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The moments of inertia of a nucleus at a temperature T ~ 0 are calculated as functions of the 
excitation energy of the nucleus. Good agreement between the theory and experiment is found 
for the angular anisotropy of the fission fragments. 

THE angular anisotropy of fission fragments is 
determined by the moment of inertia Jeff= ( 1/Jil 
- 1/h )- 1[ 1], which by now has been sufficiently 
well determined by experiment [ 2•3]. It turns out 
that Jeff is several times smaller than that for a 
solid body. Halpern and Strutinski'i [ 1] proposed 
that this decrease is due to pair correlation of the 
nucleons in the nucleus [ 1]. 

It is therefore of interest to calculate Jeff theo­
retically as a function of the temperature and the 
nucleon excitation energy with account of pair-cor­
relation effects. 

The theory of the moment of inertia of a nucleus 
in the ground state has been sufficiently well de­
veloped [4•5]. It has been shown that Ju -the mo­
ment of inertia about the symmetry axis of the 
nucleus -is equal to zero, while the moment of 
inertia J1 about an axis perpendicular to the sym­
metry axis is several times smaller than the solid­
body value J 0• If the pair correlation of the par­
ticles is disregarded, then J1 = J 0• 

In the present paper a single method is used to 
obtain expressions for J1 and J11 at T ~ 0, with 
Ju other than zero. At the phase-transition point 
with temperature T = Tc, when the superconducting 
state goes over into the normal state, and at higher 
temperatures, the moment of inertia of the nucleus 
is that of a solid body. The temperature can be 
readily related with the excitation energy of the 
nucleus by means of the formulas of superconduc­
tivity theory. The theoretical values of Jeff ob­
tained for U234 , u236, and Pu240 at excitation ener­
gies from 3 to 7 MeV are in very good agreement 
with the experimental data when the nucleon pair 
correlation energy is ~ 10 MeV. The deformation 
corresponds here to the fission barrier. Estimates 
obtained for deformations corresponding to neck­
scission yield for Jeff values that are 20% less 
than for the fission barrier, and are in somewhat 
poorer agreement with experiment. It is difficult, 

however, to draw any unambiguous conclusion in 
this case, since the energy consumed in excitation 
as the nucleus descends from the barrier is un­
known. 

1. The moments of inertia can be readily ob­
tained from the relation 

<M;> Sp M1p 
Jt=-g-=-Q-, 

i i 
(1) 

where <Mi> is the average momentum of the 
system, ni is the angular velocity about the i 
axis, and p is the system density matrix. The 
mean value of Mi is calculated in the same man­
ner as in Migdal's paper [4], except that G and F 
are replaced by the thermodynamically averaged 
Green's functions rsJ 

G _ u• (1 - n) v2n u2 (1 - n) u2n 
(e, w)- w-E+ i{) + w + E + ib + w + E- ib +w-E- ib ' 

. [ 1-n n 
F(e,w)= tuv w-E+ib -w+E+i{) 

_ 1-n . + n ]· 
w + E - ib w - H - i6 ' 

u=V-+(1+-i-), v=-{+(1-y). £=Ve2+1'12, 

n = [ exp ( ~ ) + 1 r' (2) 

t::. determines the pair correlation and depends on 
the temperature in a known fashion. 

After simple calculations we obtain 

[ ( E1 Ez) 
J. = _ ~ I M ·12 (G G _ F F ) ~ (ulvz- u1u2)2 th 2T + th 2T 

l L.J l 12 1 2 1 2 = L.J 
12 12 2 (Et + E2) 

(u1u2+ u1u2)2 ( th ;~ - th ;; ) J 
+ 2 (El- E.) I M; 1~2' 

(3)* 

Here ( Mi )12 is the matrix element of the operator 

*th =tanh. 
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for the projection of the angular momentum along 
the i axis. In formula (3) we have left out for 
simplicity the part of the moment of inertia con­
nected with the change in the pair correlation due 
to rotation. The matrix element Mz is diagonal, 
and therefore 

J - ~IM 12 .!_1· --1 -(th£1 -th£•) II- .L.J z 12 2 Jm E - E 2T 2T 
12 1-+2 1 2 

(4)t 

Changing from summation to integration and as­
suming that the matrix element is a smooth function 
on the Fermi surface we obtain 

+oc 
J - _!_ C d8 ~ I M 12 & ( ) 

II- 4T _t ch• (V 8•+ !'.•j2T) ~ z u 8t 

=2:~ (-l)m+tmK1(m;)Jou· 
m=l 

(5) 

Here 

J~l =~I Mz li1& (et) 
1 

is the moment of inertia of the solid body about the 
z axis, and K1 is a cylindrical function. Formulas 
(4) and (5) were first derived by Strutinskil' by a 
semiclassical method. 

When T « ll we need retain in formula (5) only 
the first term in the sum over n and, using the 
asymptotic expression for K1, we get 

(6) 

Thus J11 tends exponentially to zero when T «fl. 
For T close to the transition temperature T c 

we have ll- 0 and ll /2T « 1. The significant 
region of integration with respect to ( E/2T) in 
formula (5) is of the order of unity. Expanding the 
cosh 2 in the integrand of ( 5) in powers of ll/T, we 
obtain 

J D = [ 1-0.9 ( 1- ~) J J~l (7) 

for T = T c and J 11 = J~1 . When ll = 0 it follows 
from (5) that J11 = J~1, i.e., the moment of inertia 
about the symmetry axis is equal to the solid-body 
moment of inertia, no matter how low the tempera­
ture, and vanishes abruptly when T = 0. Actually, 
however, the thermodynamic formulas for the nu­
cleus can be used only when the excitation energy 
is much smaller than the distance between the 

tch =cosh. 

levels of the system, i.e., T » 1/p0, where Po is 
the level density on the Fermi surface. On the 
other hand, in the region T ~ 1/p 0 a thermodyna­
mic analysis is incorrect and J changes from 0 

to J 0• Let us now calculate J 1 . The operator Mx 
has nondiagonal matrix elements. Introducing the 
notation d = E1 - E2, we can readily rewrite (3) in 
the form 

00 

J =~{I+ !'.• C i th [V !'."+(8+di2)2 /2T] 
j_ 12 d g L 8 v !).• + (8 + d/2)2 

_ th [V !'.• + (s- d/2)2 /2Tl ] det I Mx /2 6 (et)· 
s y ~· + (8- d/2}" { 12 

Inasmuch as d/4T > 1 and the significant values 
of E in the integrand are near zero, we can put 
E = 0 in the continuous function 
tanh [ ,J fl2 + ( E ± d/2 )2 /2T] and obtain 

J _1_ = 2} {I - g ( 2~) th-y- !'.'2t d'/4} I Mx /i21l (e1), 

12 

( ) arc sh x 
g X=--;-== 

xV1+x2 • (8)* 

We carry out the calculations that follow for an 
oscillator potential. Calculating the sum (8) in the 
usual quasiclassical method [ 4], we obtain 

{ i [ 2 ( dt \ v !).• + di/4 
Jl = I - ~ d2g 2!'. I th 2T 

"i + d2 ' 

12 

Here Ji is the moment of inertia corresponding to 
the solid body, while wx and Wz are the oscillator 
frequencies along the x and z axes. When T - 0 
the moment J 1 tends exponentially to the quanity 

- 0 [ - d~g (d,/2!:>.) +dig (d./2!:>.}] 
J_j_-J_j_l 2,2 ' 

. d1 T d2 

obtained by Migdal [4] for the moment of inertia of 
the ground state. As T- Tc, ll- 0, and g- 0 

0 
we get Ji- Ji. 

2. The angular anisotropy of the fission frag­
ments is determined by the value of the effective 
moment of inertia Jeff= ( 1/JII- 1/Ji)-1• It is 
therefore interesting to know this value as a func­
tion of the excitation energy of the nucleus. The 
energy of the heated nucleus can be written in the 
form 

E =Eo_ Po!'. 2 + TS 
4 2 • 

where E0 is a constant, Po is the density of the 

*arc sh = sinh -•. 
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single-particle levels on the Fermi surface, and 
S is the entropy. Then the excitation energy E* is 

E* = TS/2 + Po (6.~- 6.2)/4, (10) 

For b. and S we can use the ordinary formulas 
obtained in the theory of superconductivity 

00 

S=2~Po 2} (-l)m+1K2 (";.~). (11) 
m=l 

In ( ~0 ) = 2 ~ (- l)m+l Ko ("~li). (12) 
m""'l 

Using (10) -(12) we can readily obtain the excitation 
energy E* as a function of the temperature. Figure 1 
shows (E*/E*c) plotted as afunction·of (T/Tc). 
The value of E*c• which is the excitation energy at 
the phase transition point, is 3.1 (Pnb.~/4 + 
Ppb.~/4). The quantity Pnb.~/4 + Ppb.~/4 is the 
pair correlation energy of the neutrons and protons 
in the ground state and amounts to ~ 3 MeV for 
heavy nuclei. For the sake of comparison we show 
a plot of the excitation energy as a function of the 
temperature for a Fermi gas. 

Figure 2 shows the dependence of JeffT/(JeffT)c, 
calculated from formulas (5), (9), and (10), on the 
excitation energy. The deformation of the nucleus 
corresponded to the fission barrier. Here a2 

== (3/7) (1 -x) [where x == (Z2/A)/(Z2/A)crL 
Ji == 2.2 J~, and Jr1 == 0.5 J~ ( J~ is the moment of 
inertia of the spherical nucleus). For comparison 
we show the analogous dependence for a Fermi gas 
and the experimental points obtained in [ 3]. In re­
ducing the data we calculated two cases, E*c R> 10 
MeV and E*c R> 8 MeV, with b.== 0.7 MeV for 
both neutrons and protons. 

FIG. 1. Excitation ener­
gy of the nucleus E*/E~ as 
a function of the temperature 
T/Tc. The continuous line 
corresponds to the theory 
developed here, while the 
dashed line is for a free 
Fermi gas. 

FIG. 2. Dependence of 
JeffT/OerfT)c on the ex­
citation energy. The coo­
tinuous curve corresponds 
to the theory developed in 
the present paper; the 
dashed curve was obtained 
for a Fermi gas. The ex­
perimental points were 
taken for E~ = 10 MeV (o) 
and E~ = 8 MeV (o). 
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A similar curve for JeffT was obtained by Grif­
fin [2]. This is connected with the fact that al­
though Griffin used a cruder expression for J 1, the 
value of Jeff depends little on h at the large de­
formations corresponding to the fission barrier. 
However, the experimental data in the cited paper 
12] were inaccurate, since it was assumed, as in [l], 

that E*c R> 15 MeV. 
Thus, a consistent account of the pair correla­

tion effects makes it possible to obtain good agree­
ment between theory and experiment on the angular 
distribution of the fission fragments. 

The author is grateful to V. T. Gellikman and 
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