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The effect of the finite size of the nucleus on the angular distribution of circularly-polarized 
bremsstrahlung emitted by a longitudinally polarized high-energy electron is considered. An 
expression for the angular distribution of external bremsstrahlung is derived by taking into 
account the mean square radius < r 2 > of the nuclear charge distribution and the longitudinal 
spin correlation between the initial electron state and emitted y quantum. A formula is de
duced for the effect of the finite nuclear size on the angular dependence of the degree of cir
cular polarization of the bremsstrahlung. 

1. INTRODUCTION 

THE polarization correlation between the electron 
and the y quantum in the bremsstrahlung of an 
electron in the Coulomb field of a point nucleus was 
considered in several papers.1- 7 It was shown that 
the bremsstrahlung quanta from a high-energy 
electron polarized in (or opposite to) the direc
tion of motion have circular polarization, the de
gree of which may reach almost 100 percent near 
the upper limit of the spectrum.1- 5 It has been 
established experimentally that for a longitudinally 
polarized electron with kinetic energy "' 2 Mev 
the degree of circular polarization of the brems
strahlung reaches a maximum value "' 95 percent 
in the upper end of the spectrum.8- 11 Thus, the 
theoretical results1- 5 on the polarization proper
ties of the bremsstrahlung have proved to be in 
satisfactory agreement with the experimental 
data. 

As shown by Olsen and Maximon,5 the degree 
of circular polarization of bremsstrahlung quanta 
from a polarized high-energy electron is practic
ally independent of the screening of the field of 
the nucleus and of the Coulomb corrections. Biel 
and Burhop12 considered the bremsstrahlung of 
a relativistic electron in the Coulomb field of an 
extended nucleus without allowance for the polar
ized states of the incident electron and the emitted 
y quantum, in the Born approximation. They have 
shown that when the electron has high energy 
( E » m 0c2 ) the influence of the density of nuclear 
charge distribution on the angular distribution of 
the bremsstrahlung becomes appreciable in the 
region of y-quantum emission angles (} > 10°. An 

analysis of the influence of the finite dimensions 
of the nucleus on the polarization of the electrons 
in double scattering is the subject of a paper by 
Kerimov and Arutyunyan. 13 

In the present article we calculate in the Born 
approximation the angular dependence of the ex
ternal bremsstrahlung of a relativistic electron 
with allowance for the finite dimensions of the nu
cleus and for the polarized states of the initial elec
tron and of the emitted y quantum. Formulas are 
derived for the dependence of the ratio of the cross 
section of circularly polarized bremsstrahlung 
from an extended nucleus to the cross section for 
a point nucleus on the angle of emission of the y 
quantum and the mean square radius of the nucleus 
for a given value of energy of the longitudinally 
polarized electron. It can be expected that the ex
perimental investigation of the formulas for the 
cross section of bremsstrahlung from polarized 
electrons in the region of high energies and angles 
can also yield definite information on the form 
factor and on the mean square radius of the dis
tribution of the nuclear charge. 

2. ANGULAR DISTRIBUTION OF POLARIZED 
RADIATION WITH ALLOWANCE FOR THE 
DIMENSION OF THE NUCLEUS 

To take account of the finite dimensions of the 
nucleus, we shall use the form factor F (q) of the 
charge density distribution, for which we have, for 
not too high energies, 

(X) 

F(q) =\ p(r) sinqr 4rrr2 dr= l--t1 q2 <r2). (1) 
.) qr ) 
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Here p ( r) is the density, < r 2 > is the mean 
square radius of the nuclear charge distrib1.1.tion, 
and tiq is the momentum transferred to the nu
cleus ( q = k- k' -IC, IC is the photon wave vector). 
At electron energies from 20 to 100 Mev we can 
confine ourselves to the first two terms of the ex
pansion of F (q) (see reference 14) and obtain a 
bremsstrahlung cross section that depends only on 
the mean square of the nuclear radius. At very 
high electron energies it is necessary to take into 
account the higher moments of the nuclear charge 
density. 

The longitudinal polarization of an electron 
with momentum p = tik is described by the eigen
value s = ± 1 of the projection operator ( u • p/p) 1/J 

= sljJ (see references 15 and 1). When s = 1 we 
have a right-hand polarized electron (the spin is 
in the direction of the motion), and when s = - 1 
the polarization is left hand (spin opposite to the 
direction of motion). Circular polarization of the 
bremsstrahlung is characterized by a photon field 
polarization vector (see references 15 and 1)* 

a = ;2 ~ (~ + il [~op]). 
1=±1 

Here 

K0 = K/K is a unit vector in the direction of emis
sion of the bremsstrahlung photon, j is a unit 
vector of arbitrary direction, l = ± 1 describes 
the circular polarization of the radiated y quan
tum; l = 1 for a y quantum with right-hand polar
ization and - 1 for left-hand polarization. 

In the Born approximation we obtain from refer
ence 1, with the aid of formulas (2)- (10), the fol
lowing expression for the differential cross section 
of the external bremsstrahlung of the electron, with 
allowance for the form factor of the nucleus and the 
longitudinal polarizations of the electron (in the 
initial and final states) and of the emitted y quan
tum 

datss•(O, 0') dQ dQ' =IF (q) [2 {+ da 8 _H (0, 0') 

+ ;;1 [ss'fr (8, 0') + lsf2 (0, 0') + ls'f3 (0, O')l}dQdQ'. 
(2) 

Here 

f1 (8, 8') = L.1k. { [2 (k~ + KK') (4K'2 - q2) 

-- 4kg (3K'2 -~ K") 1 "" ~~" 0 + [2 (kg + KK') 

( 4K2 - q2) - 4k~ (3K2 --;- K'2) J k'' ~n: ()_'__ 
![x0 {3] = -tf x (3. 

--2[2(k~ +KK')(4KK' +2x2 -q2) 

_ 4e (K -'- K') 2 l H' sino sino· cos (cp' -cp) 
0 I ~£\' 

_t_ 16k2 2 KK' -'- 4 2KK' k2 sin2 0 + k'" sin2 6' 
1 0X ~~· , X ~~· 

+ 4xk~ (K + K') (1. - -~~·') kk' sine sino· cos (cp' - cp) 

I 4xk2 K + K' (k 2 sin2 8 - k' 2 sin2 8') - 4x2e (-K_:_ _L !S_) 
I 0 ~~· 0 £\' 1 ~ 

_ 4 2k2 [ K' (K' + k' cos 8') _:_ K (K + k cos 0) ]} 
X 0 ~' I ~··' , 

h (6, 8') = f {[xK (k cos o + k' cos 0') - x2K 

o k2 sin2 () + xk;;J ~ _]- [xK (k cos o + k' cos O') 

_L 2K _ el k'' sin2 8' 
1 X X 0 ~·2 

- 2xK (k cos o + k' cos o ') kk' sin 8 sin~~·cos (cp'- <rl 

' 2 k2 sin2 8- k' 2 sin2 0' 
-;- x (xK- k0) M' 

2k2 k2 sin2 0- k'2 sin2 0' 
-X o ~2~· 

- xk~ ( ; 2 - ~.,) kk' sin 8 sin 8' cos (cp' - cp)}, 

f3 (0, 0') = :. {[xK' (k' cos 8' + k cos 8)- x 2K' -xk~] 

k2 sin2 6 2 ' x ~2 + [xK' (k' cos 0' + k cos 0) + x K 

k' 2 sin2 6' + xk~] !1.'' 

2 K' (kcos6+k'cosO')kk' . 0 . 0 , (, ) - x ~~· sm sm cos cp -cp 

+ xk5 ( ~2 - ;., ) kk' sin 8 sin 8' cos (cp' - cp) 

_. ( K' + kz) k'sin2 o- k'"sin' e· 
X X o ~~· 

_ 2k2 k2 sin2 6-k'2 sin2 0' }· 
X o ~~·2 ' 

~ = K- k cos 6, 

K =Vk2 +k~, 

~' = K' - k' cos 8', 

K' = Vk' 2 _L k2 
I 0> 

q2 = k2 + k'2 + x 2 - 2kx cos e + 2k'x cos 0' 

- 2kk' (cos 6 cos 6' +sin 8 sin 6' cos (cp' -cp)), 

k~ 
cos 6 = kx, 

k'~ 
cos 8' = h' - zz 3 k'dx 

ar - a 2n?kx • 

(3) 

(4) 

Here E = ctiK, p = tik and E' = ctiK', p' = tik' are 
the total energy and momentum of the electron be
fore and after radiation, respectively; Ey = ctiK 
= cti ( K- K' ) and Py = n/C are the energy and mo
mentum of the radiated y quantum; k0 = m 0c/ti is 
the rest mass of the electron; a is the fine-struc
ture constant; dQ and dO' are the solid angles of 
the direction of the electron momentum before and 
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after radiation; s' = ± 1 is the eigenvalue of the 
projection operator u • p' /p', which characterizes 
the longitudinal polarization of the electron in the 
final state. 

In Eq. (2), duB-H ( 8, 8') is the known cross 
section of the unpolarized bremsstrahlung, given 
by formula (25.13) of Heitler's book, 16 the terms 
proportional to ls and ls' define the longitudinal 
spin correlation between the radiated y quantum 
and the electron in the initial and final states, re
spectively, and the term proportional to ss' char
acterizes the correlation between the longitudinal 
polarizations of the electron in the initial and final 
states. 

Summing (2) over the final spin states of the 
electron, we obtain a formula for the differential 
bremsstrahlung cross section with allowance for 
the form factor and the spin correlation between 
the electron and the y quantum (...., ls ) : 

da,s(6, 8') dQ dQ' =IF (q) [2 {+ dcra-H(8, 8') 

.LIs !!!__f. (8 8')} dQ dQ' 
I !j_q4 '"' t • 

(5) 

Integrating (5) over the solid angle d~' of the 
scattered electron with allowance of (1), we obtain 
the following expression for the angular distribu
tion of the circularly-polarized bremsstrahlung 
from the longitudinally-polarized electron, with 
allowance for the finite dimensions of the nucleus: 

- 2nar { (r2) [<D2 (8) + Is <D3 (8) 1 

- (.r2)2. [<D4 (0) + ls <D5 (6)]} dQ. (6) 

Here 

I {
k2 (k~-'- '2K 2 ) 

<I) (n) ___ n · [ 2k2K,' 
2 'J - -cf 2k2i\2 - X 

+ 2PK. (k2 + f\2)] :!k~~'LI 
. 3T"2 -~ ;.(~ er I 2k~K'2 xs~ , x2 ' '2 ) 

-;-~- 'l.k'T \ ~ + ~-,- T' (xi\ +k ) 

_ 1_ :!~' ( K' -·~ K'' _ K.') 

, Lo [ k~K ( k2 , k2K.') xk~K2 x•l) 
7 'l.kk' _ k2/'>,. 2 X 0 -;- - k~ - 2 j} ' 

. 1 { x'K x'KK' 4xK" , 2 2K2 + k2 

<D3(0) = tik T" -~- k~t!. ,-Xko~ 

, x (!(~ + k~) 1 xeT [ 2k~K' 2k~KK' x'Kt-. 
-,- k2 1 I<'T --~-.--~-~ 

1 ~J L [2k2K (xk2 + k2K') x 
- xK. (xK.' + k'•) 'J.'T + 2k~' o k~t:.• 

2kg (2xK 2 + k2K) x x2K (K2 + kg) ' 
- k 2ti + k 2 J 
+ e; [ ~ (K. +K.')- K.l}, 

<D,1 (0) = ~ {k~ f+ (T 2 + k' 2 )- 21\' 2 ] ;. + [K.K.' (K. + 2K.') 

- xk' 2 - T 2 (x + K.' sin2 6)]-:k- + (K. + K.') ~ 

- (k~ + 2 (21\2 + 1\'2)) + ;. [k~ (2K.K.' - f\2- K.'2 

-'- T' sin2 0)..!... - J.. (K.2 _L f\'2 -'- k2) ~ 
I A 2 ' ' 0 

-: K. (K.2 -+- K.'2) + fk~K.'l}, 
<D (8) = ~ {- xk2 (4k2 -'- k'2 + T2) _1 

5 72k 0 0 : 6.' 

+2xK. [4k~ : K.' (K. + K.')] 1~ 
[ 

2/l2x2K + 6x~K. - 2x (2K.K.' + 61\2 - k~) + :. - -T 
- X (k2 + f\f\') ~ +X (21\3 + f\' (2k2 - k~))]}; (7) 

dais (8) = f dcra-H(O) + ls-2:rrar<D1 (6), 

T =I k- l( [, 

daa-H(O) = 4l'tar<D0 (0); 

K'+ k' e = ln~-
K' -k'' 

KK' + kk'- k2 

L =In ° ° KK' - kk' - k2 
0 

eT =In T +k' 
T-k'' 

du'fs ( 8) is the cross section of the circularly
polarized bremsstrahlung, emitted by the longi
tudinally-polarized electron in the field of the 

(8) 

point nucleus, and given by formula (17) of refer
ence 1. The functions <I> 0( 8) and <I> 1 ( 8 ), which 
are included in (8), are determined by formulas 
(18) and (19) of reference 1; daB-H ( 8) is the 
Bethe-Heitler bremsstrahlung cross section in
tegrated over the angles of the scattered electron 
[see reference 1, formula (18)]. The terms pro
portional to < r 2 > and < r 2 > 2 represent the cor
rections to the cross section of the bremsstrahlung 
from the longitudinally-polarized electron, due to 
the finite dimensions of the nucleus. These cor
rections account for the influence of the finite di
mensions of the nucleus on the polarization cor
relation (...., ls) and the usual angular correlation 
[...., <I>2 ( 8 ) and <I> 4 ( 8 ) ] between the electron and the 
y quantum in bremsstrahlung. If only one correc
tion term, corresponding to the region of not very 
large energies ( qr < 1 ) is taken into account in 
the form factor, it is possible to neglect the Cou
lomb effect in the circular polarization of the 
bremsstrahlung. 

After averaging over the polarizations of the 
incident electron and summing over the polariza
tions of the emitted y quantum, we obtain from (6) 

d~ (8, (r2 )) rJQ = das-H(O) dQ- 4Mr { (r2) <1>2 (9) 

- (r2 ) 2 <1>4 (8)} dQ. (9) 
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Formula (9) describes the angular distribution of 
the unpolarized bremsstrahlung with allowance for 
the mean square radius < r 2 > of the distribution 
of the nuclear charge. As < r 2 > - 0 ( Coulomb 
center concentrated in a point), formula (6) goes 
into daB-H (e). Thus, the cross section (6) ob
tained is a generalization of the known bremsstrahl
ung of an electron on a point nucleus with allowance 
for the longitudinal polarization of the spins of the 
electron and of the emitted y quantum for finite 
nuclear dimensions. 

3. DEGREE OF POLARIZATION OF RADIATION 
WITH ALLOWANCE FOR THE DIMENSIONS 
OF THE NUCLEUS 

According to (6) and (8), the cross section of 
the circularly polarized bremsstrahlung emitted 
by a longitudinally-polarized electron in the field 
of a nucleus of finite dimensions is connected with 
the cross section in the field of a point nucleus 
da'fs (e) by the relation 

dr:Jts (6, (r2)) = da[, (6) {I - (r2) <llz (0) +Is <lla (0) 
<llo (8) +Is <llt ({J) 

(10) 

In the case of unpolarized bremsstrahlung we have 
in lieu of (10) 

da (6 (r2)) = dcra-H(O) {1- (r2) <ll2 (0) + (r2)2 <D. (0)} 
' <llo (0) <llo (6) · 

(11) 

If the longitudinal polarization of the electron is 
fixed ( s = 1 or -1 ), the degree of polarization 
of the bremsstrahlung, corresponding to the two 
types of circular polarization ( l = ± 1 ) of the 
radiated quantum, can be determined from the 
formula 

P (0, (r2 )) = ({dr:Jts}t=1- {dcr .}1=--:1) I ({dr:Jts}t=1 

+ {datJt=-1). (12) 

From this, using (10), we obtain for the degree 
of circular polarization of the bremsstrahlung on 
a nucleus of finite dimensions 

p (O (r2 )) = sPT (O) 1- (r 2) da (6) + (r2 ) 2 d5 (6) (13) 
' 1- (r2) d2 (0) + (r2) 2 d4 (6) ' 

where 

d3 (6) = <1>3 (6)/<1>1 (6), d5 (6) = ID5 (6)/ID1 (6), 
d2 (6) = ID2 (6)/<1>0 (6), d4 (6) = ID4 (6)/ID0 (6), 

pT (0) = <l>1 (0)/IDo (6). (14) 

Here P T ( e ) is the degree of circular polarization 
of the bremsstrahlung produced by a longitudinally
polarized electron in the Coulomb field of a point 
nucleus [see reference 1, formula (20)]. 

Formulas (10), (11), and (13) describe, at high 
energies, the influence of the finite dimensions of 
the nucleus on the angular dependence of the cross 
section, and also the influence of the degree of 
circular polarization of the bremsstrahlung from 
a longitudinally-polarized electron in the Born ap
proximation. We can use here for the mean square 
radius < r 2 > of the nucleus the value obtained 
from experiments on the scattering of high-energy 
electrons by nuclei. 14 In the extreme relativistic 
case (e.r.) of high energies, when E, E' » m 0c2, 

the functions q,1 (e), which determine the angular 
dependence of the cross section and of the polari
zation, become much simpler and we obtain for 
them the following expressions 

2b2k2 k2 
e.r. ( _ 1 { a o [ 2 2 o ) 1 W2 0) - 6 3 + ~- 4 +a b (1 -a) T2 To 

eT a2b3k3 a•e· 
-T"(1 -~)(l-acos 6)- 2 (1 -a) 

+ _e [2- a-(l- ~))L 
1- a ll.0 2 . , 

<D:·•· (6) = ~ {- 2k~b2 (3- 2a + a2) + b2k~ (2 -a) ~o 

+ [b2k~ (I-a) (3 -3a +a2) 

- T 2 (a +(I -a) sin2 0)] L 
- k2 (1- a)2 -'-- e [cr2 . 2 8- 2b2k2) _1_ 

o Ll. 2 J b• (1 -a) SITI a o 1\o 
0 

- kgb4 (2 - 2a + a2) ( ~o - 1) ]} , 

<D;·•· (6) = ~~0 {- 2 bk0 (4- a) + 3bko~o 
+ bk0 (2 - 3d + a2) Ll.1o 

_ ko(1-a) -~-[~- (2- a) (I +cos 8)]}; 
M~ 2(1-a) M 0 

sY b = _!i_ T - I T + (1 - a) 
a = E ' moe2 ' e - n T- (1- a) ' 

e = 2ln[2b (I -a)], e' = - 2ina, ~o = 1 -cos 0, 

T = k 0b Jl 1 + a2 - 2a cos 0, 

l/k0 = 1ilm0c = 3.86 · w-u em. 

Here E = cp is the kinetic energy of the extreme
relativistic electron, Ey is the energy of the 
bremsstrahlung quantum. We do not give here 
the functions <I>~·r · (e) and <~>r·r · ( e) for a point
like center, since these are readily derived from 
(18) and (19) of reference 1 by assuming Ey, E, 
and E' » m 0c2• 
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To illustrate the derived formulas (10), (11), 
and (13), let us estimate the role of finite nuclear 
dimensions in the case of bremsstrahlung of both 
a polarized and an unpolarized electron on the 
nucleus of Ag108 • The mean-square radius of 
Ag108 , determined from electron-scattering ex
periments, is (see reference 14) 

(r2 ) = 19,594 .IQ-26 cm2• 

It was observed experimentally that the left
polarized electron of high energy ( s = - 1) from 
{3 emitters radiates predominantly bremsstrahlung 
quanta with left-hand circular polarization ( l = -1, 
quantum spin opposite to quantum direction). 8- 11 

For a right-polarized high-energy electron ( s = 1) 
the emitted bremsstrahlung quanta should have 
right-hand circular polarization ( l = 1, quantum 
spin parallel to the direction of motion). 

Figure 1 shows the dependence of the cross sec
tion ratios 

/1 = dats (0, (r2))/dcrTs (8), 
12 =da (0, (r2 ))/dcrs-H.(8) (15) 

on the angle of emission 8 of the bremsstrahlung 
quanta for the incident-electron and radiated-photon 
energies E = 50 Mev and Ey = 25 Mev, and for 
s = 1 and l = 1 (or s = - 1, l = - 1 ) . Figure 2 
shows the dependence of the degree of circular 
polarization of the bremsstrahlung for an extended 
nucleus, P ( 8, < r 2 >) and for a point nucleus 

[ 
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FIG. 1. Dependence of 
the cross-section ratios (15) 
on the angle of emission e 
of the bremsstrahlung quanta, 
for Ag108 with E =50 Mev, 
Ey = 25 Mev, s = 1, and 1 = 1. 

FIG. 2. Dependence of 
the degree of circular polar
ization of radiation, P, on 
the angle of emission (} of 
bremsstrahlung quanta with 
E =50 Mev, Ey = 25 Mev, 
and s = 1: curve 1- P(O, r2) 

for Ag108 , curve 2- pT(e). 

pT( 8) on the angle of emission 8 of the brems
strahlung quanta with E =50 Mev, Ey = 25 Mev, 
and s = 1. 

It is seen from Fig. 1 that allowance for the 
finite dimensions of the nucleus exerts a greater 
influence on the angular distribution of the circu
larly-polarized bremsstrahlung (curve I1) than 
on the angular distribution of unpolarized brems
strahlung (curve I2 ). For small values of the 
angle, 8 < 10°, the cross section of the brems
strahlung on an extended nucleus, dazs ( 8, < r 2> ), 
coincides with the cross section for a point-like 
center da 'fs ( 8). When the angle 8 exceeds 10°, 
the cross section ratio for the extended and point
like centers is greatly reduced. 

As can be seen from Fig. 2, allowance for the 
finite dimensions of the nucleus leads to a notice
able reduction in the degree of circular polariza
tion of the bremsstrahlung. In the range of larger 
angles of emission of the bremsstrahlung quanta 
( 8 > 10°) the deviations of the polarization 
P ( 8, < r 2 >) for an extended nucleus from the 
polarization pT( 8) for a point-like nucleus are 
quite noticeable. In view of the lack of experi
mental data on bremsstrahlung of polarized high
energy electrons, we cannot as yet estimate the 
accuracy of the resultant formulas. However, 
the result obtained can serve as an indication 
that the effects of the finite dimensions of the 
nucleus may contribute greatly to the cross sec
tion and to the circular polarization of the brems
strahlung produced by longitudinally-polarized 
high-energy electrons. 

In conclusion, we thank Prof. A. A. Sokolov 
for continuous interest in this work. 
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