = A )\2
A () {0’ P

It can be verified that the auxiliary quantity ¢

(A < ¢ <€) drops out of the final expressions

in virtue of (6). c, is a constant introduced into
the theory which is the same for all nuclei and all
states. For deformed nuclei, A(r) depends weakly
on r, and (5) simblifies to

B 1 _ o epedn 1
1——7§§Eex<a>, =0T = w@ray

3. VERTEX PART

The behavior of the system in a weak external
field is determined by a set of graphs with one line
corresponding to the external field and two lines
corresponding to the initial and final states of the

particle:
!
t
/é\ : ®

The interaction between the particles in the nu-
cleus is not small. It is therefore not possible to
restrict oneself to the calculation of the simplest
graph in the determination of J, but one has to
sum over all graphs. Sets of graphs can be singled
out which do not depend on the frequency of the ex-
ternal field or on the specific distribution of the
levels near the Fermi surface. These graphs rep-
resent constants which are the same for all tran-
sitions and all nuclei.

As noted above, only the pole terms of the
single-particle Green’s functions are sensitive to

~
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the level structure near the Fermi surface. There-
fore, all graphs which contain only the parts of the
Green’s functions without poles can be considered
constant. Besides, many graphs which do contain
pole terms of the Green’s functions are also in-
sensitive to the level structure near the Fermi
surface, since their singularities have been in-
tegrated out.

Indeed, let us consider, as part of J, a block
which represents a set of two blocks joined by four
solid lines. For an estimate we may use the pole
terms of the Green’s functions for an infinite sys-
tem, G~ (€— €p )~1, Each Green’s function in-
troduces one denominator and two integrations
over dedep. The law of conservation of energy-
momentum reduces the total number of integra-
tions by two. As a result we find that the contri-
bution of this block is equal to an integral of the
type f €~ *d%. The region of small ¢, where the
level structure near the Fermi surface is impor-
tant, makes a small contribution to this integral.
This applies even more strongly to blocks with a
large number of lines.

The blocks sensitive to the Fermi surface are
those which contain only two Green’s functions,
and only the pole terms of both need be retained.
Thus we obtain for the vertex part

[
t

: |
]

Here the solid lines denote the pole !’ parts of the
single-particle Green’s functions. The quadrangle
represents a block with four external lines which
does not contain parts joined by only two vertical
solid lines corresponding to the pole parts of the
Green’s functions. Following Landau, (] we shall
denote this block by I'®”. The circle represents
an analogous set of graphs for the vertex part,
which we denote by J«.

The quantities T'* and % do not depend on the
dimensions of the system and are the same for all
transitions. More precisely they have the form
r{=r%(1+yA"'3), where vy~ 1 andis identical
for all nuclei.

The quantity J % satisfies the same relations
as the corresponding quantity for the infinite sys-

DMore precisely, the solid lines correspond to the pole
parts of two Green’s functions with opposite signs of the
imaginary parts.[*] If the signs of the imaginary parts are the
same, there will be an integration over regions far from the
Fermi surface, and such terms are included in the block I'%.
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tem. Thus, for a scalar field §% is in the momen-
tum representation equal to

= Fo=0G"Y0e=a,

i.e., is independent of the momentum of the par-
ticles and the field. Hence, in the coordinate rep-
resentation, J% has the form

JO(ry, Ty, 1) = a8 (r; — 1) 8 (r —ry).

Going over to the @) representation for r; and ry
and to the momentum representation in the coordi-
nate of the field r, we obtain

T [€9] = a™ (9,679, .),

where q = (k, w) is the wave vector of the field,
and x = (r, t). Here and below the argument of
I51e'%*] will contain an operator corresponding
to the ‘‘bare’’ vertex.

Equation (9) takes in the ¢; representation the
form

d o)
T =T + SQ;%Z D 0nGaT A, (10)
ke

where A and A’ are the initial and final states of
the particles. I'\jsp,», is not small only if Ay and
A, differ in their energies by the amount eoA'l/ 3
<< €p. For states which are farther away the wave
functions @), and @3, differ strongly in the num-
ber of nodes, and the matrix element is small.
Therefore (10) contains two close poles in € and
smooth functions of €; thus I'” and J can be
taken out from under the integral sign in the inte-
gral over €. The integration is then carried out
and one obtains the equation

M., — M

T =T + 2 @Thop, 2™ g, (107
A, )T 8,0
Here
1, g, <eo
n), = 0 H
, By >8

the states A; and A, lie on opposite sides of the
Fermi surface, and since they are close to one
another, they are also close to the Fermi surface.
Therefore the vertex J, in contrast to %, de-
pends on the level structure of the given nucleus
near the Fermi boundary.

4. INTERACTION BETWEEN QUASIPARTICLES

In the momentum representation, Ir'“ isa
smooth function of p in the region p ~ py; there=
fore, in the calculation of the matrix element
F%\'MM = (cpxquI‘wqoMgo)\z), where all states
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are near the Fermi surface, all moduli of the mo-
menta can be replaced by p;,. I'” will only depend
on the angle between the momenta and can be rep-
resented in the form of an expansion in spherical
harmonics:

I° = X T7P,(pp1/ pY)-
7

With increasing ! the harmonics I‘f" fall off
rapidly, and we can restrict ourselves to the first
few harmonics. As a result we obtain

Thos=To § 0, 00, (00, 0o, () dr
+ 1002 § e 0y, 0 dr
where
foe = — L £ @, (1) Vo, (1) — 9,.(r) Vo, (1))

The function I'%’ is a matrix in the spin and
isospin variables. The spin-orbit splitting is
small in comparison with the Fermi energy, and
to this accuracy we can therefore neglect the spin-
orbit term in the expression for I'“. Moreover,
we can assume with an accuracy (N—Z)/A that
I' must have an invariant form in isospace. In-
stead of T'% it is convenient to introduce the di-
mensionless quantity azl"“’dn/du. As a result we
obtain

Ia®dn/dp = f + goo + f'vv + g’ (s0) {%7). (11)

The quanties f, g, f’, and g’ must be determined
by a comparison of theory and experiment.

We have not included in (11) terms of the form
(po)(p’c’), which occur as relativistic correc-
tions to the interaction of the nucleons and which,
for nucleon energies close to the Fermi energy,
are small as compared to the remaining terms
of (11). With this understanding, (11) represents
the most general expression for the scattering
amplitude for small momentum transfer.

Let us show the connection of the constants f,
g, f’, and g’ with the scattering amplitudes for two
identical and two nonidentical particles introduced
in the paper of one of the authors: [%]

frm: fpp:f ‘I‘IU’ np:f _f',:
gun=gp=g+8g, gn=8—4g

We note that in the case of B decay, where
charge is transferred in the momentum transfer
channel, the nondiagonal matrix elements of the
operators T — Tx + iTy play a role, and only fnp
and gpp enter in the equation for the vertex. The
values of the zeroth harmonics fpy and fpp are
expressed in (5] jn terms of the rigidity of nuclear
matter against changes of the density and concen-
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tration. From the empirical values of these rigid-
ities one obtains

(fml)oz 1: (fnp)oz—05

5. INTERACTION BETWEEN QUASIPARTICLES
VIA THE SURFACE

Besides the local interaction determined by the
quantity I'%’, there exists another type of interac-
tion between the quasiparticles which has no ana-
log in the infinite system. Indeed, the energy of
the deformation of the nuclear surface due to the
change in the states of two nucleons is not equal
to the sum of the energies due to the change of the
state of each nucleon separately. The contribution
of this interaction to the blocks containing the sums
over graphs is small, since the statistical weight
of the surface degrees of freedom is small in com-
parison with the statistical weight of the single-
particle states. This circumstance manifests it-
self in the fact that the laws of conservation of
angular momentum and its projection decrease
the number of terms in the sums containing an
interaction via the surface as compared to the
sums of the single-particle interactions.

The interaction via the surface must be included
only in graphs of the form

(12)

where the wavy line corresponds to a deformation
of the surface. Let us consider more closely the
interaction between quasiparticles coupled with the
quadrupole deformations of the nucleus. We shall
give a perspicuous but not rigorous proof that the
interaction via the surface in spherical nuclei is
comparable with the local interaction, whereas it
plays a minor role in deformed nuclei.

The deformation of the nucleus corresponds to
a change in the effective potential at the surface of
the nucleus. It is convenient to go over to a changed
metric of the Hamiltonian by a coordinate transfor-
mation which takes the new form of the nucleus back
into the old one: x’ = ax, y’ = ay, z’ =bz. This
gives an additional term in the Hamiltonian of a
single quasiparticle of the form

H = (b —a) (0> —3p2)/30 + a) = B (b — 3p2)/3m". (13)

Such a modification of the Hamiltonian of a
single quasiparticle implies the addition to the
Hamiltonian of the system of quasiparticles of a
term of the form
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g == p;* (p*—3p2),

where by and b} are the annihilation and creation
operators for the quasiparticles. If the energy
shift for the core is equal to

E = C252/2)

bibiBeyg,, s

the complete Hamiltonian for the system of quasi-
particles has the form

H = Zbibies + 5 Zbababiby a®T5 ppn

+ Zbibar BeoGy e - = Cop? (14)

Indeed, it was shown by Landau(!] that the quan-
tity a’C'? plays the role of a ‘“‘residual’’ interac-
tion between the quasiparticles. Let us make the
change of variables

, 1
B =B — 5 kb 20 Gy

Then the Hamiltonian is written in the form

H = Zbiber + %,’ 205 byr 03,02, 03 500

—(83//C2) q;\‘)\‘ Q)\')\" -+ ’;‘ 623/2' (15)
To take account of the interaction via the surface
we must therefore replace a*I'® by a’r'® +r#$
in all expressions, where

((H1ee
We have assumed in the derivation of (16) that the
transition energies of the participating particles
are sufficiently small so that one can use the static
expression for the deformation rigidity C,. This
means that the frequencies of the processes con-
sidered with the help of (16) must be small com-
pared with w; ~ 7 to 10 MeV. It follows from (16)
that in the region of magic nuclei, where C, is es-
timated as C,; ~ €,A, the quantity (Fzs)%;t;, is of

the same order as (aZI“"’)%%’: I§ ~ a’l¥ ~ AL,
In an analogous manner one can obtain the inter-
action via the surface caused by the octupole de-
formations of the nuclear shape:

(16)

2
= ———%2q)\l)\2q)\,;\u, Hy = 80/62-

o
(F3)hn, = — %OV (17)

where v = 5p% —3pzp§. The interaction I‘? is of
the same order as I'§. The interaction I'$ is
added to I'%“ in the vertices for the quadrupole
transitions, whereas I'§ enters only in the octu-
pole transitions. For monopole, dipole, and mag-
netic transitions there is no addition to I'%,

We have considered the interaction via the sur-
face in a system of quasiparticles without Cooper
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pairing. The direct interaction between the quasi-
particles found by us depends weakly on the pair-
ing, since it is connected with what is usually
called the interaction via the ‘‘core’’ of the nu-
cleus. Since the pairing changes only the pole
terms in the Green’s functions, it has no notice-
able effect on the magnitude of the direct interac-
tion T% and T'S. The pairing affects only the in-
teraction between a given pair of particles medi-
ated by other quasiparticles.

In analogy to this one must also for deformed
nuclei first find the direct interaction via the sur-
face without account of pairing and then solve the
problem of pairing using the known interaction.

The quantities k, and k3 introduced above are
the same for all spherical nuclei in the magic
regions, although the rigidity of the nucleus against
shape deformations decreases on account of pair-
ing. For deformed nuclei the rigidities C, and Cj
against quadrupole and octupole deformations about
the equilibrium shape are estimated as C, 3
~ €g A?” and can be found from the energy surface
given by the Weizsicker formula.

We show that (16) and (17) are not applicable to
deformed nuclei. Let us look at (13) and consider
the diagonal matrix element. Then (13) will give
the following energy shift of the quasiparticles for
a change of the deformation, B, from the equilib-
rium deformation Bo:

(18)

This formula is only correct in the case when the
change of the deformation does not lead to a cross-
ing of levels. Since the level spacing in a deformed
nucleus is of order €;/A, (13) is valid only for
small changes of the deformation 8 < A™L. The
quantity g given by (14) is of order g ~ A™2B for
C~ € A2/3.

The character of the change of energy of the
quasiparticles for large changes of the deforma-
tion (B8 > A“) is determined by the circumstance
that at each crossing of levels there occurs a re-
distribution of the quasiparticles such that all lev-
els below the chemical potential are filled. This
fact is illustrated by the figure. The energy shift
of the quasiparticles due to a change of the defor-
mation is not determined by (18) but by the saw-
tooth-shaped curve (heavy line in the figure) such
that 6€) is of the order de) < €yA~! even for

dgy, = —%BQM-
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large deformations. The change of the deforma-
tion caused by the change of state of a single par-
ticle can lead to an increase as well as a decrease
of the energy of the other particle depending on
whether it is located on a rising or falling slope
of the sawtooth-shaped curve. Thus the magnitude
and the sign of the interaction via the surface in
deformed nuclei depend irregularly on the equi-
librium deformation and on the state of the par-
ticles. In expressions which contain a summation
over the states of one of the particles, as for ex-
ample in the equation for &, the interaction via
the surface makes a small contribution as com-
pared with the local interaction, owing to the ir-
regular variation of the sign.

6. VERTEX IN THE CASE OF PAIRING

The equations for the vertex in the case of pair-
ing in an infinite system have been found earlier.[?]
These equations can be taken over to the finite sys-
tem if the pole terms in the functions G and F are
replaced by the expressions (3) for the pole terms
of the functions G and F for a finite system.
Together with the vertex of the type J describing
the creation of particles and holes by an external
field we must, in the case of pairing, also intro-
duce the vertex J which describes the creation
of two particles (holes) accompanied by the van-
ishing of a Cooper pair (creation of a Cooper
pair). As is seen from the graph,

F= _-_-<< , (19)

J is directly related to the change of A in the ex-
ternal field. It can be verified graphically (] that
g and J are connected by the equations

J =J°+ I°[GG — FFP1T +-T°[GF — FG! T,
g =TI*lGGY; — FF1 § —T°[GF — FGplg. (20)

Here G and F are the pole terms of the Green’s
functions with pairing given by (3), and

Pg (p) =+ T (—p), 21
where p is the momentum operator. The plus sign

corresponds to vertices not containing spin oper-
ators, the minus sign to vertices ~ o.

To explain the symbolic equation (20) we write
one of the terms explicitly:

w de 1)
GGy, = | oo D (0,00, 9, 9,)
Aiks

o

s{—m/Z—s)\l

, —8—(0/2—8}\2
” (e+ ©/2)* — A — e}, (E—w/2P— A —e?, I 2 (22)
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As in a system without pairing we can carry out
the integration over de’ leaving under the integral
sign only the rapidly varying functions of €¢’: GG,
FF, and FG and evaluating the weakly €’ depend-
ent terms I'%, 7, and J in the point € = p.

We give a table of the corresponding integrals
which can easily be calculated in the complex
plane:

(60 (e +5)0n (e 5) 2

. { Vi, 1 — v,\z) + Vi 1 — vxl)
- Eh—i—E,‘z—m E)~|+E;‘.+co !

o\ de

4 ., 0
l\FM(ij)FM(B—‘E‘)'Z—'m

- { A0 45,8, } 1

= E,, +E,— o ' E, + Ey,+ of 45, E;

o) o\ de
(00 (e +5) Fou (e — ) 5
1— v).l V)\, } A)\z
= T \E FE,—o + E, +E, +oJ2E,’

{6+ 5)0 (e~ %)

N { (1 —v}\l)(l —v;\z)
- E, +E,—o

ViV, }

Ey+ E,+ o)
OV G (69 £
SF“(S""T)G‘-’(G 5) o

14 Vi Ve } A,\‘
= —{E)\l TE,—o  E +E +of2E," (23)

Here vy = (E) —€))/2E, E} =4} +¢§. The in-
tegrals f FGde and | G"Fde are obtained from
the ones quoted by making the replacements

Af=— Ay, W — —w.

I\, depends on the form of the external field
and its frequency w. We shall write in the argu-
ment of J and J the bare vertex which determines
the character of the external field. For example,

a rotational (or magnetic) field introduces in the
Hamiltonian of the system the term*

- E a;al' [rp],))g Q (t);

20

so that the bare vertex is characterized by the op-
erator r x p. The corresponding exact vertex will
be written in the form 7 [r x p]. The effect of the
operator Pisa change of sign in front of such a
vertex. The vertex for a field with uniform strength
has the form Ty -[r] and Pay:[r] = Tovlrl.

The summation over A; and A, implied in (20)
can be simplified by using the known properties
of the quasiclassical matrix elements: only the di-
agonal elements or the elements corresponding to

*[rp] = x p.
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an energy difference | €Ay —67\2' ~ €gA™Y3 are ap-
preciably different from zero. As we have noted,
the only exception are the matrix elements of the
angular momentum operator in a deformed nucleus
where states with close-lying energies are com-
bined. This case will be considered later.

We convince ourselves that the pairing, as a
rule, is significant only for the diagonal matrix
elements. First of all, we see from (23) that only
the diagonal elements in the terms of the form FF
and FG in (20) must be retained. Indeed, the non-
diagonal elements contain at least one large de-
nominator (~ €, A3 ). On the other hand, it is
easily seen that the nondiagonal elements in the
terms of the form GG can be replaced by their
values without pairing. As a result we obtain in-
stead of (20)

e agw 13 Nyr— Nyn
Tane =T+ 2 Thaanr T G 4 S T8
AN & — &+ © G
2
y {Aw 147 - Ao = }
P50 ANy
2 2
Ey 4E2, — ? Ey (4E2, — 0?)

G _ ~E
J MAy = 2 I A A
A"

2t ®? ~ A}‘,(J) 1+ P\)
X{[ln AT 4E,, (4E2, — @2]] T — E,, (4E%, — o?)
(24)
From (24) we obtain immediately the important
result: the Cooper pairing does not affect the ver-
tices without diagonal elements, i.e., the matrix
elements of the dipole and octupole transitions
can be computed without taking pairing into ac-
count, using (10’), since ) = 0 and hence J))
= 0 for such transitions and (24) goes over into
(10’). The same result is obtained for the spinor
vertex J[oy]. The quantity J[oy] drops out of
the second Eq. (24), as can be easily seen, and
hence J[o,] = 0. Since (1 + P)Jl ogl =0, (24)
goes over into (10’). If a given nucleus contains
close-lying combining levels, additional terms
will appear in (24).
As mentioned earlier, the vertices of the form
r X p in deformed nuclei contain nondiagonal ma-
trix elements with energies | ey’ —ex» | ~ ByAl/3
~ A. However, in the case of deformed nuclei the
expression (20) can be simplified without discard-
ing the nondiagonal matrix elements in the terms
of the form FF and GF, using the fact that several
levels fit into the width A and that values of €/
and €)~ close to the Fermi surface are important
in terms of this type. This allows us to carry out
the summation over one of the indices A’ or A”.
An analogous calculation has been carried out in
(6] (see also ["]). We quote the resulting equa-
tions:

ebj-)\')\’} .
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Tape =T ans

d w !’ " &
+ a? EEAZA,, (Mhs | T ML) (Lanner T anr 4 Manr T aar}s
G =a T3 (hhe |T°[MN)
W

< {102+ Mo Faoe -+ Ove T (25)

(1 —gt)—gw 3t

€, — &
3 2"

Lynr = ——2
€y — &30 +

® -+ €, — Eyn
& (%), Naw =

% — (&), — &)
2A

4A%
C O+ &y — &y O — &+ & a
Quar = ( ZA -+ 2A X P)g(x)

Mo =

The function g(x) depends on the argument
x =1, A1V (exr — er)? —w%and is equal to

2n*

Owing to the fact that g(x) falls off like x~2 as x
increases, the summation in (26) goes over states
close to the Fermi surface in a layer of a thick-
ness of order A. Vertices which do not contain
matrix elements with close-lying energies are not
affected by the pairing [as in (24)].

Owing to the centrifugal potential, the zeroth
harmonic plays the most important role in ré.
One easily obtains from the second Eq. (24)

) (Nawrd a4 OxneT wnr) () @ar (1) = 0. (28)
A
The error of this relation is _of order I‘1§/3I‘§ X
In (€y/A), where I‘o'g and I'} are the coefficients
of the zeroth and first harmonic in the expansion
of T'¢ in spherical harmonics. Equation (28) is
equivalent to (17) and (33) of (6] which connect the
change of A in the external field with the matrix
elements of this field.

Equations (24) [or, for deformed nuclei, also
(25)] can be used for the determination of the fre-
quencies and the intensities of collective transi-
tions in nuclei. A collective excitation corresponds
to a pole in the vertex J with the appropriate sym-
metry. The residues at these poles are simply
connected with the probability for the excitation
of the collective level.

It follows from this that the collective excita-
tions of, for example, dipole type have the same
frequency as in a system without pairing. In gen-
eral, the pairing has no effect on the frequencies
of the collective vibrations if the field associated
with the vibration has no large matrix elements
with energies of order A.

g (x) = x1 (1 4+ x») " arcsh x.

*sh = sinh
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7. GAUGE INVARIANCE

The requirement of gauge invariance leads to
a relation between the vertices for the vector and
scalar fields. If a field

A; = (Aa, @) = A; (q) €%
is applied to the nucleus, the Hamiltonian of the

system is changed to

H' = Z‘, ay ar (e p;) A (q)-

AN

Thus the ‘‘bare’’ vertex is
T 169 pi] = (€95 pYaan.

It follows from the graphic definition of the vertex
J that it is connected with the change of the Green’s
function in a weak external field by the relation

(60—1) W = jxy [equpi] Ai (Q)

The argument of the exact vertex Jy, contains
the operator of the corresponding ‘‘bare’’ vertex.
On the other hand, if the fictitious field

A; (9) = q: f (49,

is applied, the system suffers no physical changes
whatsoever, and the Green’s function is altered
only on account of the gauge transformation of the
quantum operators yP: Y’ = elfzp. It is easy to see
that

A; = 0flox;,

(0G ) e = T [€%* p;] q;

— g{(eik')n, Gy (8 + %) — G5, (B_ %) (€1 } !

(29)
If the quantity € is close to the Fermi energy
and wj < €, then Gii is diagonal and (2) gives
together with (29)

T e pl g; = @ (@ + &2 —ex)a.  (30)

We note that the transition amplitude in the ficti-
tious field Aj = qif vanishes for w = €)r —¢€) and
has no poles; this should be expected, since no
real processes are involved.

In the case k << k™! we expand the exponent and
obtain

— J e pal + 0F e lra]l = (1) wr (@ + &, — &x)/a. (31)

Keeping the next term in the expansion, one may

also get

— 5T pars + peral + 0T e [rargl
= (rarphor (@ 4 &2 — &x)/a. (32)

For w=¢e)’—¢€)

T pa] = (ex — &) Tanlral, (33)
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which allows one to compute the scalar vertex in-
stead of the corresponding vector vertex.

The requirement of gauge invariance as formu-
lated above is valid for the proton as well as neu-
tron Green’s functions. Therefore, the above-
given relations apply to the proton as well as neu-
tron vertices with arbitrary ratio of the neutron
and proton ‘‘charges’’ with regard to the field.

It follows from (30) that the scalar vertex has
for w > | ey —€p, | the form

(34)

78 / — ki -1
9077\17‘2 f ©>| Ehr T Bl = 7\‘1“7\2 [emx] - (el r))\‘)\"a .

Since the quantity ag“ enters in the transition
probabilities, this result can be interpreted as the
nonrenormalizability of the scalar vertices for
frequencies €; >» w > | €Ay~ €A, .

As to the case of pairing, it was shown in [%]
that the condition of gauge invariance takes the
form

.0G/dp; = (GG — FF) 94 q: + (GF — FG) J; q;, (35)

from where one easily obtains a relation analogous
to the one found in (2] for an infinite system:

(36)

This relation is very useful as a check of calcula-
tions.

j)\x'lpil q; = 2A>\>\'/a.

8. TRANSITION PROBABILITIES

The knowledge of the vertex parts permits a
quantitative computation of the rates of electromag-
netic and B transitions. The operator of the inter-
action of the nucleon with an external field has the
form

A=2) davAn, (37
AN

where A))’ is the unperturbed vertex. For a
scalar electromagnetic field Aj)’ = ( elkr )ans, for
a vector field Ay’ = (—ioelkr/pr )an and for the
B decay A ~ ™* +i7¥, where T are the isotopic
spin matrices.

The transition probability corresponding to the
interaction (37) is found by the usual formula

W = 21D\ (A)s |28 (Es — o), (38)
s

where w is the frequency of the external field. The
summation goes over all exact states of the nucleus
with energy Eg = w. For definiteness we consider
the rate of absorption of a nucleus in the ground
state.

Let us convince ourselves that this rate is pro-
portional to the imaginary part.of the Fourier
component of the polarization operator
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P=<TA )4 ). (39)
Here (...) denotes the expectation value in the
ground state of the nucleus; the operators A(t)
are given in terms of the interaction operator (37)
and the complete Hamiltonian of the system, H:

A (ty= eint Aetit, (40)
the symbbl T is the time ordering operator:

_ (<A@ A
<A (t) A )y

tz] tl/fg

exp [iE  (fh—
- EHA Jos |® {exp LEg(th—t)], >0,

Making a Fourier transformation in the variable
t; —ty, we obtain

Elesl (E _m_laJrE TL-}— 16\)

Using Im (Eg—w—i6)"! = 16(w - Eg) and compar-
ing (38) and (41), we find for the transition rate

(41)

W =2Im® (). 42)

The polarization operator is given graphically
by the set of all graphs with four external lines
whose ends are joined pairwise in one point:

= [y

From this graphic definition the connection of this
operator with the vertex is

P =g GGT .

43)

44)

If the vertex has a pole corresponding to collective
excitations, the polarization operator will have an
imaginary part proportional to the residue at this
pole. Formula (42) then gives the transition prob-
ability to the collective level.

For single-particle transitions the formula for
the transition rate can be written in a simpler form
directly in terms of the vertex. It can be shown
that (44) and Eq. (10) for the vertex lead to the fol-
lowing expression for the imaginary part of the
polarization operator in a system without pairing:

/
ny —n,

ImP=ImZJ e,

Moo e), — 8,

RO 45)

From this we obtain for the transition probability
with creation of a particle in state A, and a hole
in state Ay

W = 21| aT s, [Pro, (1 — 12,) 8 (0 — E5,). (46)

The quantity aJ plays the role of a transition am-
plitude for the quasiparticle. An analogous for-
mula can be derived for a system with pairing.
The amplitude for a single-particle transition
can also be found by a different method using the
fact that the matrix element for a single-particle

Ags = T, <slar 10> (slay,|0> =a T

5 &
Ags = a [T ap, 0, h, + T n,y -, U, Ungt I a0, U, —
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transition differs from the corresponding vertex
only by factors characterizing the admixture of
the particle in the quasiparticle state and given by
the matrix elements (s|aj|0) and (s|a)|0).
This matrix element is equal to the root of the co-
efficient of the pole term of the single-particle
Green’s function corresponding to the single-
quasiparticle state.

Indeed, we have for Gp)/(¢),

G (0) = 2 { (@) s (@) 4o

in analogy to (41),

a)\)os( )\) S0

e — [ —16} (47)

The state s corresponding to the quasiparticle A’
or the quasihole A gives rise to an isolated pole
of the Green’s function Gj)’(€). Comparing with
(2), we find

[<s] an |0 |2 = any,

e — Eg i +

[¢s1an|0y ]2 =a (1 —m).

Thus the transition amplitude becomes

s Vo, (U —my),

which leads to (46).

In the case of pairing the state with a single
quasiparticle can be found by acting on the ground
state with the operator ai as well as the operator

a_y:

oy = uayva.y. 48)

Let us first consider the case when the paired par-
ticle makes the transition. Then the residue at the
pole of G for the particle and the hole is given by
the two formulas (3):

[ <M @ 10)] 2 = a (Ex + ex)/2Ex = au?,

[{Maa]0y|* = a (Ex — &)/2Ex = av®.  (49)

This corresponds to Bogolyubov’s description in
terms of the quasiparticle creation operator a}'\
=uaj +va_). For the matrix element we obtain
y, )]
(50)
The transition energy is equal to Ex + Epy. In
odd nuclei transitions with energies less than 2A
are possible if they are effected by the odd par-
ticle originally in the state A,. To determine the
matrix elements of the operators a, a* one must
use the Green’s functions for an odd nucleus. 8]
The matrix element for such a transition is equal
to
Aos = a [T thr, s + T 5, -2y 0so On-- T 2on (Un, Un—0n, 1)
(51)
For a weak interaction, when J = 0 and J coin-
cides with the bare vertex, formula (51) has been
obtained by Grin’t*] and Urin. [10]
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