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A diagram technique is used for analyzing level shifts in single-electron atoms in an equi
librium plasma at a finite temperature. The level shifts are computed to first and second 
order in the coupling constant e 2/2aT (a is the Bohr radius). Debye shielding is taken 
into account by summing over diagrams. At high temperatures (T ~ 106o K) the shift 
is determined by the electron-electron exchange interaction and increases as T112• The 
problem of calculating level widths is discussed. 

1. INTRODUCTION 

IN recent years considerable progress has been 
made [1] in analyses of the effect of a plasma on 
the spectra of atoms in the plasma; these analyses 
consider effects due to electrons and ions by a 
combination of collision and statistical methods, 
using both quantum mechanical and classical 
descriptions; the correlation between charged 
particles has also been included. Nonetheless, 
the problem of describing these effects by means 
of a unified point of view remains unsolved. The 
application of quantum field theory techniques in 
quantum statistics (the Matsubara technique [2] 

and the further development of the Green's func
tion technique [3- 5]) open the possibility of a new 
approach to the problem. In this case one can 
formulate a quantum description of the entire 
plasma and then take account of correlation with 
the atoms. 

Using the point of view of field theory we shall 
consider the state of an electron in the plasma in 
terms of single-electron excitations. These exci
tations will correspond to bound electron states in 
the atom if these states become single-electron 
states in an isolated atom as the charged-particle 
density of the plasma approaches zero. To use 
this approach we isolate one of the ions and con
sider the entire plasma in the Coulomb field of 
this ion. The energy changes of the single-elec
tron excitations then represent shifts of the 
atomic energy levels in the plasma while their 
imaginary parts represent the widths of the cor
responding levels. 

2. SINGLE-ELECTRON EXCITATIONS 

We compute the energy level shifts for single
electron atoms in an equilibrium plasma at tem-

perature T = (3- 1• The entire plasma is consid
ered in the "external" field due to an isolated 
ion, which is assumed to be fixed. The kinetic 
energy of the electrons and ions is included in 
the unperturbed plasma Hamiltonian H0 while 
the interaction Hamiltonian is written in the form 

H1 = H,. +H.; + Hii + V. + V;; 

Hee = ~ dxdy\jJ+ (x) 'IJ+ (y) u (x- y) \jJ (y) \jJ (x), 

V, = ~ dx 'IJ+ (x) \jJ (x) V (x), 

Hii = Z2 ~ dx dy cp+ (x) cp+ (y) u (x- y) cp (y) cp (x), 

V; = -Z ~ dxcp+ (x) cp (x) V (x), 

(1) 

H,; =- Z ~ dx dy 'IJ+ (x) 'iJ (x) u (x- y) cp+ (y) cp (y). (2) 

Here, 1/J+ and 1/J are electron creation and annihi
lation operators while cp + and cp are the same for 
ions in the temperature representation of the inter
action, u(x-y) =u(x-y)o(x0 -y0 ) is the poten
tial energy of the interaction for an electron pair, 
V ( x) is the potential energy of an electron in the 
external field, Z is the charge of nucleus* and the 
subscripts e and i refer to electrons and ions re
spectively. The integration over the 4-vector x is 
carried out over the entire three-dimensional 
space of the vector x and over the interval ( 0, (3) 

of the temperature variable x0• 

It follows from the spectral representation of 
the single-particle Green's function [3, 5] that its 
poles give the energy spectrum of the single
particle excitations. We consider the single
electron temperature Green's function [2, 4] 

(3) 

*When Z > 1 we assume that all perturbing ions are com
pletely ionized. 
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where S ( {3) is the Matsubara S-matrix, the T 
ordering is carried out over the temperature vari
able, while the averaging is taken by means of the 
density matrix of the noninteracting particles 
exp { Q + J.LN - H0 ) {3} • As is well known, the 
Green's function G satisfies the Dyson equation 

G (x, y) = S (x- y) + ~dx'dy'S (x- x') ~· (x', y') G (y', y), 

(4) 

where S ( x - y) is the Green's function for the 
free electron 

' i} 1 ) (axo + !l +2m D.x S (x- y) =~ 6 (x- y), (5) 

while ~ * is the compact self-energy part. The 
quantity ~ * represents the sum of all compact 
diagrams with two external electron lines. In 
Fig. 1 we show these diagrams for first ( 1 - 4) 
and second (in H1 ) order perturbation theory. 
The single solid line corresponds to the electron, 
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FIG. 1 

the double solid line corresponds to the ion, the 
dashed line corresponds to the Coulomb interac
tion and the starred line corresponds to the ex
ternal field. Using Eq. (5) we can obviously re
write Eq. (4) in the form 

(a~o + !l + 2~ D.x J G (x- y) 

- ~ dz ~· (x, z) G (z, y) = 6 (x -y). (6) 

The Green's function is an antiperiodic function 
of the difference x0 - y0 [ 4•5]; hence the integral in 
Eq. (6) must be the same function of this difference. 
This requirement is satisfied by two functional 
forms of the dependence of ~ * ( x, z ) on x0 - z 0: 

a delta function and an antiperiodic function. All 
diagrams in Fig. 1 except for 10, 11, and 13 refer 
to the first function; 10, 11, and 13 refer to the 
second. 

We remove from ~ * the term corresponding 
to diagram 1 of Fig. 1, which is independent of 
plasma density, and introduce the mass operator 
M defined by ~ * (X, Z ) = V (X ) 0 (X - Z ) + M ( x, z ) . 
Then, from Eq. (6) we obtain the equation 

[a~o+!l+ z~D.x-V(x)]G(x, y) 

- ~ dzM (x, z) G (z, y) = 6 (x- y). (7) 

We let the density of charged particles in the 
plasma approach zero so that the mass operator 
approaches zero and (7) becomes an equation for 
the Green's function of the single-electron atom. 
Thus, the mass operator in (7) takes account of 
the effect of the plasma on the atom. 

It is well known [4•5] that we can carry out a 
Fourier transformation over "time" x0 within 
the temperature diagram technique: 

/3 

G (wn) = + ~ i"'nx, G (xo) dxo, (8) 
-13 

where wn = 1r (2n + 1 )/{3 for electrons. In the fre
quency representation Eq. (7) is 

[-iwn+!l+ 2~D.x-V(x)]G(x, y, COn) 

- ~ dzM (x, z, wn) G (z, y, con) = 6 (x- y) 

or, in operator form* 

a-1 (wn) = - iwn + f1 + 11xl2m- V (x) - M (con) . 

The poles of G (zeros of G- 1 ) in the complex 
plane E = - iwn + J.L determine the spectrum of 
the energy of single electron excitations of the 
system; thus, the determination of this spectrum 
reduces to solution of the equation 

[ - 2~ D.x +V (x) + M (con= iEv- if!,)]Xv = Ev'Xv· (9) 

Using the perturbation method, we find the zeroth 
approximations (in M) of the energy levels E~ 
and the eigenfunctions x~ of the single-electron 
atom; in the first approximation 

Ev = E~ + Mvv (wn = iEe- if!,), (10) 

where Mvv is the matrix element of M in the basis 
x~. This matrix element gives the shift of the en
ergy level for the state x~ . 

3. MASS OPERATOR 

In the first approximation we obtain for Mm 
three terms, corresponding to diagrams 2, 3 and 
4 in Fig. 1. Diagram 2, which describes the ex
change interaction between electrons, corresponds 
to the matrix 

*For the delta-function terms in x0 - y0 we take M(x, y, Wn) 
to mean the multiplier for 8(x0 - y0) in M (x, y). 
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M~1> (x, y) = S (x - y) u (x - y) 

= o (x0 - y0 ) Ne2 \ x- y \-1 exp [- (x- y)2 j 41iY), 

(11) 

where 7t" = ({3/2m )112. 
Diagrams 3 and 4 correspond to the matrices 

M~1> (x, y) = o (x- y) ~ dzu (x- z) N, 

M~1 > (x, y) = - o (x- y) ~ dzu (x- z) ZN;, 

which describe the interaction of the atomic elec
tron with the self-consistent field of the electrons 
and ions (mean densities M and Ni). Each of 
these integrals diverges separately; however they 
balance each other in a quasi-neutral plasma 
( N = ZNi ) . In the second approximation there 
are three pairs of compensating diagrams; these 
are not shown in Fig. 1. 

In the second approximation, we first must 
consider diagrams 5, 6, 8, 9, 10, and 11, which 
lead to divergent integrals and make the largest 
contribution to the level shift. Diagram 5, which 
describes the interaction of the atomic electron 
with the plasma electrons (which are polarized 
by the field of the nucleus), corresponds to the 
matrix 

M~2> (x, y) = o (x- y) (2nr 3 ~ dke-zkxP~2> (k, 0) V (k) u (k), 
< (12) 

where u ( k) = 47Te2k-2. 
Diagram 10, which describes the exchange in

teraction (taking account of the polarization of 
the plasma electrons ) , corresponds to a matrix 
of the following form in the momentum-frequency 
representation: 

X ~ ~ dkS (p - k, Wn-m) P~2> (k, Wm) U2 (k), (13) 
m 

where S (p, wn) = (- iwn + J.1. - Ep )-1 for odd fre
quencies while the second-order electron polari
zation operator is 

p~2) (k, W2n) = (2n)-a\dp Up-fp-k)(e~-ep;k) 
J (ep-8p-k) +w2n 

and zero for odd frequencies; here, fp and Ep are 
the Fermi function and the kinetic energy of an 
electron with momentum p. For a nondegenerate 
plasma and zero frequency we have 

P~2> (k, 0) = - N~I (~k) ~ - N~ (I + + ~2k2) , 

1 

/(~) = ~ e-E.'(1-s')/4ds; 
0 

(14) 

for nonvanishing frequencies and small k we have 

P~2) (k, W2n) ~ - N~2 C~n r. 
Diagrams 6 and 11 correspond to the expres

sions obtained from (12) and (13) when the electron 
polarization operator is replaced by the ion oper
ator Pl2>. The last is obtained from (14) if N is 
replaced by Ni and 7t" by Klt", where K2 is the 
ratio of electron mass to ion mass. 

The integrals in the matrix elements (12) and 
(13) diverge at small k. In order to avoid this 
divergence we must take account of the Debye 
shielding [2, 5• 6], that is to say we must consider 
plasma polarization in all the orders. This can 
be done by introducing the effective electron in
teraction potential, obtained by summing the most 
important polarization diagrams of Fig. 2, con
taining successively m electron and n ion 
branches. We replace these branches by the most 
general compact polarization diagrams; then, 

--o-o-----oo--o-------o---
m Tl 

FIG. 2 

taking account of the equal and independent con
tributions of diagrams differing in order of alter
nation of the electron and ion polarization opera
tors P: and Pi we find the effective electron in
teraction potential: 

00 

U (k, Ws} = U (k, Ws} L; 
m, n=o 

(m+n)! 
m!n! 

X [u (k, Ws) P; (k, Ws)lm [Z2u (k, Ws) P; (k, WsW 

= U (k, Ws}/ {1- [P: (k, Ws} +Z2P; (k, Ws}J U (k, Ws}}, 

(15) 
where u (k, Ws) = u (k)/2. Thus, u = u for odd 
frequencies. The effective potential is obtained 
from Eq. (15) by multiplying by - Z for the elec
tron-ion interaction and by z2 for the ion-ion 
interaction. 

The divergences in (12) and (13) can be avoided 
by taking account in Eq. (15) of the polarization 
operators P: and Pi in the first nonvanishing 
approximation; they are replaced by P~2 > from 
(14) and by P?>. 

Summation of diagrams of type 5, in which the 
line of interaction is replaced by the chain of 
Fig. 2, obviously means that the function u (k, 0) 
is replaced by u (k, 0) in Eq. (12). Adding a 
similar summation of diagrams of type 6, we have 
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M pol (x, y) = 6 (x- y) 2 (2n)-3 ~ dke-ikx [P~2l(k, 0) 

+ Z2P)2l(k, 0) IV (k)u{k, 0) 

~ 6 (x- y) (Ze2/d) (1 -I x l/2d), 

where d = [ 47Te2 ( 1 + Z) N(3] - 112 is the Debye 
radius.* 

(16) 

In summing the exchange diagrams of type 10 
and 11, in which the interaction line is replaced 
by the chain of Fig. 2, we must take account of 
the fact that the exchange diagram 2 is a first
order delta function in x0 - y0, while in all the 
remaining orders it is antiperiodic. Hence the 
summation can be carried out conveniently start
ing with second-order diagrams 10 and 11. This 
means that in Eq. (13) the quantity u2Pe is re
placed by u- u: 

Mexc{p, ffi2n+1) = + (2n)-3 ~-l ~ ~ dkS (p- k, ffi2n+1-2m) 
m 

In this sum the term with m = 0 is appreciably 
greater than the sum of all the remaining terms 
so that as an approximation we can write 

(17) 

(18) 

Diagrams 8 and 9 also give divergent matrix 
elements and the divergence is again avoided by 
replacing u by u. Using diagram 8, which de
scribes the interaction of the atomic electron 
with the plasma electrons (taking account of the 
interaction between the latter), we obtain the 
matrix element 

00 ~ ~(x)2 Ms (x y) = 6 (x- y)- - - N a3 
' y-5 a a 

(19) 

(a is the Bohr radius ) . The matrix element for 
diagram 9 is obtained from (19) by multiplying by 
- K 2 ; consequently these do not compensate. 

4. LEVEL SHIFT 

Equation (10) shows that to find the energy level 
shift for state Xnlm caused by the plasma we must 
compute the diagonal element M ( x, y, Wn = iE~ 
- ip.) in the basis XnZm. The shift due to plasma 
polarization is obtained from (10) and (16): 

*This part of the mass operator describes the additional 
energy of the electron in the Debye field and can be obtained 
by expansion of the Debye potential -(Ze2 I r) exp ( -r/ d) in r/ d. 

Ze2 { a 1 ( a )2 } 6Entpoi =a 4 - 4 7 [3n2 -l U+ 1)1 , (20) 

and falls off with temperature as T-112 • Diagram 8 
corresponds to the level shift obtained from (19): 

(21) 

and falls of as T-1 with increasing temperature. 
To compute the level shift which corresponds 

to the exchange diagram with the effective poten
tial we note that the matrix element (18) depends 
on the difference x- y in the coordinate represen
tation. Hence it is diagonal in the momentum rep
resentation; using the appropriate hydrogen func
tions, we have from (18) 

oE nl exc = ~ dp I 'Xntm(P) 12M exc (p, (J)2n+l =iE~-i!l)=CntT .y 
(22) 

where w0 is the plasmon energy, w0 = (47Te2Nm-1)1/2. 

The numerical factor Cnz depends on the quantum 
numbers n and l of the state being considered, 
being 0.442 for the 1s state, 3.3 for the 2p state, 
and 3.58 for the 3d state. This shift increases 
with temperature as T112 • 

We now clarify the region of applicability of the 
results that have been obtained. For this purpose 
we note that perturbation theory has been used 
twice in the above-in solving Eq. (9) and in calcu
lating the mass operator. The mass operator in 
(9) is small because it is proportional to the 
plasma charge density. The effect of the plasma 
on the atom is characterized by the number of 
electrons inside the Bohr orbit, that is, the pa
rameter Na3, which is small compared with unity 
for the gas state. All the mass operator diagrams 
are proportional to N but the summation carried 
out above leads to a dependence of the form M 
~ N1/2 for the largest terms. 

We have computed the mass operator above by 
means of the thermodynamic perturbation theory, 
i.e., expansion of S ((3) in H1. The largest term 
in H1 is the interaction energy of the atomic 
electron with the nucleus ~ e 2/a; thus in the 
present case the role of the coupling constant is 
played by the quantity e2/2aT = (7t/a)2, i.e., the 
ratio of the atomic ionization energy to the ther
mal energy. We can limit ourselves to the low
est approximations in S ( (3 ) in the expansion of 
e2/2aT « 1.* Thus, the obtained results apply 
for high temperatures, (temperatures appre
ciably greater than 1.5 x 105 o K). 

*For example, at high temperatures the ratio of level shifts 
corresponding to diagrams 7 and 2 is of order e2/aT. 
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A comparison of the shifts (20) and (22) shows 
that at high temperatures the important factor is 
the exchange shift (22), which is a rather large 
quantity. Thus, when N = 1016 cm-3 and T = 106° K 
the Ha (3d - 2p) line is shifted by 9.4 A. 

The level shifts corresponding to the alpha sec
ond-order diagrams not considered in detail above 
are found to be of order (21) or even smaller at 
high temperatures and for this reason need not 
be considered. 

The accuracy in the measurement of the shift 
of a spectral line depends on line width. For this 
reason we must consider the possibility of com
puting the broadening of the levels due to the ef
fect of charges in the plasma (Stark broadening). 
The notion of level width applies only in a con
tinuous energy spectrum which, in the scheme 
considered above, occurs only when Ev > 0, (un
bound electron states ) . Analytic continuation of 
the mass operator for computing the level shift 
of this state makes it necessary to deform the in
tegration contour and gives an imaginary part in 
6Ev. The latter can arise only in those terms of 
the mass operator which depend only on frequency 
Wn, i.e., terms that are not diagonal in x0 - y0 in 
the temperature representation. For example, in 
computing the exchange shift of the energy of the 
unbound state we find an imaginary part in the 
zero-frequency term in the sum (17): 

(23) 

where Pv = ( 2mE ~2 ) • To compute the level width 
we must average this expression over unbound 
electron states. 

In the scheme being considered we have a dis
crete energy spectrum for the bound electron 
states ( Ev < 0 ). Analytic continuation of the mass 
operator for these energies leads to an integral 
which has no singularities along the contour of 
integration and is thus real. Hence, the width of 
the negative levels is zero in this scheme. This 
result is due to our assumption that the nuclei 
are fixed. Actually, the atomic energy spectrum 
for bound states is continuous because of the ki
netic energy of the atom. Consequently we must 
take account of the motion of the nuclei in com
puting the width of the energy levels for the bound 
states. This approach can be carried out by de
scribing the atom in the plasma by means of the 
two-particle electron-ion Green's function. 

The author wishes to thank A. I. Akhiezer, 
I. M. Lifshitz, I. A. Akhiezer, and S. V. Pelet
minskii for discussions of the present work. 

1 Greim, Kolb, and Shen, Phys. Rev. 116, 4 
(1959). 

2 T. Matsubara, Progr. Theor. Phys. 11, 351 
(1955). 

3 L. D. Landau, JETP 34, 262 (1958), Soviet 
Phys. JETP 7, 183 (1958). 

4 Abrikosov, Gor'kov, and Dzyaloshinskii, JETP 
36, 900 (1959), Soviet Phys. JETP 9, 636 (1959). 

5 E. S. Fradkin, JETP 36, 1286 (1959), Soviet 
Phys. JETP 9, 912 (1959). 

6 V. P. Gala1ko and L. E. Pargamanik, DAN 
SSSR 123, 999 (1958), Soviet Phys.-Doklady 3, 
1225 (1958). 

Translated by H. Lashinsky 
197 


