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We have used quantum field theoretical methods to consider a uniform, infinite system of
fermions with pair interactions. The interaction consists of two parts: an attraction U of
range b and a strongrepulsion V of range a, with b > a. The ground-state energy ex-
pression is expanded in terms of two parameters— ap1/3 and l/bpl/ 3 _for the intermediate
range of densities p (b3p > 1 and a3p <« 1). All diagrams, the contribution of which to the
energy is not less than the contribution which in the gas approximation is cubic in a, are
taken into account. We show under what conditions there are states of the system for which
Eay < 0, 8Eqy/8p = 0, and 9%Eay/0p% > 0 (Eay is the energy per particle). We obtain in
the two-parameter approximation a set of equations that enable us to find the ground-state
energy. We compare this set of equations, obtained in the present paper, with Brueckner’s
equation which corresponds to the gas approximation.

1. INTRODUCTION

WE obtained in a previous paper,D] in the approx-
imation of weak correlations, a set of equations for
the ground state of nuclei (or of nuclear matter).
We then essentially left out of the discussion the
nature of the forces that must act between isolated
particles in order that the weak correlation approx-
imation be valid. A similar situation occurs also
in other papers (2] on nuclear matter or on atomic
nuclei as many-body systems.

It is well known that at distances of 1.5 to 2.5
fermi units the nucleon-nucleon interaction poten-
tial is negative. A study of experimental data on
nucleon-nucleon scattering and on high-energy
pick-up processes and similar ones enables one
to assume that there are strong repulsive forces
acting at distances of 0.4 to 0.5 fermi units.[34]
We base our assumptions upon these data and as-
sume that the nucleon-nucleon interaction poten-
tial consists of two parts: an attraction U and a
repulsion V with ranges b and a, respectively,
where U< V, a<b.

A consistent consideration of nuclear matter as
a many-body system is made difficult by the fact
that there is no small parameter which could be
used reliably to estimate the perturbation-theory
diagrams and to sum them. Indeed, the quantity
that characterizes the contribution from different
diagrams of the same order is pjb, where p, is
the Fermi-momentum. If pjb < 1, the so-called
gas approximation is valid,l®] and if pgo > 1 and

U is not large, the high-density approximation is
valid.[®) For the inner regions of heavy nuclei
(and also for nuclear matter) p, is such that

peb ~ 3 and the large value of V makes it impos-
sible to use the high-density approximation.

However, the fact that the assumed interaction
consists of two parts enables us to introduce not
one but two parameters, pja <1 and pgb > 1, and
to expand the ground-state energy, the energy of
single-particle excitations, and so on in powers of
pea and 1/pgb. The approximate equations obtained
by this method for the single-particle and pair wave
functions enable us to verify the validity of the weak
correlations approximation.

Since the system considered here, with two kinds
of interaction, is of interest not only as a model for
nuclear matter, we shall consider the problem from
a more general point of view, restricting ourselves
only to the following assumption about the forces:
| V| >|U|, a<b and ap; < 1, bpy > 1. For the
sake of simplicity we restrict ourselves to homo-
geneous systems of infinite extent in space, we
determine their binding energy, and we show under
what condition a state can be realized for which
9E,y /09p = 0.

2. A SYSTEM WITH TWO KINDS OF INTERAC-
TIONS. ESTIMATES OF DIAGRAMS

We shall use the apparatus of quantum field
theory as a general method of considering systems
with a large number of particles. We write the S-
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matrix of the system under consideration in the
form

S = Texp{—%glv (X1 — x2)

4 U (%3 — x9)] 9+ (r1, t) P+ (r2, f2)

XY (rz, t2) P (r1, f1) dr1 dre dtldt2} s
V(a1 — x2) + U (x1 — x2)
=W (rn—r2) +U(rn—r2)ld (hr — ta),

h=m=1.

@®

Regarding the ground state of a system of non-inter-

acting particles as the vacuum state and changing
from the T- to the N-product, we can use a dia-
gram technique.* Then:

1. In each vertex there enter three lines, one of
which corresponds to a factor —iU (q) or —iV(q)
while the other two are either internal or external
lines that correspond to the motion of virtual and
real particles and holes.

2. An internal line corresponds to a propagator
which in the momentum representation is equal to

G (p) = p,— p*/2 + 86 (p),

TR P

where pg is the energy and np the occupation num-
ber of non-interacting particles in the ground state.

3. The law of conservation of four-momentum is
valid at each vertex.

4. The diagram of n-th order in U and V is
multiplied by

i k- ..(f——-m-l—l) (— 1),
2"m! n}

where P is the number of closed particle-hole
loops, and k and m the number of U- or V-lines
(k >m) which are arranged over the diagram in
such a way that interchange of U and V does not
change the matrix element. We depict in each dia-
gram V by a dotted line and U by a wavy line.

We consider first diagrams containing V only.

Since apy < 1, we can restrict ourselves to the
ladder (gas) approximation, which corresponds to
multiple scattering of one particle of an isolated
pair by the other particle of the pair (Fig. 1). Since
Va? > 1 one must everywhere perform the summa-
tion over V instead of the separate diagrams of
Fig. 1. We denote the sum depicted in Fig. 2 by
Veff-

Of all the diagrams containing only U, the main
contribution is made by the diagrams of Fig. 3,
where in each order of the perturbation theory the
maximum number of particles ( whichis equal to the

*For details see references [5], [7], and [8].
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order) is excited. The ratio of any diagram of

Fig. 1 to another of the same order is less than
(apo)“, and the same ratio for the diagrams of
Fig. 3 is of higher order in bp,.* We denote the
sum of diagrams in Fig. 3 by Ugff and depict it

by a double wavy line.

From the calculation given in Galitskii’s paper‘:s:I
it follows that we can assume—at any rate to get
estimates—that the effective short-range interac-
tion Vefs is the same as the scattering amplitude
of hard spheres of radius a.T One can assume
that the scattering amplitude is constant for not
too large values of the momentum. Moreover, if
Veff ~ 4ma, then pyVeff < 1. The scattering am-
plitude is independent of the magnitude of V for
sufficiently large V. It will become clear in the
following that all expressions for the total energy,
the single-particle Green’s function, the effective
interaction, and so on, contain in the integrand
steeply decreasing functions of the type (x—a)~!
and the integration over the intermediate momenta
is thus limited to momenta not larger than a few
times pj, and this means that for estimates one
must everywhere substitute a instead of Veff.

We shall take into account all diagrams whose
contribution to the ground-state energy E; is
larger than that from the term proportional to a3
in the gas approximation. We must thus drop all

*We shall give a more detailed and accurate comparison of
different diagrams in another paper, where we shall use as an
example the value of p, corresponding to nuclear matter, and
where V, U, a, and b are taken from nucleon-nucleon inter-
action data.

tIn the system of units in which m =" = 1, V¢ is nearly
equal to f, i.e., to the scattering amplitude.
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diagrams which contain powers of Vggs larger than

the second. All irreducible diagrams* which de-

termine E; and which do not contain higher powers

of U than the first are depicted in Fig. 4.

We now consider irreducible diagrams contain-
ing higher powers of U. The main contribution is
in each order in U given by the diagrams contain-
ing the smallest number of integrations of U (q)
over the momentum transfer q, since U (q) is
different from zero only for small values of q.
Thus, of all the possible complications when we
go from the n-th to the (n+1)st order in U, we
must take into account the diagrams depicted in
Fig. 3. We must then take into account, apart
from the diagrams of Fig. 4B, the five diagrams
that are obtained from Fig.4B by replacing U by
Ueff (for instance, the diagram of Fig. 5).

In first order in Veff one must take into ac-
count the diagrams of Fig. 6, as becomes clear
from the estimates given in the following. In
zeroth order in Vggr one must take into account,
apart from the correlation energy diagrams (Fig.
7a), also the exchange diagrams. One must, of
course, take into account irreducible diagrams in
which instead of the Green’s function (2) one must
substitute the Green’s function that takes the self
energy into account T

*Diagrams are called irreducible if they do not contain
parts of the self-energy type.

*A consideration of X (p) will be the subject of a subse-
quent paper.

Diagrams
of the
p, T kind 4 + | Pe

FIG. 6

G (p) = pe — p*2 — Z(p) + id6(p). @)

Before we go over to estimate the reduced dia-
grams, we must note that should it ever become
necessary to take into account terms proportional
to ngf, the main difficulty would lie in the appre-
ciable increase in the number of mixed diagrams.

To elucidate the conditions for the existence of
a state of the system for which 8Egay/9p = 0, it is
necessary to know how the matrix elements depend
on py. Since the dependence on p, is different for
different potentials, we perform the estimates for
three potentials: U= (Uy /rvy)e "1f, U= Upe V2T,
and a potential which is a square well of depth U,

and width b. For the diagrams of Fig.4A we have*
Uob®ps; b: Uupor Uosbi, Uopb:

a: Uppive,  Ugpdivi,

e, d: apl e [: Unapivy, U gapavs In (po/vs),  Usapo,
and for the diagrams of Fig. 4B

. 6 4 5
a,b,c,d, ez ~a’pUg/vi, a?poUgeve,  a?poU,.

*We shall give elsewhere more detailed estimates of the
diagrams for nuclear matter.
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It is somewhat more difficult to estimate the terms
containing Uggy.

For the correction to the correlation energy,
which is described by the diagram of Fig. 7a, we
find by summing the diagrams of Fig. 3 in the ap-
proximation pgb > 1 (see [6) and (%))

P —+oo

_ 305 _
Ecorr —SHP§§ Pdg g ds lIn (I — B) -+ B,

—00

“)

p—bkllV@] I{(] ~sarctg—i—>

22
+[§7;[(1+sz)1n(1+%2)—f—i—§]}. (5)*

If for our estimate we replace Vggp by 4ma, we
get for the diagram of Fig. 6a

Do +o0
a o %a( 5 dq _ B
Ecorr —2p?,§ q lU(Q)[_Soods[ln (1 B) +B + 2]. (6)

It is expedient to distinguish two cases in (4) and
(6), namely B> 1 and B« 1. If B « 1 we find
from (4) after some straightforward but tedious

calculations
P

— o ) PV @1 —1n D) + oL (dn2—D).
’ W)

For all long-range potentials with finite range,

U (q) tends with increasing q to zero at least as

fast as 1/q®. The main contribution is thus given

by that part of B which does not contain a factor

q, and this makes it possible to drop in Egorr the

term proportional to q. We get then

Ecorr =

Po
0.23 ¢
=— Wapox ¢*dqU* (q).

0
The exchange diagram of Fig. 6 contributes the
same. An estimate yields
Ecorr = (Un/¥}) In (po/vy), Ugy/vi, Ugt® In pob;
ECor = apo (Ug/vD) In (po/vy), apoUs/vi, apoUgh* In (peb).
(9
We consider now the case when B > 1. One can
easily verify that the main contribution to Egqpr
and Eg’orr will be made by the integration over g
from a qp, such that B(qmy) = 1 to p, (i.e.,
dm ~ Vi, V3, 1/b). To obtain estimates when B > 1
we must thus replace the quantities In (pgb),
In (py/vy) in (9) by In (py/qyy, ).
When choosing the diagrams occurring in the
correlation energy (Fig. 3 and the diagram of
Fig. 7a) we have noted that in each order the
ratio of the retained diagram to any dropped one

a
ECO]‘I‘

@®)

*arctg = tan” "
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is larger than pgb. This means that the contribu-
tion from the diagram of Fig. 7b and from the dia-
grams of Fig. 6c and d is smaller by approximately
1/pgb than the contribution from the diagrams of
Figs. 7a and 6a, while that from the diagram of
Fig. 7c is less than that from the diagram of Fig.
7a by a factor 1/p3bZ.

The estimates performed here enable us to
reach some qualitative conclusions.

1. If a > Ugb? the attraction U is taken into
account only in first order and the energy is eval-
uated from the hard-sphere formula:L10]

3 20
Eay =15 P [1 +—27Uob3po

0 1
—{—%—poa—{—z—;?(ll —21n2)p§a2]—»-§- U,.

(10)
2. If a =~ U0b3 the expression for the energy is
given by Eq. (10). Of most interest is the case
where a « Uyb® since it corresponds to the pos-
sibility of forming a state with negative total energy.

3. GROUND STATE ENERGY AND EQUATION OF
STATE OF A SYSTEM WITH TWO KINDS OF
INTERACTION

We evaluate the energy pertaining to one nucleon
in the ground state when Uyb3 > a.* For the dia-
grams of Fig. 4A a and b we find

E* = pSU(r)dr,
E' = — s\l (pi— pal)dpr dpo = 52, (11)

where p = pg /6% is the density of the particles
with spins in the same direction.

We now find the contributions from the dia-
grams of Fig. 4A c and d. The difficulty in solving
this problems lies in the difference between (3) and
the free-particle Green’s function (2). In the pres-
ent paper we shall not attempt to solve this prob-
lem exactly, and assume only that £(p) can be
approximated in the momentum range 0<p < 1/a
by a quadratic parabola; this corresponds to re-
placing the kinetic energy p?/2 in the Green’s
function by p?/2u,.T The effective interaction Vs
is expressed in terms of the amplitude for hard
sphere-hard sphere scattering: 5]

*We assume that the interaction potentials are spin-inde-
pendent. Go(p) contains 8¢ where s’ and s are the spin
components at the ends of the line G in the diagrams. In all
results given here we have summed over s.

tOne can hope that the results given here will not change
appreciably when the dispersion law differs from a quadratic
one.
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Vet~ [f + 0 (P)].

If one replaces p?/2 in the single-particle Green’s
functions by p2/2u1, i.e., if one takes into account
that the scattering takes place in a dispersive me-
dium, then Vegf ~ ur![f + O(£2)], as one can verify
using the derivation of Vgg¢p given by Galitskii.[5]
Since the function f is equal to a for the mo-
menta pa < 1 which are of interest to us, and is
independent of u;, the effective interaction Veff
is proportional to a/u; and this expresses the
change in the effective repulsive potential by a
factor p, if the presence in the system of a long-
range attraction is taken into account. Such an
approximation is unsatisfactory for p ~ p,. How-
ever, if integration over a wide range is important
in the matrix element (short-range potential) the
contribution from the p = p, region is negligibly
small. We can thus evaluate it assuming that the
above-mentioned method of taking the change in
the single-particle Green’s function into account
is sufficiently accurate. The contribution from
the diagrams of Fig. 4A c¢ and d is then equal to

E* = pi(ape/3mp) + po(2apy/35 ayy) (11 —21n2). (12)

If, however, the p ~ p, region is important, we
must use a different approximation:

2 (p) = Z (po) + qZ’ (po)
or

(g =p—pd.
(13)

5 P* = 5 P+ Gpo— 5 P + qpo v

One can verify that u, differs less from unity than
K1

We now consider the diagrams of Fig. 4A e and
f. If we restrict ourselves to the term proportional
to a in Vggf, we find after integrating over the
fourth component of the momentum

6aPo

ef . _
E" = — Gay

S dp,dpydpsnpnp, (1 — nyp,)

X (1 — npgp—p) U (Po | PL—Ps3 D

X [%p§+’;“(pl + ps — Ps)?
_%pf——;—pg + 2 (ps) -F 2 (|py + P2 —Ps))

—_— 2 (pl) - 2 (p2) + 2’:6 (nPH‘Pz‘Ps + n’P: — hp
(14)

Terms of the type

( 7p,7p,"p,Mp,O(P1 + P2 — Pa — P1)
dp, dp, dps d|
5 P — P1dps dps apy

which we obtain on integrating, vanish because the
domain of integration is the same for all variables

[ npz)]_l'

while the denominator is antisymmetric. To dis-
play explicitly the way the energy depends on the
density, the momenta are expressed in units p,.
Writing q = p; -p; and using the fact that U (q)
decreases steeply with increasing q we expand
the integrand [apart from U (q)] in a power
series in q, retaining the first two terms. After
straightforward but very tedious calculations we
get

apolts
2Mjn,S dq U'(gpo) ¢°

EY =

x[(1—=1n9) +FHqg@me—n],

U'(pog) = psU(poq). (15)

The contribution from the diagrams of Fig. 7a
and those of Fig. 6a,b is obtained by analogy with
(4) and (6):

3p2 e
Ecorr = g Sqadq g ds [In (1 — p,B) + 1Bl (16)
a 3apg i g%dq Jg []n (1 —pyB) +1,B .,_“5 2] .
corr ™ 2M1H20 LU apo) | . He 2

7

the quant1ty B is defined in (5).

If apib >1 and E2 .. is of the order of the
part ECd which is proportional to a?, then (11),
(12), and (15) to (17) determine the ground state
energy of the system E; = EaqyN, where N is the
number of particles in the system up to terms of
the order a?.

As an example we give the expression for E,
for an exponential attractive potential er—ur for
the case where B < 1:

3
Eo/N :%pg’l‘;—n Uo%_ %Uo
3 v

_{—1 2p0+ + I’u}

P

|__
T2

2
+ a0 + g (11 —21n2) pla?

—U

{4(1— In2)(2in 2 —1)

+3(1 —% 2 )(4In2 — 1)} i‘;’;
4 2 (4in2 — N (5= - 1>—|—O.08:ﬁ:2}.

The equation of state of the gas considered is ob-
tained from (18) by differentiating with respect to

p:

{ (1—1n2)

(18)

P = p0E,/0p. 19)

For a density for which (Uy/v?)(p,/v) > 1 the
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pressure is basically determined by the attractive
potential. Therefore P < 0, corresponding to a
tendency of the system to compress without limit.
However, the presence of a repulsion, the energy
of which increases very steeply with increasing
density (together with the term ~p%)a2 in (18), an
important contribution to E, is starting to be made
by the terms proportional to p(?;a.3 and by all higher
powers of pya) and this leads to the fact that at
high densities the rate of growth (89E/8p) of the
energy of the attraction and of the repulsion com-
pensate one another and the pressure is deter-
mined by the kinetic energy.

We shall, however, be interested in the case
where P = 0, and we shall now consider that case.

4, SPONTANEOUSLY CONDENSED SYSTEMS

If the system is not closed, the condition P = 0
may not be satisfied for its internal energy, and
there is no connection between p, a, b, V, and U.
Closed systems will spontaneously condense to
such a density that P = 0, and there is thus a
well-defined connection between p and the param-
eters of the potentials. In the present section we
shall study systems for which

0Eav/0p =0, 0?Eay | 9p2 > 0. (20)

These are precisely of greatest interest to us,
since they apply to practically all atomic nuclei.[1]
Condition (20) was proposed in (1] on the basis of
a set of equations obtained to describe the ground
state of atomic nuclei. In the present paper (20)
appears as an additional condition.

Let us consider what requirements are imposed
on the potentials U and V by the existence of a
minimum of the ground state energy with respect
to p when apy < 1 and bp, > 1. It is of certain
interest to show that a many-particle system with
two-body interactions taken from experimental
data* can be in the state (20). It is well known
that (20) is not satisfied when there are only at-
tractive forces (Wigner’s theorem ). Exchange
forces by themselves lead to the possibility of
satisfying (20).

If the interaction potential is negative and con-
tains together with an exchange part also a non-
exchange part, (20) is not satisfied. We consider
under what conditions strong repulsions at small
distances can lead to (20) being satisfied. It is
clear that one can always find a p for which (20)
is valid if V is sufficiently large. However, we
shall in the present paper be interested in the
possibility of satisfying (20) just for an interme-

*For example, for nuclear matter from nucleon-nucleon
scattering experiments.

AMUS’YA

diate density when Egy is determined with suffi-
cient accuracy by the sum of the contributions
from the diagrams of Figs. 4 to 7 or simply by

@a
@2

8). One sees easily that in order that condition
0) be satisfied it is necessary that the expres-

sion for the energy E,y contain terms that in-
crease more rapidly than p with increasing
density.

Estimates of the diagrams which were given in

the foregoing, and also Eq. (18), show that the only
term which increases more rapidly than p is the

term proportional to p

4/3.

Eg= 2 p7t(6n)%a? (11 — 21n2) ps =~ 13a%" [ py.  (21)

The remaining terms, either those corresponding

to the presence in the system of only a long-range
attraction or the mixed ones, cannot contain p in

powers higher than the first, as can be seen from

the estimates.

We shall see under what conditions condition

(20) can be satisfied. We find from (18) and (20)

3
5

w

4 3 1 1 2
+rtn— i {z o+ )
8
+n%x+3——5n’u1(“ — 222

2 1 9
" ggﬁ{su —1n2)—}—8—2(41n2—1)}

.
pe & g 3 n 1)
—Bffs - gume—n g =0 2
3 6 1 3 1 1
—§+?§—,]?1n27l_2‘n§73+15§?
8 0.16 1
+ g (11 =200 SR LE 5
. 1 9
—{—%:—LQEBF{QLHI—1n2)+£(41n2—1)}
— Sl 42 —1)>0, (23)
here
E = Ui?, n = po/v, = poa.

Let U be the Wigner potential. Then £ < 0 and

one can show that p; and p, > 1. The calculation
given here had a meaning only because { < 1 and

Ui

> 1. But under those conditions (23) is not satis-

fied since all terms in (23), apart from those pro-
portional to 2 and g£2/n%, are negative. It is per-
fectly clear that the average energy Egy of the
ground state of the system considered must be
negative. We find from (18) and (22)

E

2 Uy

3 1
= nlnn—{—z—nUO?

1 U
avz‘gp(z)_ ?0_*‘

8
—%2(1—Ing) U(,niln n, (24)

from which we see that E5y > 0.
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We consider a system such as a neutron fluid,
since we neglect the Coulomb interaction and do
not take the isotopic spin of the particles into ac-
count. The result obtained here means thus that it
is impossible for a neutron fluid of intermediate
density to exist if its interaction potential is the
Wigner potential. This conclusion does, of course,
not exclude the possibility that there exists a bound
state at densities so high that { ~ 1 and 1 > 1.

We now see what changes occur if we take the
Majorana potential into account along with the
Wigner potential. We shall assume for the sake
of simplicity that their radial dependences are
the same and we denote the respective parts in
the mixture by the letters W and M. (18) is then
changed and using (20) we find instead of (24)

Eave 4 P — <-——M)U0+ \——M)U(,]l‘n—"
3
_( - T) UO'TI_ - 105”’1 Czpo
—%(1—1n2)(w'_%)uo%1nn<o (25)
or
M>W2, 5|W2—M||E|>n(l —28/21 py).

(26)
If M =W/2 we have u; =1. For sufficiently large
M (M 2 W) the quantity p, is appreciably less than
unity.* If, moreover, n¢ > 1, we have from (23)

22 >2.7 pq, 27)

and we get from (22) an equation for 1, which in
first approximation can be written as

0.6 -+ 1.27 (W — M/2) &n + 0.32 t/pa + 0.22 /p1 = 0.
(28)

The appearance of the factor u; leads to terms
~a? being able to contribute to the energy to ap-
proximately the same extent as the kinetic energy
even if ¢ is appreciably less than unity. (One
must therefore take into account terms propor-
tional to a3, for instance when studying nuclear
matter.) It is clear that the introduction of an ex-
change interaction does not only enable us to
achieve E,, < 0, but also increases the repulsive
energy so that (27) can be satisfied. One can show
that E,, and the density corresponding to (20) de-
pend strongly on the radius of the core (of the
short-range potential) a, while the above-men-
tioned strong dependence arises from the require-
ment that (20) be satisfied.

The presence of two kinds of particles in the
system increases the repulsive energy. Indeed,

*1, depends, generally speakmg, on the density in such a
way that 92(p é/ul)/ap’ < p,0% /3/6p’ In that case, however,
0*(p"/u,)/3p* > 8%p%/dp>.

if ¢ < 1, the repulsion is important only in states
for which the spatial part of the pair wave function
is symmetric. The statistical weight of such a
state is equal to unity for identical particles, while
it is equal to four for different particles. The re-
pulsive energy per particle is thus increased three-
fold. For smaller values of  when n¢ ~ 1 we get
from (23) instead of (17)

—1.9(M — W /2)E%1In 2T + 0.2202 /u,; > 0.6 (29)
and from (22) we get an estimate for ¢
Ex~—0.25/p (W —M/2). (30)

Equations (30) and (25) go together. We note that
(27) is satisfied if ¢ is not too small. One must
then take into account the contribution from the
diagrams of Fig. 4B, which leads to a decrease of
the kinetic energy, as is clear from estimates.

Up to now we have considered the possibility
that there exists a bound state when ¢ < 1 and
n > 1. However, one can verify by a direct calcu-
lation that the contribution of the correlation en-
ergy is altogether very small even if n 2 1. Equa-
tion (18) is in that case incorrect since it does not
take into account the contribution of the diagrams
of Figs. 6¢c, d and 7 b, c. However, for estimates
one can neglect them in 8E,,/8p? compared to
the exchange terms in (23), i.e.,

(W /2 — M)E(In2n— 0.25 -+ 0.8 /1) > 0.31n?.

There is thus a possibility for the existence of a
bound state when ¢ < 1 and 7 >» 1, if exchange
forces are taken into account.

Although the density-dependence of the matrix
elements containing U is different for different
potentials, one can conclude on the basis of esti-
mates given earlier that the results of the present
section are qualitatively independent of the form
of U. If we take into account that the nucleon-
nucleon interaction consists of two parts, it is pos-
sible to show that (20) is satisfied for nuclear
matter at intermediate densities only if there is
a strong repulsion at small distances (a core)
and also an appreciable admixture of exchange
forces in U. The equilibrium density p will de-
pend strongly on the core radius.

5. A COMPARISON WITH BRUECKNER’S
METHOD

Recently Brueckner’s method, 2] which is
based upon replacing the true interaction by a
t-matrix which is obtained from an integral equa-
tion, has been used very widely for studying sys-
tems with interactions of the kind considered, in
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particular for nuclear matter. The ground state
energy, the single-particle energy, and the basis
fu.nc’cions,‘zz'l:| and also the t-matrix are deter-
mined from the following relations

N N
= —S]A)+L ik |t | Aik),
Bo=— 2|7 |i)+z 2D Ghle1AR)

2 (i8] V + U sp)sp | ¢ 1lg)
E, +E,—E—E,

(ik|t|lq) = (ik|V + U|lq) +

- — (]3] )+ q§F<1q|t|Atq),

where the notation is the same as in [1J,

The equation for the t-matrix is obtained in the
ladder approximation 111 and is valid only at low
density. Since, however, pgb is about 3 to 3.5 for
nuclear forces, such an equation has no exact theo-
retical foundation. Doubt was therefore often ex-
pressed as to the validity of the method, and aston-
ishment in connection with the good agreement with
experiment both for the average energy per particle
in nuclear matter and for the density for which the
energy is a minimum. Apart from the agreement
with experiment, arguments in favor of this method
are based either on qualitative considerations (see
a discussion in [12] on the influence of the Pauli
principle and the ‘‘healing length’’) or on calcula-
tions of some of the dropped perturbation-theory
diagrams.

Hugenholtz [13] has, however, already shown that
in the high density approximation (corresponding
to pgb = 3 to 3.5) the main contribution is not
made by the ladder diagrams (compare estimates
of the diagrams of Figs. 4a,b,c and 7a). More-
over, in Brueckner’s method some formal difficul -
ties are raised by the possibility that the t-matrix
may have poles below the Fermi surface, which
would make it wrong to drop terms containing
higher powers in t than in (31). Many attempts
have been made to get rid of these poles but they
have not been successful. The appearance of
poles need not cause surprise since in the low-
density approximation the presence of an attrac-
tion (however small) leads to a logarithmic di-
vergence in the scattering amplitude near the
Fermi surface. It is, however, not clear whether
this singularity is real in the case of nuclear mat-
ter, for instance, or whether it appears because
of an application of the Brueckner method.*

In the present paper a different method is pro-
posed, which as far as we can see is free from
the above-mentioned deficiencies. For compari-
son we obtain the set of equations of the type (31)
in the two-parameter approximation. The contri-
bution from the diagrams of Fig. 4A c,d can in
the notation of (31) be written in the form

*The problem under what conditions poles appear in the
pair scattering amplitude will be considered elsewhere.

(31)

AMUS’YA

N
=3 X (k| Q| Aik),

i, k=1

where Q is determined from the integral equation

. . k|V l
(llellq):_(lkIVllq) + ZF (ik | ISP)(SPIQIq)
S, p>

E, T E,—E,— (32)

Summing the contribution from the diagrams of
Fig. 4A a to £, we find

N N
— 3%+ 2 (k|| Aik),

(ik|V 4 U]sp) (sp1Q] lq)
E,+E,—E,—E,

(ik|t|lq) = (ik|V + U|lg) + EF
s, p>
—(t|z |9+

2 (lq] 7| Alg).
9<F
Equations (33) can be generalized in such a way
that one can take into account the diagrams of
Figs. 7a and 6a,b. We leave for the moment the
problem of the application of these equations to a
nucleus or to nuclear matter; this requires con-
siderably more accurate estimates of diagrams
than the ones given here. At the present more
accurate estimates are being made.

In conclusion I consider it a pleasant duty to
express my deep gratitude to Professor L. A. Sliv
and also to G. M. Shklyarevskii for many discus-
sions and valuable hints and to D. A. Kirzhnits
for interesting discussions about the problems
of this paper.
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