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It is shown that the process of smearing out of an inhomogeneity in a plasma, called ambipolar 
diffusion, is of a complex nature in a magnetic field and cannot be described by the normal 
diffusion equation. The velocity of the inhomogeneity across the magnetic field depends signi
ficantly on the initial size of the inhomogeneity and may be many times larger than the trans
verse electron diffusion velocity. 

DuRING the smearing out of inhomogeneities in a 
plasma, a difference in electron and ion concentra
tion arises as a result of the different velocities of 
these particles. The changes in concentration, 
however, produce an electric field which inhibits 
further separation of the electrons and ions. As a 
result, the inhomogeneity is "smoothed out" in 
such a manner that the electron and ion concentra
tions are always approximately equal to each other. 
This process is also called ambipolar diffusion. 
Schottky [iJ showed that in the absence of a mag
netic field ambipolar diffusion resembles the nor
mal diffusion process and proceeds at the rate of 
the normal ion diffusion velocity multiplied by a 
factor 1 + Te/Ti, owing to the effect of the elec
trons. 

In the presence of a magnetic field the diffusion 
becomes anisotropic. The electrons, as before, 
diffuse more rapidly along the magnetic field lines, 
so that ambipolar diffusion in this direction has the 
velocity of the slower particles, the ions. Across 
the magnetic field, on the other hand, the ions dif
fuse more rapidly; ambipolar diffusion in a strictly 
transverse direction also takes place at the speed 
of the slowest particles, the electrons 1 > multiplied 
by 1 + T /T e on account of the effects of the ions [2] 

How then is an inhomogeneity of arbitrary form 
smeared out? It would seem that knowing the dif
fusion velocity in the transverse and longitudinal 
directions, one could readily derive the rules 
governing the smearing out of any inhomogeneity. 
However this kind of naive discussion, presented 

!)Simon['] has shown that in the presence of metallic elec
trodes, increased diffusion of a plasma in the transverse direc
tion is possible. In the present work we consider only an un
bounded plasma. 

in some works (see [3] ), is shown below to be in
valid and leads to serious misrepresentations of 
the nature of the effect. An analysis of this very 
question is discussed in the present work. 

We consider an inhomogeneity in a weakly 
ionized plasma (i.e., when an important role is 
played by collisions of electrons and ions with 
neutral molecules) situated in a uniform magnetic 
field. We assume that the inhomogeneity does not 
vary appreciably over the length of a mean free 
path and does not change significantly during the 
mean free time of the charged particles, so that 
it is possible to use the macroscopic equations for 
describing the particle motion in the plasma 2>. 
These equations, after linearization, take the fol
lowing form: 

a6nelat + n0Vv, = 0, (1a)* 

a6n,!at + n0 Vv; = 0, (1b) 

mv.mn0v, = - en0E- (enofc) [v,H0 ] - xT,V6n,, (1c) 

Mv,mn0v; = en0 E + (enofc) [v;H 0]- xT;V6n;. (ld) 

Here one (or oni) is the excess concentration of 
electrons (or ions) in the inhomogeneities, n0 = neo 
= nio is the mean electron and ion concentration 
(on ~ n0 ), e is the charge on the electron, m and 
M are the electron and ion masses respectively, 
K is Boltzmann's constant, Te and Ti are the 
electron and ion temperatures respectively, E is 
the electric field strength, and ~'em and ~'im are 

2lOn the basis of this condition inertial cav/ at) and viscous 
(r/V'v) terms can be omitted from the macroscopic equation of 
motion for the electrons and ions, since they are small in com
parison to the term representing direct retardation produced by 
molecules. 

*[ VeH0 ) = Ve X H 0 • 
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the collision frequencies of the electrons and ions 
with neutral molecules (see, for example, C4J). 
Equations (1c) and (1d) apply to a system of coordi
nates in which the magnetic field H0 is constant; 
the gas of neutral molecules is assumed to be at 
rest relative to the magnetic field 3>. 

The system (1) has to be completed by including 
the field equations. If the following condition is 
also satisfied, 

(vwJcv)2 ~ 1, (2) 

where v is the thermal velocity, v the collision 
frequency and w0 the Langmuir (plasma) frequency, 
then the effect of the solenoidal electric field on 
the motion of the charged particles can be neglected. 
In this case only the longitudinal electric field is 
of importance, and, 

l11j! = 4ne (on; -on.). (3) 

Condition (2) is generally valid in a weakly ionized 
plasma; this is the case which will be considered 
below 4>. 

It is natural to seek the solution of the system 
of linear equations (1) and (3) by expanding the un
known functions in Fourier integrals with respect 
to the co-ordinates, 

onk = ~on (r)e-ikr d3r 

etc. The equations for the Fourier components of 
the potential <Pk and the velocities Vke and Vki 
are algebraic. Therefore the functions <Pk• vke 
and Vki are expressible simply in terms of onke 
and onki. Substituting the expressions for Vke 
and Vki into the equations for onke and onki> we 
obtain 

OOnke/Of + U!fe (D,k20nke + 4Jtae (Onke- Onk;)) = 0, 

aonkJat + aHi [D;k2onki + 4Jtcr; (onki- onke)l = 0. 
(4) 

In order to simplify the form of the equations, the 
following symbols have been introduced 

1 + (wHfveml' cos2 13 
ctHe = 1 + (wHfveml" 

3lWe consider here isothermal diffusion. It is therefore per
missible to ignore the motion of the neutral molecules in this 
case only when the inhomogeneities are not too large: i.e., 
L 2 « [2 (nm/n0), where L is the dimension of the inhomogene
ity, l is the mean free path of the particles and nm is the 
number density of the molecules. 

4lWe note that in a strongly ionized plasma, where the 
major role is played by collisions between the charged par
ticles themselves, condition (2) is generally not satisfied and 
in this case one cannot neglect the influence of the solenoidal 
electric fields. 

Furthermore De= KT/mvem• ae = e2n0/mvem 
and WH = eH0/mc are respectively the coefficients 
of longitudinal diffusion, the conductivity, and Lar
mor frequency for electrons, while Di, ai and 
Q H are the corresponding quantities for the ions; 
f3 is the angle between k and H0• 

The solution of the linear equations (4) can 
clearly be written in the form, 

onke(t) = on~1]e-q,t + on~]e-q,t, 

(5) 

where q1 and ~ are the roots of the characteris
tic equation. If the typical dimensions of the per
turbed region are large compared with the Debye 
radius, RD, 

(6) 

then the expressions for q1 and ~ have the simple 
form: 

q1 = 4na,aHe + 4na;aHi, 

q2 = k2 (cr.D; + crpel rxHeaHi = k2 X (Te + T;) . (7) 
crerxHe + cr,aHi Mv,mfrxHi + mvemfrxHe 

For on< 1l on<2> on< 1.> and on<2.> we obtain in ke' ke' k1' k1' 
this case 

Onk2] = Onk~ = [aeCXHeOnki (0) + a;aHionke (0) ]/(aeaffe + Ci;CXHi)· 
(Sb) 

Here i5nke( 0) and 6nki ( 0) are the Fourier com
ponents of the initial perturbed density of the elec
trons and ions. 

From (5), and (8) it is evident that the root q1 

corresponds to the dispersal of the initial charge 
in the plasma. The root q2 corresponds to the 
smearing out of the inhomogeneity in such a man
ner that the concentrations of ions and electrons 
remain identical; this process can be called 
''am bipolar diffusion.'' As is known, the dispersal 
of excess charges procedes at a much higher rate 
than diffusion: qtfq2 ~ 1/ ( kRD )2 • Therefore for 
arbitrary initial electron and ion concentrations, 
there is established after a time T ~ l/q1 an in
homogeneity in which the concentrations one and 
oni are identical (8b), following which the ambi
polar diffusion commences. Here 

on(r, t) = (2n)-3 \ onk (0) exp {ikr- D (~) k2t} d3k, 

" 
D (~) =X iT,+ T,){MVtm [I + (QH/V;m)2[/[ 1 + (QH/V;m)2 cos2 ~] 

+ mvem [ 1 + (wH/Vem)2]/[ I + (mH/Vem)2 cos2 ~]}-1, (9) 
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where {3 is the angle between the wave vector k 
and the magnetic field, and onk( 0) is the Fourier 
component of the inhomogeneity in the ion or elec
tron density after the conditions described by (8b) 
have been established. 

We note that if the smearing out of the inhomog
eneity could be described by the usual diffusion 
equation, then the coefficient D ({3) would be rep
resented by 

D (~) = D 11 cos2 ~ +D 1. sin2 ~. (10) 

where D11 and D1 are the coefficients of longitudi
nal and transverse diffusion. In our case the co
efficient D ({3) cannot as a rule, be represented by 
such an expression, so that the smearing out pro
cess in a plasma, i.e., ambipolar diffusion, does 
not have the same characteristics as ordinary dif
fusion and is of a more complex nature; it also de
pends appreciably on the initial structure of the 
inhomogeneity. 

In particular, if the inhomogeneity does not ex
tend for any great length along the magnetic field, 
or more accurately, if 

R~1 ~R}_ (Mv,.m/mVem) [I+ (QH/Vim)2], (11) 

where R 11 and R1 are the typical dimensions of 
the inhomogeneity in directions parallel and per
pendicular to the magnetic field, then the second 
term in the denominator in the expression for 
D ({3 ) is small. In this case normal diffusion takes 
place [ Eq. (10)] with, 

It is readily seen that condition (11) holds dur
ing the whole development process of the inhomoge
neity. Therefore if the initial inhomogeneity is 
such that the condition (11) is fulfilled, then ambi
polar diffusion in both the longitudinal and trans
verse directions proceeds at the diffusion rate of 
the ions. The effect of the electrons is only to 
introduce an additional factor of ( 1 + T e/Ti). 

If on the other hand the initial inhomogeneity 
extends over appreciable distances along the mag
netic field, so that the reverse of condition (11) is 
satisfied, then diffusion proceeds in directions per
pendicular to a strong magnetic field at a consid
erably reduced rate, that of the diffusion of the 
electrons: 

D J. =X (T,. + Te)/(Mvim + mffi~/Vem)-

The diffusion proceeds along the magnetic field, as 
before, at the diffusion rate of the ions. We note 

also that anisotropy in diffusion for very extensive 
inhomogeneities begins at weaker magnetic fields 
[when H0 > ( MmvimJJemc2 )1/2/e], than for the re
verse case (11) (when H0> Mvimc/e). 

Thus, the smearing out of inhomogeneities in 
directions at right angles to the magnetic field in 
a plasma depends greatly on the form of the in
homogeneity and generally speaking, proceeds much 
faster than the transverse diffusion velocity of 
electrons. The balancing of the electron and ion 
concentrations in the region of the inhomogeneity 
in this case is achieved by the formation of current 
loops which are produced as a result of the con
vective motion of electrons along the lines of force 
of the magnetic field. If the inhomogeneity extends 
over large distances along the field, then the bal
ancing process is complicated, and the diffusion of 
electrons transverse to the magnetic field begins 
to play a dominant role. 

Since the smearing out process in a magnetic 
field is accompanied by the production of electric 
currents, magnetic perturbations are in turn pro
duced by such currents. The Fourier components 
for the perturbed magnetic field have the form 

4ne6nk (:JeDi + crpe) 
6Hk = - c (crer:J.He + crp.Hi) [1 + (wHjvemPl [1 + (QH;v,.m)2] 

X { ( ~) 2 
COS ~ [~ ~ J 

\ vern k Ho 

In the case of longitudinal diffusion ( k II H0 ) there 
are no perturbations in the magnetic field, as is to 
be expected. 

The solution for ambipolar diffusion given above 
is only valid in a first approximation up to ( kRn)2 • 

In the next approximation the electron and ion con
centrations no longer remain equal and the inhomog
eneity is polarized to an extent represented by, 

xl\nk TeMv,.mrxHe- T,.mvemr:J.Hi 

cpk = ~ Mvim'Y.He + mvemr:J.Hi 

From this result it is evident that the potential of 
the electric field in the inhomogeneity reverses 
sign, depending on the shape of the inhomogeneity. 

We also note that the system (1) and (3) can be 
reduced (if we restrict ourselves to inhomogeneities 
for which one ~ oni = on) to a single equation, 
provided condition (6) is valid: 

(Cief1He + G£!1Hi) a~tn = (CieDi + Ci;De) 11Hef1Hi6n. (13) 

Here 
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and L\Hi is an analogous operator except that 
WH/Vem in it is replaced by QH/Vim· Equation 
(13) is also the equation of ambipolar diffusion in 
a weakly ionized plasma in a magnetic field. It 
goes without saying that the solution of (13) is identi
cal to (9). In the absence of a magnetic field, Eq. 
(13) leads to the normal diffusion equation with a 
diffusion coefficient D = ( O" eDi + O" iDe)/ ( O" e + O" i), 
which agrees with Shottky's results [tJ. 

In conclusion the author expresses his thanks to 
V. L. Ginzburg and V. P. Silin for valuable discus
sions. 
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