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The rate of the magnetic relaxation due to Brownian rotation of nonspherical liquid molecules 
(of the symmetric and asymmetric top type) is calculated. 

THE theory of magnetic relaxation under the ac
tion of rotation of the molecules in liquids has been 
studied repeatedly. [t-4] However, all these re
searches have a common failing-the theory has 
been constructed for spherical molecules whose 
Brownian rotation is characterized by a single 
rotational diffusion constant D = kT I 87T7Ja 3 ( 1J is 
the viscosity of the liquid, a is the radius of the 
molecules ) . The aim of the present research was 
to develop a theory applicable to nonspherical 
molecules, characterizing their Brownian rotation 
by the diffusion tensor Djk· Our calculations were 
carried out separately for quadrupole and dipole 
interactions of the nuclear spins, and also for the 
anisotropic g factor and hyperfine interaction 
constant in the case of the electron spins; in each 
case, molecules are considered that are of the 
type of symmetric or asymmetric tops (we define 
the symmetry of the top according to the proper
ties of the rotational diffusion tensor of the mole
cule in the liquid and not by its moment of inertia 
tensor). 

1. THE GREEN'S FUNCTION OF THE EQUATION 
OF ROTATIONAL DIFFUSION OF NONSPHER
ICAL MOLECULES 

The equation describing the rotational diffusion 
of a particle of arbitrary shape was found by 
Favro; [5] it has the form 

j, k =X, y, Z. (1) 

Here x, y, z are the laboratory coordinates; Mj is 
the operator of rotation about the axis J; Djk are 
the components of the rotational diffusion tensor 
which is expressed in terms of the tensor of vis
cous friction .Bij by* 

*Calculation of {3 jk is carried out by hydrodynamic methods 
(see[•]). 

D 1 1• et.p.~< 1 kT( -1+ r<-1) jk = ::f Ill M = 2 ~ik t>kl 
L'>l-->0 

( Cl!j, Cl!k are the rotations of the molecule about 
the axes j and k in the time D.t). In the case of 
a spherical particle of radius a, we have .Bjk 
= Ojk •87T7Ja3• 

(2) 

We fix the orientation of the molecule by speci
fying the Eulerian angles a, ,B, y between the 
laboratory axes (x, y, z) and the axes of the 
molecular system (assuming the latter to be di
rected along the principal axes of the tensor Djk)·* 

We seek the Green's function of Eq. (1), which 
satisfies the condition 

in the form of an expansion in the eigenfunctions 
1/Jv (a, ,B, y) of the operator Ml>jkMk, which is on 
the right side of (1): 

MjDjkMk'IJlv = D,'IJv• 

In this way, it is easy to find 

v 

(4) 

G( t) represents the probability density that at the 
moment t the molecule will have the orientation 
a, ,B, y if it had the orientation a 0, ,s0, y0 at the 
moment t = 0. 

It is not difficult to note that upon the substitu
tion Djk- %n2Jf~ the operator MjDjkMk is iden
tical with the Hamiltonian of a top with inertia ten
sor Jjk· Therefore, the 1/Jv in (4) and (5) are or
thonormalized wave functions of the quantum me
chanical top, and the Dv are obtained from the 
energy eigenvalues of the top by the substitution 

*For the solution of Eq. (1) Favro chose the Cayley-Klein 
parameters as the variables fixing the orientation of the mole
cule; however, the Eulerian angles are much more convenient 
in specific problems. 
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shown. In the case of a symmetric top we have 
(see [7•8]): 

D.= D~>~ = D 1 l (l + I)+ (D 3 -D1) n2 , (6) 

(I) (21 + 1·)'/z (l) 
'¢v = '¢mn = ~ T mn (a, ~' y), -l<;m, n < l, 

(7) 

Gs (/) _ ~ 21 + 1 T(l) ( o BO o) y(l) ( r.l ) 
- L.J ~ mn a , ' ' y mn a, "'' y 

l, m, n 

x exp (- D~l~ It 1). (8) 

Here Tg}n are the generalized spherical functions 
satisfying the relation (see [8]) 

1 I T(l,) ( R ) T(l,) ( r.l ) • q d'J.d d 8n• j m,n, a, C'• Y m,n, a, C'• y Sln c- C' <X y 

1 
= 2lt+ 1 3t,t,3m,m,3n,n,· (9) 

In the case of an asymmetric top, we use per
turbation theory to find 1/Jv and Dv. [ 7] We write 
down the quantities found in such a way with l = 2, 
-2 5 m, n 52 (we shall not need the explicit 
form of the remaining functions): 

D~~a-z = 3 (D + D3), 

D~~a_1 = 3 (D + Dz), 

D~~ao = 3 (D + Dt), 

'"<z> = 'V5 (T<zl _ y<2l ) 
'f'm, -2 4rt m,2 m, -2 , 

'"(2) _ 'V5 (T<zl _ y<2l ) 
'I'm, -1 - 41t m, 1 m, -1 , 

,~,i2l = 'V5 (T(2l + y<zl ) 
'f'm, o 4n m, 1 m, -I , 

D~~~ = 6D -2go, 

'"(2) = 'V5 [, / c_ (T(2) + y(2) ) + -. / c+ T(2) J . 
'I'm, 2 4n V 4go m, 2 m, -2 V 2gD m, o ' 

D = +Dii, go= (Di + D~ +D;-D1 D2 -D2 D3 - D3DI)':Z, 
c± = 2go ± 3 (D3 - D). (10) 

Here D1, D2, D3 are the principal values of the ten
sor Djk· The indices s and a refer to molecules 
of the type of symmetric ( s ) and asymmetric (a) 
tops. 

2. RELAXATION OF NUCLEAR SPINS BY QUAD
RUPOLE INTERACTIONS 

The quadrupole relaxation of nuclear spins in 
molecular liquids (spherical molecules ) was first 
studied by Masuda. [3] We consider the more com
plicated case of nonspherical molecules. 

According to the conditions of the problem, the 
energy of the individual nucleus is composed of 
the Zeeman energy in the external field h0 (this 
part JC0 of the Hamiltonian determines the station
ary energy levels of the nuclear spin J) and the 

energy of the quadrupole moment of the nucleus in 
the charge cloud of the molecule (the perturbation 
JC', which produces transitions between the station
ary levels ) : 

i, j 

qii = P [ f- {Jdi} -b;1J (J + I)), P = eQ/J (2J - I); 

ft!ii = iJ2qJ!ax,ax1, {Jd1}. = J;Ji + JiJ;; (11) 

the z axis of the laboratory system is parallel to 
the field h0; cp is the potential of the field at the 
nucleus, produced by the electron cloud of the 
molecule. 

We introduce five independent components 'Pm 
and ~ (m = -2, - ... 2) of the symmetric tensors 
'Pij and ~j (with zero trace) by means of the re
lations 

1 . 
Cfl:±-2 = 2 (Cf!xx -qJyy} ± lft!xy; 

y6 
ft!o= zft!zz; 

qz = q~2 = 3: J!; ql = -q~1 = 3~ {J zJ +}; 

V6 J2 J qo=2P[3 z.- (J+l)]; J± = Jx±iJy. 

It is easy to establish the fact that 

i, j m 

Making use of the transformation rule 

Cf!m = ~ T~~ (a, ~. y) Cfl~, 
n 

(12) 

(13) 

(14) 

we find the matrix element of the perturbation JC', 
which corresponds to the transition M- M -m: 

' I (2) ' 
:JeM, M-m = 6 (q-m)M, fil-m~ T m, n (ex,~. r) Cf!n• (15) 

n 

I :Je~. M-m 1
2 = }s I (q-m)M, M-m \2 • ~ g!, (16) 

g! = f- ~I ctJ~ 12 = + l(ctJ:;:;- ctJ~~) 2 + (ctJ~~- ft!l;d 2 + (ft!l;~:; -ctJ~d2 
n 

(17) 

cpft are constant parameters which depend on the 
charge distribution in the molecule and conse
quently characterize the molecular structure; 
their determination is one of the purposes of 
magnetic-resonance investigations; gcp is an in
variant of the tensor 'Pij (coefficient of anisotropy). 

The changes in the matrix element (15) with 
time are random; therefore, the probability AMM' 
of the relaxation transition M- M' can be com
puted from the formula [t] 

+oo 
AMM' = !i-2 ~ KMM' (t) exp (- iwMM' t) dt, (18) 

-00 
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where KMM'(t) is the time correlation function 
of the random quantity JCMM'(t), and is deter
mined by the formula 

KMM' (t) = 8~2 ~ :Je~M' (a0,;f3°,y0) ;;e:~M' (a, fi, r) G 

X (0, a0 , ~0 , y0 ; t, a, ~. y) 

X sina0 da0 d~0 dr0 sin~ d~ dady. (19) 

Carrying out the successive integrations in (19) 
and (18) with the functions G(t) from (8) and (10), 
we find the general formula for the correlation 
function and the probability of the relaxation tran
sition 

n 
where 

ns _ 3 -2 ' [2 _ .:!_ -2 [ 2 + __I_ ( _ )21 ••±2 - 2 g'f> i'P±2 - 2 g'f> 'P~" 4 'P<< !Jl~~ • 

Q~tl = %- g~2 1 (jl~tl 2 = + g~2 t!Jl[~; + !Jl~~;l 2 , 

(22) 

p (x) = (x!n)j(x2 + w~M.). (23) 

The values of DM>rt are given by the formulas (10). 
It is not difficult to establish the fact that ~Qn = 1. 
It is also easy to show that the formula (21) for the 
case of a symmetric top, under the assumptions 
made in the work of Masuda {spherical molecules), 
transforms to the well known formula (see [3]) 

AM, M-m = 2/i-2 [ :1£~. M-m [2 't'c / ( 1 + W~M·T~), 
T;t = 6D = 3kT /4n'f]a3• (24) 

Comparing (21) and (24), we see that account of 
the effect of the shape of the molecules on the rate 
of magnetic relaxation is taken by replacement 
of the factor p ( 6D) in (24) by a factor of the 
form '6nnp(DM_h>. in which the quantities Qn 

n 
and DM_ln are determined by Eqs. (22) (in the case 
of a molecule of the type of a symmetric top) and 
(10) and (23) (in the case of a molecule of the type 
of an asymmetric top). Correspondingly, the nor-

malized correlation functions of the matrix ele
ments change the form exp (- I T I T(j1 ) to 
'6nn exp (-IT I n:r;_~ ). * These results remain 
n 

valid also in consideration of relaxation in terms 
of the dipole-dipole interaction of nuclei which 
enter into the combination of the same molecule. 
We shall find expressions for the quantities Qn 
in this case. 

3. MAGNETIC RELAXATION DUE TO INTRA
MOLECULAR DIPOLE-DIPOLE INTERACTIONS 

The energy Xjk of the dipole-dipole interaction 
of two nuclei j and k in a single molecule (the 
perturbation which produces relaxation transitions 
between stationary Zeeman energy levels EMj 

= - gJj.BNhoMj of spin Jj of the nucleus j) can be 

represented in the form (see [!,2]) 

2 

:1£' = :Jejk = ~ :Jej,. = Pjk ~A-m {jk}-mY2m (Bjk, (jljk), (25) 
m-..::-2 m 

where 

{jk}z = {jk}~2 = Jj)k, {jkh = {jk}~l = Jj)kz + Jj);, 
0 A A 1 A A- A- A+ A+ A ,A 

{Jk}o = Jjzhz- 4 VjJk + Jjh), J- = Jx ± tJy; 

Az = A_z = A1 = - A_1 = V6n/5, Ao ~ - VI6n!5, 
P (:!2 -3 (26) ik = gJigJ ""'Nrih. 

Here J 2 and Jz are diagonal operators; 
rjk ( rjk• Bjk• <p jk) is the radius vector connect
ing the nuclei j and k in the molecule; in the 
molecular system of coordinates ~. 7], t, the 
rjk (rjk• ejk, <f~Jk) are obviously constants. 

The dependence of (25) on the rotations of the 
molecule is expressed by the presence of the func
tions Y2m ( Bjk• IPjk). This dependence can be ex
pressed by the Eulerian angles a, ,B, y which fix 
the orientation of the system ~, ry, t (of the mole
cule) in the system x, y, z, if use is made of the 
conversion formula [8] 

n 

where Y2n are constant numbers which are easy to 
find if we know the orientation of the axes ~, 7], t 
and the location of the atoms j and k in the mole
cule. The matrix element of the transition Mj 
- Mj- m [with account of (27)] and its mean 
square value are equal to 

*These conclusions evidently also apply to the relaxation 
rate T;1 of the transverse components <Mx >, <My> of the nu
clear magnetization, which is determined by the value of the diago
nal (in the J z representation) matrix elements of the perturbation. 
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(Jt'jk)M i, Mi -m = PjkA-m ( {jk}-mhr i, M i --m ~ T~~ Y~n' 
n 

The calculation, which is similar to that given in 
Sec. 2, yields the following result for the transition 
probability of Mj - Mj - m: 

Airi. M i-m = 2rrn-2 \(Jt'jk)M i· M i-m \ 2 ~ Qnp (D~~), (29) 
n 

where the quantities ng_>n are given by Eq. (10) 
[or (22)] in the case of an asymmetric [or sym
metric] top, and Qn by the respective formulas 

JC0 determines the stationary magnetic energy lev
els of the ion 

EM,MJ = g'~hoMs + a1MsMJ; 

JC' is a perturbation which produces transitions 
between stationary levels. Introducing five inde
pendent components gn and an (n = -2, ... , 2) 
of the tensors gp and af} by the relations (12), 
and also identical relations in three independent 
components V +> V0, V _ for the vectors h, S, J 
( [10], pp. 38 ): 

Vo = Vz, (33) 

Q~ = (4rr/5) \ Y ~. n \2 (30) we transform JC' to the form 

or 

Q~2 = (4rr/IO)\Y~. 2 -Y~.-2 \ 2 , Q~t.o= (4rr/IO) Y~. 1 =FY~.-1 \ 2 , 

Q~. 2 = (4rr/IO) J Vc±14gD (Y~.2 + Y~. -z) =F Vc+/2gD Y~.o 1
2 -

(31) 

It is easy to prove* that ~gn = 1. We note that 

AMi, Mj-m = ~ A'i,j• Mj-m · 
k 

The calculation t which establishes the connec
tion of the relaxation time T 1 of the longitudinal 
component (Mz) of the nuclear magnetization 
with the probabilities AMM' is well known, and 
we shall not dwell on it (see, for example, [3, 9]). 

4. RELAXATIONS DUE TO THE ANISOTROPIES 
OF THE g FACTOR AND THE HYPERFINE 
STRUCTURE CONSTANT 

The relaxation of a paramagnetic particle due 
to the anisotropies of the g factor and the hyper
fine structure constant aij were first considered 
(applicable to spherical particles ) by Me Connell. 
[ 4] We generalize his results to the case of par
ticles of the type of symmetric and asymmetric 
tops. 

We divide the Hamiltonian of the paramagnetic 
ion ( complex, molecule) into parts that are inde
pendent (JC0 ) and dependent (JC') on rotations: 

::;e = ::;e 0 + Jt'' ' 

*With the help of the equality In \Y;n\ 2 =5/477, which follows 
from the identities In\ TIJ~n \2 = 1 (the m.atrix TM~n is unitary) 
and T~l~ (a, {3, y) =y477/(2l + 1) v;n ({3,y) ([•], p. 318). 

t T 11 T 2 are parameters which are measured by the spin echo 
method. 

Jt'' = : 6 ~goSoho + ; 2 ~ho (g1S+ + g_1S_) + : 6 aoSoJo 

+ a_2S_J-+ G_zJ +s+ + v~ (SoJ + + JoS+) 

+ V~ (SoJ _ + JoS_) + V~ (J+S- + J_S+). (34) 

In (34), it is taken into consideration that h+ = h_ 
= 0 in the laboratory system (the magnetic field 
is directed along the z axis). It is easy to see 
also that 

(S+)M,, M,-1 =- ;2 V<S + M,) (S- M, +I); 

(SJM,-1, M, = ;2 V(S + M,) (S- M, + I); 

(So)M,, M 8 = Ms (35) 

(and similarly for J+, J_, J 0 ). It is not difficult 
now to describe the matrix elements which pro
duce the relaxing transitions Ms, MJ- M~, MJ
between the energy sublevels of the paramagnetic 
particle, for example, 

Jt'~sMJ; M5-1, MJ = (g1~ho + atMJ) (S+)M,, M,-d V2. 

Similarly, one can find the matrix elements of JC', 
which correspond to a change in the orientation 
of the nuclear spin or to a simultaneous change 
in the orientations of the electronic and nuclear 
spins. 

Making use of the transformation formula (14) 
of the components gn and au, we can give explicit 
expressions for the dependence of the matrix ele
ments on the rotations of the paramagnetic par
ticles: 

fft~ 5 ,1YiJ; M 5-J, MJ =+Jl(S +Ms) (S-M, +I) 

(36) 
n 

In the following, we introduce [similarly to (17)] 
the coefficients of anisotropy ga and gp of the 
tensors aij and Pij = ,Bh0giJ + MJaiJ: 
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g~ = f ~I ~h0g~ + MJa~ 12 • (37) of the level (Ms, MJ) is equal to the sum of all 
n n the relaxation transitions from it to all the re-

Then, in accord with (36), we have 

I 3CM5 , MJ; M 5 -J. MJ 12 = 3~ (S + M,) (S- Ms + 1) g~. (38) 

Carrying out the integrations (19) and (18), we 
find for the probabilities of the relaxation transi
tions 

= 1;n• (S + Ms) (S- Ms + 1) g~ 2} Qnp (D~~ n), 

n (39.1) 

= 1;1i2 (J + MJ) (J- MJ + 1) M~g~ ~ Qnp (D~~ n), 

n (39.2) 

= 1:n, (S + Ms) (S- M, + 1) (J + MJ) (J- MJ + 1) 

(39.3) 
n 

Here the quantities nn are determined by the com
ponents of the tensors Pij [in (39)] and aij [in 
(39.2) and (39.3)], similar to (22) in the case of a 
symmetric top, or (23) in the case of an asymmet
ric top; the quantities Dgh are given by (22) and 
(10), respectively. 

From (39.1) it is easy to obtain the result of 
McConnell: [4] 

1 
AM,, M,-1 = 15/i' (S + M,) (S -- M, + 1) 

X (~h0L\g + MJb)2 -rcf(1 + w~-r~). 
inasmuch as for the spherical top, 

D~~ = 6D = --c;-1 = 3kT/4n1Ja3 , 

(40) 

while in the case of the axially symmetric tensors 
aH and gH we have 

lJ lJ 

a~= L 1 = a~= L2 = g~ = g'_1 = g~ = g'_2 = 0, 

= ~6 (A -i(A + 2B)) = vib, 
g~=vil1g, 

g~ = f ~I ~hog~+ MJa~ 12 = (~h0 L\g + MJb)2. (41) 
n 

The notation of McConnell has been used in (41). 
The contribution of the spin-lattice relaxation 

to the width of the electron resonance lines, cor
responding to the transition Ms -1, MJ- Ms, MJ 
is equal to the sum of the widths of the levels 
( Ms - 1, MJ) and (Ms. MJ); the width ~.VMsMJ 

maining levels: 

L\vM,MJ = ~ AM,.MJ· M~M~. . ' . 
M5MJ 

In such a method of calculation, contributions to 
the width of the electron resonance line that are 
purely electronic will be taken into account, as 
well as the electron-nuclear and purely nuclear 
relaxation transitions. 

The so-called secular broadening ( 1/T;) of the 
resonance line Ms -1, MJ- Ms. MJ corresponds 
to the diagonal matrix element of the perturbation 
JC' (34); according to McConnell, 1/T~ can be 
found from the equation ( S = % ) 
(T~)-2 = (32n/45) (L\gph0 + bMJ) 2 h-2 tan-1{2-rc/T~). (42) 

The generalizations of this equation to the case of 
nonspherical molecules will be 

(T;)-2 = (32n/45) g~h-2 ~ Qn tan-1(2/D~~ nT;). (43) 
n 

Application of the formulas obtained for the 
analysis of magneto-resonance experiments al
lows us to obtain more detailed information on 
the structure, Brownian rotation, and interactions 
of molecules in liquids. 

1 Bloembergen, Purcell, and Pound, Phys. Rev. 
73, 678 (1948). 

2 R. Kubo and K. Tomita, J. Phys. Soc. Japan 
9, 888 (1954). 

3 Y. Masuda, J. Phys. Soc. Japan 11, 670 (1956). 
4 H. M. McConnell, J. Chern. Phys. 25, 709 

(1956). 
5 L. D. Favro, Phys. Rev. 119, 53 (1960). 
6 D. Edwards, Quart. J. Math. 26, 70 (1892); 

S. Broersma, J. Chern. Phys. 32, 1626, 1632 
(1960). 

7 L. D. Landau and E. M. Lifshitz, Qvantovaya 
mekhanika (Quantum Mechanics) part 1 (Gostekhi
zdat, 1948), pp. 428-431; English translation, 
Addison Wesley, 1958. 

8 A. Edmonds, Angular Momenta in Quantum 
Mechanics, in the collection, Deformatsiya 
atomnykh yader (Deformations of Atomic Nuclei) 
Russian translation, IlL, 1958. 

9 K. A. Valiev, Zh. Fiz. Khim. (Journal of 
Physical Chemistry) 35, 2265 (1961). 

10 Gel'fand, Minlos, and Shapiro, Predstavleniya 
gruppy vrashchenii i gruppy Lorentsa (Represen
tations of the Rotation Group and the Lorentz 
Group) (Fizmatgiz, 1958), p. 96. 

Translated by R. T. Beyer 
79 


