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The penetration of an alternating field into a metal is considered. It is shown that, under 
anomalous -skin-effect conditions in a slightly inclined magnetic field, sharp field and current 
spikes arise in the interior of the metal at ~ = nD0 ( n is an integer and D0 is the orbit dia
meter). The amplitude of the spikes decreases very slowly over distances of the order 
DVo~ff (Oeff is the effective skin-layer depth). A pronounced periodic variation of the effec
tive decay length of the spikes at cyclotron resonance in a slightly inclined field is predicted. 
With relation to Gantmakher's experiments, anomalies in the field penetration when H is paral
lel to the surface are considered. It is shown that in the general case the spikes decay rapidly, 
but that particular dispersion laws can lead to very slow decay. Various effects caused by the 
presence of field spikes in a metal are considered. 

1. FIELD AND CURRENT SPIKES IN THE IN
TERIOR OF A METAL 

AN electromagnetic wave is usually attenuated 
very rapidly in metals. The effective penetration 
depth o = c/( 2rrwa)112 is very small-of order 10-4 

to lo-5 em-in good metals in the radio-frequency 
range. However, at low temperatures in an exter
nal magnetic field when the conditions for the 
anomalous skin-effect are satisfied o ~ D, l ( D 
is the typical diameter of an electronic orbit in 
the magnetic field, and l is the mean free path), 
the way the field penetrates into the metal can dif
fer greatly from the usual concepts of the normal 
skin effect. Azbel' has shown [ 1] that under cy
clotron resonance conditions at very high fre
quencies in an accurately parallel magnetic field, 
sharp spikes of field and current should exist at 
depths significantly greater than the skin-layer 
depth. The amplitudes of the first spikes are, in 
order of magnitude, the same as that close to the 
metal surface, and the amplitude decreases ex
tremely slowly with distance. The physical cause 
for the appearance of these spikes of current and 
field is related to the resonance condition and to 
the marked departure of the dispersion law for the 
electrons from the quadratic E: ( p) = p2 /2m. 

The cyclotron frequency Q for conduction elec
trons in metals depends essentially on Pz -the pro
jection of the quasi-momentum on the direction of 
H. Therefore, not all electrons participate in cy
clotron resonance, but only those whose cyclotron 
frequency Q is close to Q ext( pz) the extremal 

value with respect to Pz -in particular those elec
trons close the central section Pz = 0 of the Fermi 
surface E: ( p) = E:F [2]. Owing to the averaging 
over pz, the relative fraction of "resonant" elec
trons is of order ( Q to r 112 (to is the time between 
collisions, (Qt0 )-1 is the relative width of the res
onance for electrons with the given Pz ). On the 
other hand the diameter of the electronic orbit, D, 
[which, for example, for a quadratic isotropic dis
persion law is D ( Pz) = ( 2c/ eH )( p~ - p~ )1/ 2 ] also 
changes when Pz changes. Close to the central 
section the value of D ( Pz ) is also extremal. For 
''resonant'' electrons the indeterminacy of the 
diameter is L\D ~ D0 (L\pz/PF )2 ~ D0/Qt0• If the 
uncertainty L\D is small in comparison with the 
effective skin-layer depth o, all the resonant elec
trons reinforce in phase at the depth ~ = Do (see 
Fig. 1 ), and in the interval L\~ ~ o provide a cur
rent spike, which in order of magnitude is the same 
as the current close to the surface. The "skin
layer" at ~ = D0 is the source for the production 
of the subsequent spike at ~ = 2D0 and so on. Be
cause the remaining electrons do not participate 
in the resonance, their contribution to the current 
is small, and they can, in general, be neglected. 
Therefore, the distance over which the spikes de-

FIG. 1 
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cay is very large-much greater than D0• Analysis 
[1] shows that decay occurs in distances of the 
order dolo~ D0• 

Thus, for the existence of slowly decaying field 
spikes two conditions must be satisfied: first, we 
require cyclotron resonance ( w = nrlext), and 
second, we require resonance to be sufficiently 
"sharp" so that the indeterminacy of the diameter 
t.D for the resonant electrons is small in com
parison with 6. The latter condition is very string
ent, and necessitates the use of very high fre
quencies and magnetic fields ( Qt0 >> D0/6). If the 
inequality Qt0 ~ D0/6 is not satisfied, the spikes 
decay rapidly. [ 1] 

It is shown in the present paper that similar 
very slowly decaying field and current spikes should 
exist in metals under conditions much less string
ent and more favorable from the point of view of 
experimental observation. 

In fact, for field spikes to exist at large dis
tances from the surface, we require some mecha
nism of selecting electrons according to diameter: 
electrons with a definite value of D (pz) must play 
a dominant role in creating the high frequency cur
rent. In a parallel field, cyclotron resonance pro
vides such a mechanism in metals with an essenti
ally non-quadratic dispersion law (Q depends on Pz) 
at high frequencies ( w = nrl = D0/t0o ) . However, 
if the field H is slightly inclined to the surface, 
the natural drift of the electrons along the field, 
and, consequently, into the depth of the metal, will 
cause the electrons with small drift velocity Vz 
(close to the central section Pz = 0 ) to experience 
high frequency field conditions completely different 
from all the remaining electrons. Electrons with 
Vz ~ vF are in the skin-layeratbestonce, and their 
contribution to the conductivity will be small com
pared with the electrons of the central section 
which return repeatedly to the metal surface. 

In fact, for electrons with Vz ~ vF the effective 
mean free path in a significant field is of order o, 
and the contribution to the conductivity is of order 
a(o/l) (a is the static conductivity). The rela
tive number of electrons close to the central sec
tion, which in the course of time t0 return to the 
skin-layer, is small (of order o/l cp, where cp is 
the angle of inclination of H to the surface). How
ever, their contribution to the conductivity is pro
portional to the number of rotations N ~ Q t 0, and 
is of order a ( 6/Z )(6/Dcp). In the range of angles 
6/Z ~ cp ~ 6/D the conductivity will be determined, 
therefore, only by a small group of electrons close 
to the central section with I t.pz/PF I .$ 6/ l cp. The 
field spikes arising with the aid of the orbit chains 
shown in Fig. 2 will decay slowly if the indeter-

FIG. 2 

minacy of the diameters t.D ~ D0 (t.pz/PF )2 

~Do (o/Z cp)2 is small compared with 6. This 
leads to the following condition for the angle cp: 

cp2 ~6Dofl2 , (1.1) 

which, together with the inequality cp << 6/D, de
fines the range of magnetic fields in which this ef
fect should be obsel'ved: 

D~ ~ 6[2 or (Qt0) 2 ~ D0/6. (1.2) 

It is clear that inequality (1.2) is considerably 
laxer than the requirement, Qt0 >> D/6, for the 
existence of spikes in a parallel field at cyclotron 
resonance. [ 1] Apart from this, cyclotron reso
nance w = nQ is not required: the effect should be 
observed even at low frequencies-of the order of 
several megacycles. The anomalous-skin-effect 
condition 6 ~ D is sufficient. This circumstance 
is all the more favorable in that resonance effects 
(periodic in the inverse field) will not mask the 
experimental observation of spikes. 

The presence of field spikes, in conformity 
with Azbel' 's results [ 1], leads to a whole series 
of new effects: impedance jumps, periodic in the 
magnetic field, should be observed for a massive 
plate, the thickness of which is large compared 
with not only D but also with l; the selective trans
parency of films; a spatial "echo" similar to a 
spin echo, etc. A similar anomalous penetration 
of field into a metal occurs in cases when any 
mechanism selects electrons according to their 
velocities. It is also of interest to study the fea
tures of the surface impedance and the field struc
ture in a metal when there is no such mechanism, 
for example, in the case of a parallel magnetic 
field at low (non-resonant) frequencies. It ap
pears that spikes then also occur in the interior of 
the metal, the amplitude of which will, however, 
decay comparatively rapidly (in distances of the 
order D0 ). Despite such a rapid decay of the 
spikes, Gantmakher [ 3J has observed impedance 
jumps in a tin plate in a parallel field. The jumps 
were periodic as a function of H, and were defined 
by the condition Dext = d/n ( Hn = nH1). 

The existence of a dimensional effect for n = 1 
( Dext = d) was first pointed out by the author. [ 4] 

The physical cause for the appearance of imped-
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ance anomalies in films with Dext = d is related 
to the fact that when Dext > d some of the elec
trons collide with both surfaces of the plate at each 
rotation and "are out of the game," and their con
tribution to the current is small compared with that 
from electrons which do not collide with the sur
face. This phenomenon was first experimentally 
observed by Kha'lkin [ 5] and Gantmakher [B]. Based 
on it, a method was proposed for determining very 
accurately the extremal diameters of the Fermi 
surface by "cutting off the resonant and non-reso
nant orbits." [ 5] 

The impedance singularities at n = 2, 3, 4, ... 
etc., are associated with the rapidly decaying field 
spikes. They arise because of the incomplete in
terference of the currents at ~ = Dext• 2Dext• etc. 
In fact, through points at a depth ~ smaller than, 
for example, the maximum diameter Dmax• elec
trons pass with diameters both less and greater 
than ~. Owing to the averaging over pz, the cur
rent is exponentially small. For ~ > Dmax the 
averaging is one-sided, D (pz) :::: Dmax• the in
terference is incomplete, the current grows and is 
of order ( o/D )1/2 times the value of the current 
close to the surface. Further, this spike "propa
gates" with corresponding attenuation by means of 
the orbit chains into the depth of the metal (Fig. 1). 

It is clear that in the half-space the rapidly de
caying spikes cause an insignificantly small cor
rection to the impedance [ ~ ( o/D )1/ 2 ]. When a 
second surface of the plate is present the appear
ance ( or exclusion) of successive spikes in the 
orbit chain causes a jump in the field at the sur
face, and, consequently, impedance anomalies. 

2. THE FIELD DISTRIBUTION IN A SEMI-INFINITE 
METAL AT LOW FREQUENCIES 

The high-frequency field in a metal is deter
mined by Maxwell's equations: 

~-L=s,y. (2.1) 

The coordinate system (Fig. 3) is chosen so 
that H is parallel to Oz, the Ox axis lies in the 
plane through H and the internal normal to the 
metal surface 0~, and the direction of the 01; axis 
is that of the projection of H on the plane .; = 0. 
We shall consider only the field component Ey, 
because the dominant role is played by the elec
trons of the central section Pz = 0, which provide 
a current in this direction. The current density 
jy (.; ) is 

jy ('£) = ;: ~ vy{d3p = ~= ~ fmv11 dedr:dpz; 

f is the non-equilibrium addition to the distribu-

c 
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tion function, E (p) is the energy, p is the quasi
momentum, m = (27!' r1 88 ( E, Pz )/8E is the effec
tive mass, e is the electronic charge, and T is the 
dimensionless time describing the motion along 
the orbit in the magnetic field. 

The function f should be found from the kinetic 
equation under the condition of diffuse reflection 
of the electrons from the metal surface: [ 2] 

iwf + v;at!aG + Qof/ar: + ,., = - eE ('£) uCJfo!CJe, 

f(£= 0, v~>O) = 0. 

Here fo (E) is the equilibrium Fermi function, and 
- af0/8E = o ( E - EF ). The collision integral in 
the anomalous skin effect can lead to a relaxation 
time. [2] 

If we continue jy (.; ) and Ey ( ~ ) in an even way 
into the region ~ < 0, it can be shown that, to 
within an unimportant factor of order unity, the 
boundary condition for the distribution function can 
be ignored (see alsoC 2 ,1J). Then equation (2.1) is 
rapidly solved with the aid of a Fourier cosine
transformation. [ 2] After straightforward manipu
lation we obtain the following system of equations: 

- k2t£'11 (k) - 2£;, (0) ~~ 4cr iuJC- 2G11y (k) ([1; (k), 

2e~ (' m\ 
Gyy (k) ·~~· ~ \ dp2 \1- .\ dTVy (T) 

< (p)~<F o 

-\; . (-· -) ( k r d , ~~ x ·' dT'v11 (r:)eY .-.cos n~v·t 1 , 
-00 

00 co 

i£11 (k) = 2 ~ E (£) cos k£ d~, E (£) = ~ \ 6 (k) cosh'; elk, 
Jl •' 

0 0 (2.2) 

where y = (iw + v)/U. 
The vector k is directed along the normal to 

the surface .; = 0 (kx = k sin cp R: kcp, kz = k coscp 
R: k). Purely for simplicity all calculations are 
first performed for an isotropic quadratic disper
sion law E ( p) = p2 /2m, where the effective mass 
m does not depend on Pz· In the non-resonant 
region the dispersion law does not generally play 
an essential part, and when the cyclotron resonance 
region is considered we shall point out what changes 
arise by taking into account a non-quadratic dis
persion law. Introducing polar coordinates in 
velocity space [ v = ( VF sin e cos T, VF sin fJ sin T, 

VF cos fJ)], we obtain 
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1t 2:": 
3nne2 \ de sin3 e 1 1 . 

a (k) = --;nQ .\ 1-exp [- 2:-lr- 2nlkh.[f-tcosBJ (2n)2 .\ dT Slt1't 
0 0 

~ [ ikxvF sin 6 
x .\ dT' sin T' exp Q (sin T- sin T') 

"t'-21t 

+ y(T' -T)J. (2.3) 

In the argument of the exponential in the integrals 
with respect to r and r' we have neglected the 
small terms kzVF~r1 cos e ( T, - T ). In the low 
frequency range, when y ~ 1, and also close to 
resonance, the factor exp [ y ( r' - r)] which is 
non-periodic in r can be replaced by unity. If we 
use the expansion 

00 

(1- exp (- 2rty -2rtix)]-1 = ~ (2n [y + i (x-!l)l)-1, 
p.=-00 (2.4) 

then a( k) assumes the form 1> 

where J/-t (x) is a Bessel function, and r 
= mVFC/eH. 

For an arbitrary dispersion law (2.5) is replaced 
by 

4ne2 00 ~ mdpz 2 a(k)=-3 ~ . Jlp.+I(kxr)J,(2.6) 
h p.=-oo v + 1 (w- f-IQ + k,vz) 

where the bar signifies averaging with respect to 
27T 

r [2rrijJ = J d rl/J ( r )], and 
0 

1 2
{ [ ikxPy ('r, Pz) . J 

Jp.+l =Zit.\ dTvy(T)exp - eH +lilT, 
0 

because 

(2.7) 

The field distribution in the metal has the form 
00 

2 ' \ cos k£ dk 
E (£) = - n E (O) .\ kz + 4nicoc 2cr (k) • (2.8) 

0 

We consider the limiting case when w ;S v 
~ kzVF ~ !J. (low frequencies, strong field) and 
when the principal term in the sum (2.5) is that 
with 1-t = 0. The remaining terms in the sum are 
small in the ratio ( kzvF/!J. )2 • We have 

1lln order to include correctly the boundary condition of 
diffuse reflection, it is sufficient to introduce the factor lh in 
(2.5). Then we obtain a correct expression for the impedance 
to within an accuracy of several percentJ2] 

" 
Cl (k) = 2? 3e2 I dO sin3 8Ji (kxr sin 8) 2 + (k v e)2 • m .\ v ,vF cos 

0 

(2.9) 

Two rapidly changing functions lie in the integral 
in (2.9): 

Ji;::::::; (rtkxrsin 8)-1 [ 1 --sin (2kxrsin 8) l, 

The form of the asymptotic representation of a (k) 
depends on the relative rate with which they change. 
Both functions have sharp maxima at e = rr/2 
( v~ = 0). The rate of change of sin ( kxDo sin e) is 
determined by the interval ~ e ~ ( kxDo r112 and 
the denominator changes significantly in the inter
val ~ e ~ I kz l J-1• The case when the denominator 
is the "sharpest" function is of most interest 
(slowly decaying spikes then arise), i.e., 

(2.10) 

Then v/[ v2 + ( kz VF cos e )2 ] can be replaced 
by rro ( kz VF cos e ) ' and we have 

3n ne2 2 3ne2 (1 - sin J kxDo J) 
a(k)=TmJk,vF/Jdkxr0)= PFk2Dor:p · (2.11) 

For an arbitrary dispersion law (2.11) assumes the 
form 

a (k)= !3~~~ (1- sin I kxDo I)~ d3po (e- eF) o ( v~ ) o (vz) v~. 
(2.1la) 

It is clear from (2.11a) that the contribution to the 
conductivity is determined only by the electrons 
close to the central section, when they move paral
lel to the surface vx = Vz = 0. This confirms the 
assumption originally made that the electrons of 
the central section play the principal role. In the 
opposite limiting case kz l ~ ( kxDo )112 

a (k) = PF!:::Do [I + ( :::~0 ) •;,cos ( kxD0 + :) ]. (2.12) 

The amplitude of the oscillating component in a (k) 
is in this case small compared with unity. 

We now show that an asymptotic representation 
of type (2.11), which oscillates with respect to k, 
leads to very slowly attenuating field spikes in 
the bulk of the metal, whilst for small "modula
tion depth" (2.12) the spikes decay rapidly (as a 
power of the "modulation parameter"). Substi
tuting (2.11) into (2.8) we obtain, after the change 
of variables kD0 = kxDo = x, 
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00 

I (t) = ~ __ x_co_s_x_td-,.x __ 
2D3 

M•--o 
x'l + 1/ziM4nJi (x/2) ' - 8~<p ' 

0 

{)eff ,__ (b~D0r.p)'1•, 

{) - (__i!__!__)'/• 
0 - 6nro:> ' 

(2.13) 

where 60 is of the order of the effective penetra
tion depth of the field in the anomalous skin effect 
with H = 0. 

For It- n I~ M-1 (i.e., I~ - nDo I~ Oeff• 
n is an integer) the function Ji (x/2) can be re
placed by the asymptotic form 2 ( 1 - sin x )/7rx 
and 

00 

I t = (' x2 cos xt dx 
() ~ x4+iM4 (1-sinx) • 

0 

We transform I ( t ) in the following way: 

00 2~(1'-+1) 00 2~ 

I(t) = "V \ dx = "'' \ d (2nf1 + x)2 cos (2nf1/ + xt) 
LJ J · ·· LJ J X (2nf1 + x)4 + iM4 (1- sin x) • 

!'-=0 2nl'- !'-=0 0 

Because M I t - n I ~ 1 we can replace t in the 
argument of the cosine by n. In the sum over ,.,., 
large values of IJ. (of order M) are important, 
and the sum can, therefore, be replaced by an in
tegral. As a result, 

co 2rt 

1 \ 2 \ dx cos xn 
I(n) =2nMJ d£·£ J ;•+i(1-sinx) 

0 0 

n'f, --· nn r (n + 1/.) 
= 2'-'•M e "';8 (- J)n COS 2 r (n + "/•). (2.14) 

It follows from (2 .14) that I ( n) = 0 for all odd n, 
and is non-zero for even n. For large n the 
asymptotic representation of I ( n) has the form 

· ~ ~ -~i/8 _ n ~ _ ~ cos (nn/2) 
I (n) 2,1•Mn'f, e ( I) cos 2 - I (0) f2 ('/•) V n • 

(2.15) 

Thus, for large n the height of the spikes falls 
as n-112 , where the signs of neighboring maxima 
alternate. The quantity I ( 0 ), which is related to 
the surface impedance, is 

(2.16) 

The quantity I ( 0) is a factor of r 2 (% )/23/ 4 1!"3/ 2 

~ 1.4 greater than the value of I ( 0) obtained when 
the oscillating component in the asymptotic rep
resentation of conductivity is neglected. 

In order to obtain the field between the spikes 
(It - n I:::?> M-1 ), we express (2.13) as 

1 f x• (eilx + e -itx) 
I (f)= 2 .~ x4 + iM4 (1- sin x) dx. (2 .17) 

0 

In the integral containing exp ( itx) the contour of 
integration is turned to Imx > 0, and in the second 

integral to Imx < 0. Then we obtain the corre
sponding sum of the residues and the integral along 
the imaginary axis. It is not difficult to show that 
the latter is at most a factor of M 3 smaller than 
the sum of the residues, which is 

1 oo [ x2t• 
I (t) = iM• ~cos Xnt·exp - (1- i) ~2 J, 

n=l 

Xn = ( 2n + ~ ) ll. (2.18) 

For I t - m I ~ 1 only n ~ 1 is important in the 
s urn, the integral I ( t) oscillates in distances of 
the order unity, and decays extremely slowly over 
distances of the order t ~ M2 • The effective de
cay length is 

(2.19) 

It is obvious from (2.18) and (2.14) that the field 
at the maxima of a spike exceeds the field between 
spikes by a factor of M ~ D0/6eff· The general 
picture of the field distribution in the metal is 
shown in Fig. 4. For odd n there are two sharp 
maxima of opposite sign, and for even n there are 
single peaks. The signs of two neighboring even 
spikes are opposite. Such a picture of the field 
distribution applies for cp >> ( 6D0 )1/2 / l. 

We now turn to consider the other limiting case 
when cp ~ (6D0 )1/2/l (where cp :::?> 6/l) and the 
amplitude for the oscillating component in the con
ductivity a ( k) is small: 

2a = (2k~NJtkDo)''' = (2Min)'1'lr.p/D0 < 1. (2.20) 

The field in the metal will also display jumps; 
however, their amplitude decays rapidly with in
creasing number. In fact, expanding I ( t) in power 
series in a, we obtain 

00 

\ x2 cos xt 
I (t) = .) dx x4 + iM 4 [1 + 2a cos (x + n/4)] 

0 

(2 .21) 

The field distribution close to t = n has the form 
00 

!J!]_ = _4_ eln/8 ( _ ia)n \ dx·x2 cos [M (t- n) X- nn/4] . (2 _22 ) 
I (0) f2n J (x4 + i)n+l 

0 

For I t - n I << 111 

!(t}/1(0} 

0 

FIG. 4 
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The amplitude of the spikes for large n decreases 
as an/n314 • The field distribution in this case is 
shown schematically in Fig. 5. 

~Ifr J/1 (OJ 

r v H t g ;-..,;. 

FIG. 5 

3. SPIKES OF THE HIGH FREQUENCY FIELD AT 
CYCLOTRON RESONANCE IN AN INCLINED 
MAGNETIC FIELD 

We now turn to considering the resonance region 
close to w = J1. U. In formulae (2 .5) and (2 .6) we 
can retain, with accuracy up to non-resonant com
ponents of order I kzr I << 1, only a single reso
nant term. In the simplest case of a quadratic dis
persion law (U does not depend on Pz) the field 
distribution picture in the metal will be exactly 
the same as at low frequencies ( w ~ v). For cp 
>> ( 6 /Do) 112 the effective attenuation length of the 
spikes is large. As the resonance is "detuned" 
the repeated return of the electrons to the skin 
layer becomes less effective, and the field spikes 
start to weaken. The following condition is the 
criterion: 

I w - !lQ I;;;;; k2vpl(kD0/ 1' ~ q;vpl(oD 0)'1'. 

In terms of the magnetic field this corresponds to 
the "resonance width" D.H/H ~ (cp/p. )(D0/6 )112 

~ 1. On further departure from resonance condi
tions, the amplitude of the spikes falls rapidly, 
and when I w - J1. U I ~ w the relative diminution of 
successive spikes is determined by the small 
parameter (6/D0)112, i.e., roughly speaking, the 
spikes decay in a length D0• 

Thus, under cyclotron resonance conditions in 
a slightly inclined magnetic field, a curious phe
nomenon should be observed-the resonance change 
of the effective attenuation decay length of spikes 
from the value D~/62 close to resonance to the 
value D0 far from it. It is clear from the physical 
picture of the phenomenon that the departure of 
the dispersion law from quadratic, which causes 
an additional spreading of the resonance due to the 
variability of U ( Pz) , plays no special role. The 
corresponding condition allowing us to ignore the 
variation of Q on Pz is 

Since I D.pz I ~ PFI ( kz l ), it follows that nt0 

~ (kzl )2 or D0Z cp2 ~ 62 • 

(3 .1) 

The analogous phenomenon of a sharp periodic 
change of the decay length of field spikes should 
also, of course, occur in the case considered by 
Azbel', rtJ i.e., at cyclotron resonance at high 
frequencies in a parallel field. 

For large angles of inclination of the field H 
to the surface (sin cp ~ 6/Do) a comparatively 
slowly decaying field component also exists in the 
metal which is associated with electrons drifting 
along H. For ~ ~ l this part of the field is an 
oscillating function of H. The features of the field 
penetration in this case will be the subject of a 
separate communication. 

4. FIELD SPIKES IN A METAL IN A PARALLEL 
MAGNETIC FIELD 

When there is no mechanism which selects only 
electrons with a definite value of D ( Pz) the field 
spikes will decay rapidly. Nevertheless, the study 
of such spikes is of definite interest, since, ap
parently, it is this case which occurs in Gant
makher's experiments. [ 3] 

The asymptotic form of the conductivity u ( k) 
can be obtained directly from (2.3), (2.5), and (2.6), 
by putting kz = 0. For a quadratic dispersion law 

cr (k) = 3nne2 1 + 2 (2/nkD0)'1• cos (kDo + n/4) • (4.1) 
2ppk 1- exp [- 2n (iw + v)(Q] 

For a non-quadratic dispersion law the general 
formula has a somewhat more complicated form, 
owing to the variation of Q with pz: 

4ne2 (' dS 2 1 -sin kD (Pz) 
cr (k) = T j v 0 (kvx) Vy 1-exp [- 2n (iw + v)(Q (pz)] • <4 ·2) 

Here D = cd/eH, d (pz) = Pymax - Pymin is the 
diameter of the Fermi surface in the Oy direction 
( Py is a function of Pz and T, and is the extremum 
with respect to T). At low frequencies w << Q 

2e2 {~ dx Qn! 2Q0 ( 2n )'/, ( n )} 
cr (k) = h"k(v+iw) 'JK"(Xf + Ko lkD~I cos kDo + 4 . 

(4.3) 

Here x is the polar angle in velocity space with axis 
along the Ox axis, dS = do/K, K is the absolute 
value of the Gaussian curvature of the Fermi sur
face, do is the element of solid angle in velocity 
space, D0 = a2D(x 0 )/ox2 , oD(x 0 )/ax = o. For a 
quadratic dispersion law, equations (4.1) and (4.3) 
are the same (K = p"ff, ny =sin x, D (X) = D0 sin (X), 
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Xo = 7T/2]. The relative amplitude a for the os
cillating factor is of order (o/D0 )1/2 • 

In the cyclotron resonance region the "modu
lation depth" of the conductivity a(k) is for the 
case of non-quadratic dispersion essentially dif
ferent from the case U(pz) = const. This is re
lated to the fact that not all the electrons partici
pate in the resonance, but only that small fraction 
[ ~ ( v/U)t/2 ] for which the effective mass is ex
tremal with respect to Pz· The corresponding 
formula close to resonance at the central section 
(for U t 0 ~ D0/ o ) has the form 

(k) _ 4 V 2:n:e2 {I !!!_ 1'/, ( 2 -L ~ 2) -•;, 
a - h"kKfl m" Yo ' 

(4.4)* 

Here Yo= v/w; ~ = (1- 1J.U/w); I~ I, Yo<< 1; S 
= sign m" ( x 0 ). The value of all the functions is 
taken at the central section. For ~ = 0 

a (k) = h;;~: I ~~J'{e-isn/4 +I :n:m:~~~J'cos (kD0 + ~ )} . 
(4.5) 

The field distribution in the bulk is determined 
by formulae analogous to (2.13): 

E (s) =- 2£' (O) I (-l) (4.6) 
:rt Do ' 

where 
00 

I (t) = \ x cos xtdx 
.) x3 + iM3 (1 + 2a cos (x + :rt/4)) (4. 7) 
0 

Here I a I << 1 always. At low frequencies ( w .$ v) 
and in the case of cyclotron resonance with quad
ratic dispersion 

( 2· )';, 
az nM ~1. (4.8) 

We obtain for non-quadratic dispersion at reso
nance 

Close to the n-th spike the field distribution is 
determined by the following expression: 

- 00 

l(t) =an 3 V3 ex (:n:i _ :n:in) \ x cos [M (t- n) x- n:rt/4] dx 
1(0) 2:rt p 6 2 J (xll + i)n+l ' 

0 

I(O) = 2:rt·3-'f,M-1e-1t116 • (4.10) 

For t = n 

I (n) = (- I )nf (_3_) n n:rt r (n + 1/ 3) 
I (0) 3 a cos 2 r (n + 1) 

*arctg =tan-'. 

(4.11) 

The type of field distribution in the metal is in this 
case the same as in an inclined field for cp 
~ ( oD0 )112 / l (see Fig. 5) and differs only in the 
values of a and M [see (2.20) and (2.23)]. 

If there is not a single extremal diameter, but 
several, it is quite obvious that field spikes should 
be observed, not only for .; = nD0, but also for 
linear combinations of the type .; = ~ niDi. In 

1 
other words, the chain of electron orbits, with the 
aid of which the field extends into the depth of the 
metal, can consist of different "links." The am
plitude of the spikes is, in this case, determined 
by (4.11) where an will be replaced by 

fia7i, 
i 

We note that at cyclotron resonance the effec
tive decay length of these field spikes also changes 
periodically due to the oscillations of the quantities 
a and M. 

5. THE EFFECT OF FIELD SPIKES ON THE 
SURFACE IMPEDANCE 

We shall calculate only the principal value of 
the total surface impedance tensor Zaa = Z that 
corresponds to the polarization of the electric 
field Ea along v0-the tangential velocity of the 
electrons of the central section. For an isotropic 
dispersion law v0 is perpendicular to H. The re
maining components ZIJ. v are much greater than 
z, i.e., the effect of the anomalous penetration is 
sharply anisotropic relative to the angle between 
H and the high frequency current: 

Z =- 4:rtiwc-2Ea. (0)/£~ (0). (5.1) 

We consider the impedance of the half-space in 
the case of low frequencies ( w .$ v) and strong 
magnetic fields ( U ~ v) as a function of the angle 
cp between H and the metal surface. In a parallel 
field ( cp .$ 6/ l) the field spikes decay compara
tively rapidly [ as (6/D0 )Il/2] and lead to only a 
trivially small correction of the order (o/D)112 : 

Z = ~ (:rti) ~ (~)';, ~ 'I.H -•;, 
3 "V3c exp 3 ~ I w ' (5.2) 

where 60 is the effective depth of the skin layer 
for H = 0; 7t- = c/ w. In the angular range 6/ l 
~ cp ~ (oD0 )112jl the amplitude of the spikes 
and the corresponding correction to Z are also 
small: 

(5.3) 

The impedance defined by (5.3) is (Z cp/Oeff)113 

times greater than for cp = 0 [Oeff ~ (otD0 cp)1/4 ]. 
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For ( 6 D0 )1/ 2 I l «:: cp «:: 6 /D0, the impedance in
creases sharply: 

Z = f 2 ( ~) ( ~ f' exp e~i) + ( ~) (~00~r- ~ w'f,H-ll•. (5.4) 

Digressing from the increase of Z due to the in
crease of cp, we note that the appearance of the 
additional factor r 2e/d 2-3/4 71"-\l/2 :::::! 1.4 in formula 
(5.4) compared with (5.2) is explained by the field 
and current spikes in the bulk of the metal. Finally, 
for angles cp ;::_, 6/D0, the magnitude of Z becomes 
equal to the impedance of a massive metal in zero 
magnetic field. [ 7J 

The field spikes display themselves much more 
strongly in the variation of the impedance of the 
plate with the magnetic field. In order to determine 
Z for a plate of thickness d, we write down the 
equation for the Fourier components of the field in 
the plate: 

-k2/£(k) -2£'(0) + 2E(d)ksinkd + 2E'(d)coskd 

= (4:rtiwcr (k)/c2)/£ (k). (5.5) 

[the continuation of the field is E ( - ~ ) = E ( ~ ) , 
E (~) = 0 for I~ I > d]. We have neglected the ef
fect of the finite thickness of the plate on the con
ductivity operator a. For relatively small spike 
amplitudes this is always valid if 6 «:: d, and for 
slowly decaying spikes for D «::d. The term in 
E'(d) in (5.5) can usually be neglected, since it 
leads to contributions of order 6/A.. 2> 

Substituting for E (d) its value in the infinite 
metal, we easily obtain a formula for the imped
ance of the plate: 

Z (d) =Zoo - (8iwD0/rrc2) df2 (a)/da, (5.6) 

where Zoo = 8iwD0I ( 0) c-2 is the impedance of the 
half-space and 

00 

I (ot) = \ dx cos "-X . 

~ x2 + 4niwD~c-2 ::; (x!Do) ' 
(5.7) 

In this way the surface impedance of the plate is 
related to the function I ( t) that describes the 
field distribution in the bulk metal. 

Figures 6 and 7 show schematically the form of 
the variation of the real and imaginary parts of 
Z - Z00 respectively, as functions of d/Do ~ Hd. 
The impedance spikes are periodic in the field. 
The structure of the spikes is quite complicated, 
particularly if the quantity measured directly is 
not the impedance, but its derivative with respect 
to the magnetic field, as is often the case. [3 ,5 ,6] 

2lFrom the boundary condition at the second surface of the 
plate from which only one wave escapes, it follows that E'(d) 
= (i-xr'E(d). 

FIG. 6 

FIG. 7 

The width of the spikes increases as H increases 
( ~ Oeff/D). 

The appearance and disappearance of imped
ance spikes can be observed not only as a function 
of H, but also for a fixed value of H as the plate 
is rotated about the normal to its surface. [t] It is 
obvious that, due to the anisotropy of the diameter 
at the central section, for certain angles of rotation 
of the plate, its thickness d becomes a multiple of 
Do. 

The selective transparency of plates for d = nD0 

is one of the effects produced by field spikes in a 
metal. The power transmission coefficient is 

T = I I (a)/ I (0) 12 1 cR.a)2:rt 12 = (2<\rr/K)2 1 I (a)/1 (0) 12 • 

Under usual conditions the ratio I ( a)/I ( 0) is ex

ponentially small for a>> Oeff· When slowly de
caying spikes are present I ( a)/I ( 0) is many 
orders larger, and for small n can even by of the 
order unity. 

It is apparent that the study of impedance jumps 
in plates gives another convenient method of deter
mining the anisotropy of the central diameters of 
the Fermi surface, and thereby allows its shape to 
be established. 

6. COMPARISON WITH EXPERIMENT 

Gantmakher [ 3] observed impedance spikes 
periodic in H in a plate of very pure tin ( d 
= 0.4 mm, l ~ 1-3 mm) at a frequency of 1-5 Me. 
In these experiments the magnetic field was paral
lel to the surface. The specimen was placed in 
the coil of a resonant circuit, and the derivative 
with respect to tb.e field of the reactive part of the 
impedance, dX/dH, was measured by a modulation 
method. In agreement with theory a complicated 
structure of spikes was discovered, for which the 
widths increased and the amplitudes quite rapidly 
decreased on increasing the field. The study of 
the anisotropy of the effect also agreed with the 
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conclusions of the theory: the amplitude of the 
spikes was greatest close to E 1 H. Spikes were 
clearly seen associated with the various extremal 
diameters of the electrons (a "chain" of orbits 
with various "links"). 

The anomalously large amplitude of the spikes 
and their comparatively slow decrease for elec
trons of the fourth hole zone attracts attention. 
This feature, as Gantmakher correctly remarked, 
is related to the fact that, for that orientation of 
H relative to the axes of the single crystal, the 
Fermi surface in this zone is very nearly a cylin
der, the diameter of which is almost independent 
of Pz. Therefore, the field spikes are, in fact, 
determined by all the electrons on the Fermi sur
face. Owing to such a peculiarity of the disper
sion law, no additional selection of electrons with 
respect to diameters is necessary, and the field 
distribution is described not by formula (4. 7) with 
I a I ~ 1, but by the function 

00 

I t = \ x cos xt dx 
( ) ) xs + iM 3 (1 -sin x) ' 

0 

The field spikes decay slowly (see Fig. 4) 
( ldec ~ DoM312 ). Close to t = n 

I ( ) = I (O) (- I )n s'f,r (1/s) mt r (n + 1/s) 
n 2'1'n cos 2 r (n + "fa) 

For large n 

I (O) = r• (1/oJ exp (- ni/6) 
M3 ysr (1/a) 

(6.1) 

(6.2) 

I (n)/I (0)- 3'h2-'hn:-1r (1/3) (- l)nn-'!a cos nn:/2. (6.3) 

The impedance spikes of the plates are similar 
to those shown in Fig. 6. The fact that in the ex-

periments Gantmakher observed up to five imped
ance spikes confirms their very slow decay. 

I am very grateful to I. M. Lifshitz and M. I. 
Kaganov for discussing the results of this work. 

Note added in proof (February 12, 1963): On satisfying in
eq~lity (2.10) there should exist in the metal a peculiar reso
nance effect due to the inclusion of non-diagonal elements of 
the conductivity tensor ay~.[•] The physical nature of this 
resonance is related to the excitation in the metal of weakly 
decaying electromagnetic waves with a discrete spectrum. The 
formulae obtained in the given work are valid far from the re
gion of resonance excitation of similar waves. 
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