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The energy spectra of multiply-charged particles emitted at a given angle and their angular 
correlations with the scattered protons were calculated with the aid of an electronic computer. 
The dependence of these characteristics on the proton beam energy, momentum distribution 
in the nucleus, emission angle, binding energy and mass of the multiply charged particles 
was investigated. The results of the calculations are compared with the experimental data 
and it is shown that the cascade theory presented here corresponds to the experimental 
picture. 

INTRODUCTION 

IN the interaction of high-energy particles with 
light and heavy nuclei, multiply charged particles, 
often called fragments, are produced with an ap
preciable cross section (of the order of several 
millibarns). Earlier, a hypotheses was put for
ward [t, 2J according to which these particles are 
produced in quasi-elastic scattering of the incident 
protons and the cascade protons and neutrons on 
quasi-stable complexes of nucleons inside the 
nucleus. 

The existing views on the structure of the nu
cleus do not contradict the production of such 
quasi -stable complexes. Moreover, the recently 
developed theories of the nucleus (the Brueckner 
model, [3] the cluster model, [4] and others) en
visage the possibility of strong correlations be
tween nucleons leading to the production of short
lived substructures. Owing to the existence of 
these correlations, the nucleus at each moment of 
time should be considered as consisting of a 
variable set of individual nucleons, pairs of nu
cleons, three-nucleon formations, etc. Hence in 
an interaction of high-energy particles with nuclei, 
not only the nucleon-nucleon collisions should be 
taken into account but also nucleon-deuteron, 
nucleon- Li, d - d, a - d, a - a, etc. collisions. 
Elastic or inelastic scattering on the multiply 
charged particles inside the nucleus can occur in 
these collisions, as a result of which the particles 
either leave the nucleus or break up. 

It should be stressed that collisions in the nu
cleus are basically of a nucleon-nucleon character, 
and hence the results of the calculation [sJ by the 

Serber-Goldberger scheme taking into account 
only nucleon -nucleon interactions reflect the gen
eral features of the experimental data. 

The introduction of other types of collisions and 
the consideration of the nucleus as a more complex 
structure than a Fermi gas of non-interacting nu
cleons permits a more accurate picture of the in
teraction of high-energy particles with nuclei. An 
indication that such an approach to high-energy 
nuclear reactions takes into account the more 
subtle effects is the small cross section for proc
esses in which multiply charged particles are pro
duced (about 1% of the inelastic interaction cross 
section for 660-MeV protons) and the fact that, on 
the whole, the conventional exact calculations of 
the intranuclear cascade are clearly not in agree
ment with experiment when the presence of quasi
stable complexes has to be taken into account. Here 
we have in mind the experimental and theoretical 
cross sections for the ( p, pn) reactions [sJ pro
ceeding at the periphery of the nucleus, i.e., where 
the conditions for the production of complexes are 
the best. 

Hence, in order to trace the more accurate ef
fects of the interaction of high-energy particles 
with nuclei, we must calculate the intranuclear 
cascade with allowance for various groupings in
side the nucleus, assuming in one way or another 
some probability for their production and a mo
mentum distribution for each of the groupings in 
the nucleus. 

Such a calculation can be carried out only if the 
total and differential cross sections for scattering 
of all particles taking part in the cascade are 
known for different energies. Unfortunately, the 
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experimental data on the differential cross sections 
are very scanty and such a complete calculation 
cannot be carried out at the present time. How
ever, with the already known pa differential cross 
section it has been possible to calculate [7] a nu
clear cascade with allowance for a quasi-a sub
structure which showed considerably better agree
ment with experiment than the previous.ly known 
calculations. 

There are, however, a number of questions 
concerning such multiple particle interactions 
which can be answered without the use of the dif
ferential cross sections. This applies to the kine
matic relations between the energy and the emis
sion angle of the scattered particle, to the energy 
spectra of particles emitted at a given angle, etc. 
Comparison of these characteristics with the ex
perimentally measured values would provide the 
possibility of drawing conclusions in favor of 
some mechanism for the production of multiply 
charged particles. 

From the viewpoint of the cascade mechanism, 
there exists a number of experimental facts which 
require explanation. These are, first, the broad 
distribution of experimental points representing 
the dependence of the energy of the emitted parti
cle on its emission angle as compared to the cal
culated curve for the elastic collision,[t] and, 
second, the production of multiply charged particles 
emitted in the backward hemisphere relative to the 
bombarding beam with a momentum greater than 
the momentum of the incident particles .CaJ 

In order to explain these facts and to obtain 
some characteristics of the quasi-elastic knock
out process for multiply charged particles we 
carried out kinematic calculations. 

COMPUTATIONAL SCHEME 

As a result of the calculations we should obtain: 
1) the energy spectra of the fragments at a given 
angle; 2) the spectrum of the angles x between the 
proton and fragment which are emitted after the 
collisions; 3) the dependence of the energy spectra 
and the correlation angles x at a given angle on 
the incident particle energy, the momentum distri
bution of the fragments in the nucleus, emission 
angle, binding energy, and fragment mass. 

The calculations involve the finding of the energy 
of the multiply charged particle E2, the angle x, 
and the momentum of the scattered nucleon pJ. 
(the value of pJ. is necessary for the experimental 
determination of the cascade-proton momentum). 
In the nonrelativistic approximation we can obtain 
the following relations for the quantities E2, x. pJ. 

(m1 + m2)2 E~ = T m2 [ { p1 cos 8 + p2 (cos ot1 cos 8 + cos ot2 sin 0) 

+ {[p1 cos 8 + p2 (cos ot1 cos B + cos ot2 sin 6) 12 

- (1 + m1!m2) [p; + 2ml {E b 

+ Ek- p~ (l/2m2- lj2mt)} + 2p1p2 cos ot1l}'f,12, 

p~ = {Pi - P~2 m1/m2 - 2mi[Eb + E"- p~ (!j2m2 - !j2mt)l}'1', 

cos x = (p~r 1 lP1 cos 0 + P2 (cos o:1 cos B +cos otz sin 0)- p' 1, 

where p 1 is the momentum of the proton beam; P2 
is the momentum of the multiply charged particle 
in the nucleus; P2 is the momentum of the multiply 
charged particle after emission from the nucleus; 
e is the angle of emission of the multiply charged 
particle; cos O'i are the direction cosines for the 
momentum of the multiply charged particle in the 
nucleus; m 1, m 2, and mt are the masses of the 
proton, fragment, and target nucleus; Eb is the 
binding energy of the fragment in the nucleus; and 
Ek is the maximum fragment energy in the nucleus. 

In order to obtain the formulas we used different 
models for the nucleus. 

1. The fragment momentum distribution in the 
nucleus was taken in two forms: 

Gaussian distribution: dw (p) = c1 exp (- p2/p~) dp, 
Fermi distribution: dw (p) = c2p2dp. 

In a comparison of the experimental data on the 
production of protons, deuterons, and alpha parti
cles in nuclei by high-energy particles [9 ] very in
teresting properties are observed: the mean mo
mentum of all particles is approximately the same 
( 210-240 MeV /c) and independent of the particle 
mass. This also determined the choice of the 
parameter Po in the Gaussian distribution for the 
given problem. The Gaussian distribution was 
chosen with a parameter Po= 193 MeV /c, which 
corresponds to an energy of 3 MeV for Li7 and 
2.2 MeV for Be9• 

2. For a Gauss ian distribution it is necessary 
to determine the maximum energy of the multiply 
charged particle in the nucleus Ek (corresponding 
value of the momentum Pmax). In the choice of 
Pmax we can start from the assumption that the 
particle momentum in the nucleus weakly depends 
on the form of the particle. In a number of papers 
on pion production in nuclei [to] it was shown that 
protons in the nucleus can have momenta up to 
340-390 MeV /c. Igo and Thaler [tt] showed that 
the depth of the potential well for a particles in 
an average nucleus is ~ 35 MeV, which corre
sponds to a momentum up to 470 MeV /c. In this 
calculation we chose the value Pmax = 415 MeV /c, 
which corresponds to Ek = 10 MeV for Be9 and 
13 MeV for Li7. 
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Then, adding the values of the binding energies, 
we can obtain the value of the potential well for the 
fragments: 41 MeV (for Li7 in N14 ), 36 MeV (for 
Be9 in c 12 ), which are close to the values obtained 
for multiply charged ions by the optical model. 

The calculation was carried out for three 
values of the momentum p 1 - 362, 433, and 613 
MeV /c-which correspond to proton energies of 
70, 100, and 200 MeV-and for angles () from 0 to 
100° in 10° intervals. As fragments and targets 
we chose 

LF ( N'4, target, Eb = 27,8 MeV), 

Li6 ( NJ4, target, Eb = 16,2 MeV), 

Be8 (C'", target, Eb = 7,4 MeV), 

Be9 ( C12, target, Eb = 26.3 MeV). 

The values of p2, cos a 1, and cos a2 were 
chosen by a statistical trial and error method; 
for each angle () the quantities were changed 255 
times. 

All calculations were made on a Minsk-2 elec
tronic computer. The program was set up in such 
a way that, apart from the individual values E2, 
x, and p; for each value of the angle (),we calcu
lated at once the energy spectrum and the distribu
tion of angles x . 

RESULTS OF THE CALCULATIONS 

In Fig. 1, curve 3 represents the dependence of 
the energy on the fragment emission angle in the 
case of elastic scattering of a 100-MeV proton on 
Li7 and curve 4 represents the same case for 
scattering on a Li7 bound in a N14 nucleus. The 
momentum distribution of the multiply charged 
particles in the nucleus leads to the possibility 
that fragments will be emitted at a given angle 
with energies considerably differing from the ener
gies in the case of an elastic collision. Curves 1 

FIG. 1. Relation between the energy and the emission 
angle of multiply charged particles. 

and 2 (for Fermi and Gaussian fragment distribu
tions, respectively, in the nucleus) limit the region 
of allowable energies of Li7 fragments emitted 
from the N14 nucleus at various angles. If the 
experimental points taken from the work of Arif
khanov et ai.[t] are transferred onto the curve, it 
turns out that they lie inside the region shown. 
Consequently, the existence of intranuclear mo
menta of multiply charged particles completely 
accounts for the spread in the experimental points 
on the E ( ()) plot. 

We can point to the possibility of the emission 
of a fragment with a considerable energy in the 
backward hemisphere relative to the beam. The 
maximum Li7 energy at the angle () = 100° is 20 
MeV, which corresponds to a momentum of ...,500 
MeV/c. 

Taking into account the incident proton momen
tum 433 MeV /c, we see that in quasi-elastic scat
tering the production of fragments emitted back
ward relative to the beam with a momentum 
greater than the momentum of the incident proton 
is possible, as has been observed experimentally. [sJ 

In the calculation we investigated the influence of 
the momentum distribution of the multiply charged 
particles in the nucleus on the fragment energy 
spectrum as a function of the binding energy and 
mass of the fragment ( Fig. 2), on the incident 
particle energy ( Figs. 3 and 2b), and on the 
emission angle. It turned out that the difference 
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FIG. 2. Energy spectrum of Li6 and Li' fragments (N14 tar
get) at 0° for different momentum distributions in the nucleus: 
curve 1- Gaussian distribution, curve 2- Fermi distribution. 
Proton energy 100 MeV. 
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FIG. 3. Energy 
spectrum of Li' frag.
ments at 0° for differ
ent momentum distri
butions in the nucleus: 
curve 1-Gaussian dis
tribution, curve 2-
Fermi distribution. 
Proton energy 70 MeV. 

in the fragment energy spectra due to their differ
ent momentum distribution in the nucleus increases 
with increasing binding energy, with increasing 
proton energy, for larger emission angles, i.e., 
for small energy transfers. It should also be men
tioned that, for a Fermi momentum distribution of 
the fragments in the nucleus, the energy spectrum 
is more sensitive to the binding energy and the 
beam energy than for a Gaussian distribution of 
the intranuclear momenta. 

For a comparison with the experimental data, 
the change in the fragment energy spectrum with 
a change in the emission angle at different proton 
energies is of interest. Figure 4 shows the Li7 

energy spectra at angles oo and 40c for proton 
energies of 70, 100, and 200 MeV (the spectra 
were analyzed by the Ferreira-Valoschek 
method [12]). It follows from the figure that the 
greatest dependence of the energy spectra on the 
emission angle occurs at large proton energies. 
This fact obviously enables the determination of 
the most effective energy for the production of 
multiply charged particles in the knock-out case. 

The dependence of the energy spectrum on the 
fragment mass and its binding energy in the nu-

N, rel. units 
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FIG. 4. Energy spectra of Lf fragments for different pro
ton energies: 1) Ep = 70 M~V; 2) Ep = 100 MeV; 3) Ep = 200 
MeV. 

OL-L-27.o~L_4~o~~~ho_J~oo~L-~~oo~ 
o· 

FIG. S. Dependence of fragment energy on emission angle 
(limiting values): 1) Li6 (N14 target), 2) Be8 (C12 target), 3) 
Li' (N 14 target), 4) Be' (C12 target). 

cleus is shown in Fig. 5. For simplicity we have 
shown here, instead of the energy spectra, the 
limiting values of the energy at a given angle. For 
approximately equal binding energies ( Li7 in N14 

and Be9 in C 12 ) the fragment spectrum softens 
with increasing mass (curves 3 and 4), but the 
influence of the binding energy sometimes be
comes stronger than the influence of the fragment 
mass; thus the Be9 energy spectrum from c 12 is 
harder than the Li7 fragment spectrum from N14 

-curves 2 and 3 ( owing to the small binding 
energy of Be8 in the nucleus) . 

The distribution of the angles between frag
ments emitted at oo to the beam and scattered 
protons is shown in Fig. 6 for Ep = 100 MeV. As 
is seen, there is a distinct angular correlation in 
the region of obtuse angles. This correlation does 
not depend on the shape of the fragment momentum 
distribution inside the nucleus (Fig. 6a), on the 
binding energy and mass of the fragments ( Fig. 
6b) at emission angles of oo, and weakly depends 
on these quantities at large angles. With a de
crease in the proton energy, the influence of the 
intranuclear momenta on the angular correlation 
increases. 

The character of the angular correlation 
changes rapidly as we go to other angles of obser-

N, rel. units 
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FIG. 6. Distribution of angles between fragments and pro
tons: a) the solid line is for a Fermi distribution, the dashed 
line for a Gaussian distribution; Ep = 100 MeV, e = 0°, Li'; 
b) the solid line is for Li6 and the dashed line for Li'. 
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vation of fragment emission, in other words, as we 
go to greatly differing energy spectra. As follows 
from Fig. 7, the most probable angle between the 
fragment and the proton shifts toward the region 
of smaller angles. This circumstance is very im
portant for the explanation of the mechanism of 
multiply-charged particle production. 
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FIG. 7. Distribution of angles 
between fragments and protons: 
Ep = 100 MeV, e = 40°, solid line
Li 7 , dashed line- Be9 

The behavior indicated above is convenient to 
use for a comparison with the experimental data. 
Since the character of the correlation weakly de
pends on the fragment mass, we can construct the 
distribution of the angles between the protons and 
the multiply charged particles for all fragments 
emitted at a given angle to the beam without sepa
rating them according to charge and mass. Figure 
8 shows such a distribution for fragments emitted 
in the 10-30° interval from light nuclei of emul
sion under bombardment by 75-MeV protons. The 
dashed line in the figure represents the calculated 
correlation for the angle 20°. A x2 test showed 
that these distributions can be considered com
patible. Hence the experimentally obtained angular 
distribution corresponds to the model developed 
here. 
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FIG. 8. Distribution of 
angles between fragments and 
protons: solid line- experimen
tal, dashed line- calculated. 
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