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The asymptotic behavior of the position of the singularities of the ‘‘open envelope’’ (Fig. 3)
perturbation-theory diagram is studied for one of the invariants that tend to infinity. It is
shown that in the general case the ‘“open envelope’’ has two singular curves. A method is
developed for reducing the problem of determining the singularities of any perturbation
theory diagram with four external lines to the problem of the ‘‘open envelope’’ diagram
(Fig. 1) with certain effective masses of virtual particles. Minorants are established for
the effective masses. The results are applied to a perturbation-theoretical analysis of m,
KK and NN scattering in the case when one of the invariants that characterize the scatter-
ing amplitude tends to infinity. It is found that under these conditions the nm scattering
amplitude has no anomalous singularities in any perturbation-theory approximation. Con-
ditions are indicated under which the absence of anomalous singularities in the perturbation-
theory diagram can be established in a number of cases for KK and NN scattering ampli-

tudes.
1. INTRODUCTION

l-]_-,IHE present work is devoted to an investigation of
the status of the singularities of the scattering
amplitude in perturbation theory. For greater
clarity in formulation, we recall the properties
possessed by the singular curves of the simplest
diagram of perturbation theory (Fig. 1), which has
been analyzed in detail by Karplus, Sommerfeld,
and Wichman,! Landau,? Mandelstam,? Kolkunov,
Tarski,? and Vladimirov.®

In view of the conservation of the 4-momenta of
the scattered particles, the 4-momenta of the
scattered and virtual particles for any perturba-
tion-theory diagram will lie in a 3-dimensional
space.z’7 It is convenient to use as the basis vec-
tors of this space the following three linearly-
independent 4-vectors:

W =pi+ps Q=pi+ps,
If we put pf=Mj(i=1,...

4

P =p, + ps
, 4), then

(1.1)

2QW = M2 — M2 — M2 + M2,
2WP = M3 — M3+ M3 — M3, 2QP = M- Mz — M2 — M2,
Q*+ W2+ PP = M2 M2 M24- M2, (1.2)
As follows from (1.2), the vectors W, Q, and P
are orthogonal if My = My = Mg = M,.
The scattering amplitude is characterized in
general by six parameters. It is convenient to use

as these parameters the four quantities Mf and
two invariants, say W? and Q?. We shall consider

3 P

(Mig+m3,)*

FIG. 2

the singularities only with real invariants. At the
singularity, a certain connection exists between
W2, Q2% and the masses of the virtual particles.
Figure 2 shows cases of singular curves for the
diagram of Fig. 1 (the mass mjk corresponds to
a virtual particle going from the vertex i to the
vertex k). In accordance with the standard termi-
nology, we shall call singular curves of type a
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(Fig. 2) normal, while singular curves of type b,
¢, and d will be called anomalous. We note that
a characteristic of normal singular curves is that
they are completely contained in the domain | Q?|
> (myy + mgy)% |W2| > (my5 + my, )2, while ano-
malous curves are partially located outside this
domain.

The question arises of the conditions under
which anomalous singularities occur for perturba-
tion-theory diagrams that are more complicated
than Fig. 1. An attempt to answer this question is
made in the present paper. The analysis is car-
ried out in the asymptotic case, when one of the
invariants tends to infinity. As a criterion of an
anomalous singular curve we use the condition
| W2(Q%) [ <[ W2 ().

We investigate first the singularities of a dia-
gram of the ‘“open envelope’’ type (Fig. 3) and es-
tablish the asymptotic conditions for the existence
of anomalous singularities. It is shown that, unlike
the diagram of Fig. 1, the singular curve of the
‘‘open envelope’’ has several branches.

I/ 3 P
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We then consider an arbitrary complicated per-
turbation-theory diagram. It is shown that its
singularities coincide in the general case (and not
only asymptotically) with the singularities of an
‘‘open envelope’’ diagram, in which the masses of
the virtual particles are replaced by certain effec-
tive masses that depend on W2 and Q% In the gen-
eral case one succeeds in finding a minorant, in-
dependent of the values W2 and Q?, for these
effective masses. This makes it possible to verify
in the asymptotic case the conditions of existence
of anomalous singularities for several classes of
perturbation-theory diagrams. The method de-
veloped is applied to the analysis of pion-pion,
kaon-kaon, and nucleon-nucleon scattering ampli-
tudes.

2. METHOD OF DETERMINING THE
SINGULARITIES

The singular curves of perturbation-theory dia-
grams are determined by a method proposed by
Landau.? It will be found more convenient, however,
to modify somewhat the original Landau equations
of references 2 and 7. Instead of the 4-momentum
gik of the virtual particle travelling from the ver-
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tex i to the vertex k, we introduce the 4-vector
ajk = ajkdik (ajk = — akj), where ajk is the Feyn-
man parameter of the virtual line ‘‘ik.”’ In addi-
tion we introduce instead of a@ji the quantity Bjk

= 1/ajk (1 = Bjk = = ). Then the initial equations
for finding the singularities of any perturbation-
theory diagram have the following form

SVBwan = pi, (2.1)
@
Slan =0, (2.2)
©
mi, = Biuaix- (2.3)

Equations (2.1) express the law of conservation
of 4-momenta at each of the vertices of the dia-
gram (for internal vertices pj = 0). The summa-
tion in (2.2) is over each independent contour of
the diagram. Equations (2.3) signify that the vir-
tual particles lie on the energy surface at the
singularity. Simultaneous solution of the system
(2.1) — (2.3) yields the dependence of Q* on W? at
the singular point of the diagram. The prime at
the summation sign in (2.1) indicates the absence
of the term with i = k.

3. THE “OPEN ENVELOPE’’ DIAGRAM

Let us consider the system (2.1) — (2.3) for the
‘‘open envelope.’’ In this case there are four ver-
tices and six 4-vectors ajk, viz. ajy, ay4, 234 Agy
ay3, and ay;. Using (2.2) for three independent
contours, we can express the vectors a,,, a3, and
2,3 in terms of a;,y, ayy, and ajz,. Next, introducing
in lieu of pj the vectors W, Q, and P [according
to (1.1)], we transform (2.1) into

Q12 (B1z + Bas) + @14 (Bra — Bas) — @34 (Bza + B2g) = Q,
— @12 (Bas + B2a) + @14 (Brs + Bra + Bas + Bed)

+ @34 (Bis + Bas) = W,

@32 (Biz + Baa) + 14 (Bis — Baa) + @36 (Brz + Bsa) = P. (3.1)

Using (3.1) in conjunction with (2.2) we can ex-
press all the a;) in terms of 8, P, and the vec-
tors Q, and W. The appropriate formulas are
given in Appendix I. Using these values of ajx we

obtain, after substituting in (2.3) and eliminating S,
the singular curve Q? = Q*(W?). However, the
process of eliminating is in general exceedingly
cumbersome.* We therefore confine ourselves
merely to a consideration of the asymptotic case
Q% — «. This of necessity implies By, — « and
B3y — .}

*The system (2.3) can be solved easily only if the ““open
envelope’’ has a high degree of symmetry.*
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Introducing
T = Bir [ (B1z 4 Bia 4 B2s + Baa) (Tis+Tia+Tes + T2 =1)

we obtain from equations (A 1.2), (A 1.3) and (2.3),
accurate to terms that tend to zero,

mis 4+ W2 (Y1s + T1a)(Tas + Yaa) — [ M} (Tas + Taa)

+ Mg (115 + 11)] = Q2 (Y13T24— T14T23) / T3 (3.2)
m§4 + W (113 + Yas)(Y1a + T2a) — [Mg (Y1 + T24)
+ M (115 + Ta3)l = Q® (T13Y2a — Y14Y2s) [ Y12- (3.3)

Before we use the remaining equations of (2.3),
let us note the following important fact. Generally
speaking, the system (2.1) — (2.3) for the ‘“open
envelope’’ is on the whole a complicated algebraic
system of thirty-sixth order. There is therefore
no a priori guarantee that the solution of this sys-
tem is unique. In fact, even for the simplest per-
turbation-theory diagram, that of Fig. 1, there are
two solution branches. To be sure, one of these
branches is fictitious in view of the condition g = 1.
But in the case of an ‘‘open envelope,’’ for which
the system (2.1) — (2.3) is more complicated than
that for Fig. 1, it turns out that the condition g = 1
is not sufficient to single out one branch of the
solution. We shall determine all the possible solu-
tions for the ‘“open envelope’’ under the condition
Q? — ». The various solutions differ in the manner
by which Q% = Q% (Byg Bsy) — © as Byy— » and
B34 — . It is obvious from (2.3) and from (A 1.4)
— (A 1.6) that Qz/(ﬁiz, B34) cannot tend to a con-
stant value as By — « and B3, — « and when
k > 1. Consequently, only the following two princi-
pally different cases are possible: k <1 and k= 1.

We consider first the case k < 1. Then, as
shown in Appendix I

| W | Q2 T13Y24 — Y1423

Mg+ Mg+ Mas + Mg + 2Y12Y34 (M3 + Mg —+ Mas + Mag)?

Q4myamog
+ 8 (112 Yoa)? (13 + mag +mos—-moq)® ’ (3.4)
M3y — Mi1aMa3
T1sYea — T1aVas = o s F mag)?
Q? Masimog (3.5)

+ 2710784 (M3 + Mg 4 Mag + Mog)®”

The value of k depends on the value of
€ = myzmyy — my,my3. There are two possibilities:
a) €e=0 and b) €= 0.

a) If € = 0, we can neglect the second term in
(3.5) and the third term in (3.4). It follows then
from (3.2) and (3.3) that k = ¥, and Q¥%y,, (or
QYy3,) remains constant as By, — « and B34 — ©.*
Since the right halves of (3.2) and (3.3) are propor-
" *The connection between f3,, and 8,, can be readily ob-
tained from (3.2) and (3.3).
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tional here to the deviation of the quantity

| W |/(my3 + myy + my3 + my,) from unity, the fol-

lowing conditions should be satisfied for the case

of the anomalous singular curve, when |W | < (my3

+my + My, + My3) [the quantities vy, y14s o3

and vy in (3.2) and (3.3) are now replaced by their

values given in (A 1.14)]:

M2 (mgs - mag) + M3 (Mg + maa)
mys + Mg + Mag + Moy

(3.6)

M2 (m1a -+ mag) + MZ (s + mas)
mys -+ mig + Mz + Moa

(3.7)

m%z 4 (Mg = M) (Mas -+ May) <

M3+ (Mg + Mag) (Mg + Mag) <

Let us analyze the inequalities (3.6) and (3.7).
When both inequalities are satisfied, the ‘‘open
envelope’’ has asymptotically anomalous singular-
ities. It is obvious that as the masses of the vir-
tual particles are increased these inequalities are
less and less satisfied. When both inequalities
(3.6) and (3.7) are violated, the singular curves
are of the normal type. Finally, when one of the
inequalities, either (3.6) or (3.7), is satisfied while
the other is violated, the ‘“open envelope’’ has no
singularities as Q% — .

b) If € =0, it follows from (3.5), (3.2), and
(3.3) that k = 3/4 and Qli/‘ylz‘y%3 (Or Q4/‘y%2')/34) re-
main finite as By — « and B34 — «. Further, it
follows from (3.4) and (3.5) that when € = 0 the
value of |W |/(my3 + my, + myg + my,) is always
greater than unity:

L4 —
mys = Mg -+ Mas + Mag

3Q* myg maq
8 (Mmys+rmag + Mas -+ Mag)® (Y15 Y3a)®
(3.8)

that is, in case b) the singular curves are of the
normal type.

Let us note another fact. As follows from the
derivation of all the formulas in the present sec-
tion, the results obtained for the ‘‘open envelope’’
can be directly generalized to the case of the
simpler diagrams shown in Figs. 1 and 4. For
this purpose it is necessary to put By4 = Bs3 = 0 for
the diagram of Fig. 1, and By, = 0 for the diagram
of Fig. 4. Now the case b) becomes impossible for
the diagrams of Figs. 1 and 4, by virtue of the
condition By3894 # 0, and the solution obtained is
unique: Q¥%B,, (or Q¥B;,) tends to a constant value
as By — « and B3y, — «. The conditions for the

7 3
ﬂ, ‘”J
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FIG. 4
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existence of anomalous singularities are obtained
for the diagram of Fig. 1 from (3.6) and (3.7) with
my, = my3 = 0, and for the diagram of Fig. 4 with

myy = 0.

4. SPECIFIC CASE OF ‘“‘OPEN ENVELOPE”
SINGULARITY

Let us consider now the case when k = 1. As
follows from (3.2) and (3.3), this is possible only
when yi3ya4 —y14y23 — 0, a8 1/ygy or 1/ypp.*

Generally speaking, we readily obtain from
(2.3) and (A 1.3) — (A 1.7) an equation to relate Q2,
W2 and g% when k = 1. In the general case, how-
ever, these equations are much more complicated
then (A 1.8) — (A 1.11). We therefore confine our-
selves only to the case in which

Q? /Y12 Ysa ~ (My3 My — my, Mag)
<K (Mg + Myg + Moz - may)?.

Under these conditions, the expansions used to
derive (A 1.8) — (A 1.11) are valid, and expressions
(3.4) and (3.5) hold accordingly. Recognizing that
Y13Y24 — Y14Y2s — 0, we obtain from (3.4) and (3.5)

| W | =1 1
mag - Mg + Mg -+ Moy

1 (m13 maa — mag Mas)®
2 Mmyg Mag (Mas + Mag - Migg + Mag)?”

(4.1)

We find therefore that in the case of the ‘“open
envelope’’ there can exist, in addition to the
asymptote W2 = (my3 + my, + my + my, )%, also an
asymptote at a larger value of W2, as determined
by (4.1). This is the first example known to us in
which, as Q% — «, the asymptotic value of W2(Q?)
does not coincide for some perturbation-theory
diagram with the square of the sum of the masses
over any section of the diagram perpendicular to
the vector W.

The asymptotic form of the dependence w?
= W?(Q?) is obtained in Appendix I for k = 1, By,
— w0, and B3y — . It follows from Fig. 5, that
here, too, the singular curves are of the anomalous
type if the inequalities (3.6) and (3.7) are satisfied.

We note that although the solution k = 1 has been
obtained subject to the condition | mjysmy, — mymyg |
<« W2, there are no grounds for assuming that it
will vanish when this condition is violated.

The foregoing analysis of the asymptotic form
of singular curves for the ‘“open envelope’’ indi-
cates that the system (2.1) — (2.3) has in this
case three solutions. The first corresponds to the
condition € = 0 and leads to k = 1/2. The second

*It is obvious that the case « = 0 cannot be realized for
Figs. 1 and 4.
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solution corresponds to the particular case €= 0
and leads to k = %,. (The singular curves are in
this case asymptotically of normal form).* The
third solution is obtained under the assumption
€/W? « 1 and leads to k = 1. Here the value of
W? (=) is determined by Eq. (4.1) and does not
coincide with W? () = (mys + myy + myg + My, )%
The singularities of the first and third solutions
are of the anomalous types if conditions (3.6) and
(3.7) are satisfied.

5. REDUCTION OF SINGULARITIES OF ANY
PERTURBATION-THEORY DIAGRAM TO THE
SINGULARITIES OF THE ‘‘OPEN ENVELOPE”’
DIAGRAM

Let us analyze the original Landau equations for
the determination of the singular curves of an ar-
bitrary perturbation-theory diagram, written in the
form (2.1) — (2.3).

Equations (2.1) and (2.2) determine completely
the 4-vectors aji in terms of 8 and pj.! By virtue
of its linearity, the system (2.1) and (2.2) has a
unique solution. We seek aji in the form

Qip = Q; — Qp

(5.1)

Let us consider an arbitrary perturbation-
theory diagram with v vertices. For this diagram,
the sum over k in (2.1) contains only terms with
indices ik corresponding to vertices ik joined on
the diagram. It is more convenient, however, to
assume that all the vertices are pairwise inter-
connected on the diagram but the values of Bjk and
mjk vanish for all pairs of indices ik correspond-
ing to vertices which are not interconnected on the
diagram.

Equation (2.1) for an internal vertex i = v can
be written, with account of (5.1), in the following
form:

¥t follows therefore that the solution obtained in reference
8 for the particular example of ‘‘open envelope’’ is unique
when all the masses are equal.
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k=v—1 R=v—1 h=v—1
Z‘[ Bkvakv - 2 Bkv ap —a, Z Bhv =0. (5'2)
=1 h=1 k=1
Introducing the notation*
I=v—1 h=v—1
Too = Bro | 12 Bru, kZ T = 1, (5.3)
v =1 =1

we obtain from (5.2) and (5.1)
h=v—1

a, = Z Thy Qry, Oy = @; — Qy
k=1

I=v-1

D twan. (5.4)
=1

We now substitute (5.4) into any equation from
(2.1), taken for a vertex n = v. We then obtain

kR=v—1

Z (Blm + an Tkv) Qpn = Pn. (5.5)
R=1
If we now introduce the notation
B;:n = Bkn + an Thvs (5'6)

then Egs. (5.5) assume the same form as (2.1) for
a diagram with (v — 1) vertices. Introducing,
further, the effective masses mj, (i, k = v)

My, = My, Bix / Bins (5.7)

we reduce the problem of finding the singularities
of a diagram with v vertices to the problem of find-
ing of singularities of a diagram with (v — 1)
verticest and to the supplementary conditions by
which B'ik are expressed in terms of B{k:

I=v—1 2
m, =gz, =02 X toau], G=1...,v—1).
=1 (5.8)

Applying successively the transformations (5.6)
and (5.7) to each internal vertex of the diagram, we
ultimately reduce the problem of finding the singu-
larities of an arbitrary diagram of perturbation
theory to the problem of finding singularities of
the ‘“open envelope’’ diagram (Fig. 3), in which the
virtual-particle masses are replaced by certain
effective masses, which depend on the variants
W? and Qz.

Let us note also a fact, to which our attention
was called by I. Ya. Pomeranchuk, that since trans-
formations (5.6) do not make use of (2.3), they are
always valid (and not only on the singular curve),

*1 = yjx = 0 inasmuch as 1 << Bjy << » for vertices ik
joined on a diagram with each other, and B;x = 0 for vertices
ik which are not joined.

tIf the initial diagram does not contain the line ik, the
effective mass is determined, in accordance with (5.6) with
Bikx = 0, by the equation

I=v—1

. Bik
m. — —_
i = Mg = [ |BiBry/ Z Bu.

(=1
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and can therefore be used to reduce the denominator
of the Feynman integral to the principal axis rela-
tive to the 4-vectors over which the integration is
carried out.

The results of this section can be formulated as
follows:

Theorem 1. The singular curves of any pertur-
bation-theory diagram for the scattering amplitude
coincide with the singular curves of the ‘‘open
envelope’ diagram with virtual-particle effective
masses that depend on the invariants.

It is obvious that the results obtained can be
generalized in an elementary manner to the case
of diagrams that describe processes with an arbi-
trary number of external particles. The role of
the ‘“open envelope’’ will be played here by a dia-
gram with only exterior vertices that are pairwise
interconnected by virtual particles with effective
masses that depend on the invariants of the process.

6. MINORANTS FOR EFFECTIVE MASSES

The effective masses depend on the invariants
W2 and Q2. The problem of determining this de-
pendence coincides with the problem of the exact
determination of the singular curves of an arbi-
trary complicated perturbation-theory diagram.
The last problem, in turn, cannot be solved in the
general case. One can obtain, however, certain
minorants for the effective masses, which are in-
dependent of the invariants Q% and W2

First Minorant. From the condition 8> 0 and
Eq. (5.6) it follows that the effective mass mf; for
a diagram with (v — 1) vertices, obtained by
eliminating the v-th vertex from a diagram with v
vertices containing the ik line,* satisfies the fol-
lowing inequality:

m;'k = Mg (6.1)

In particular, denoting by pik(i, k=1,..., 4)
the resultant effective masses of the ‘‘open-enve-
lope,”’ we get

Wik == Mk (6.1%)

for all original (complex) diagrams in which the
exterior vertices are directly connected to each
other.

The first minorant is valid on the entire singu-
lar curve of the complex diagram.

Second minorant. The second minorant for the
effective masses pertains to the asymptotic part

*Naturally, the first minorant remains valid also when the
indices ik correspond to vertices which are not connected to
each other on the original diagram. However, the condition
mjy =0 obtained in this case is useless.
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of the singular curve, when any one of the invari-
ants characterizing the diagram tends to infinity.
Assume, to be specific, that Q%= (p; + p;)? tends

to infinity and the invariant W? = (p; + p,)? remains

finite.

Then all the 4-momenta of the virtual particles
fall into two classes: 4-momenta with components
only along the 4-vector W, and 4-momenta with
components both along the 4-vector W and along
the 4-vectors Q and P. The 4-momenta of the
first class correspond to finite Bj; and finite a%k;
4-momenta of the second class correspond to ik
which tend to infinity and to aizk which tend to zero
(see Appendix I).

k=p-1
Let us examine the sum E mjy of the effec-

k=1
tive masses in the diagram with (v — 1) vertices,

obtained from a diagram with v vertices.
Using (5.7) we get

h=v—1

2 m, =

k=1

h=v-1 kR=v—1

m.
2 mat B 2 Fa
k=1 k=1

h=v—]1

= 2 mix + Biy
k=1

k=v=—}1

Z | @ik | Yo

k=1

(6.2)

Retaining in (6.2) only the 4-vectors aji that be-
long to the first class, and taking (5.8) into account
in a fashion similar to the case when the 4-vector
aj, pertains to the first class, we arrive at the
inequality*

R=v~] h=v

Z m["k > 2 mi,
k=

h=1 1

(6.3)

which holds for the indices ik that characterize
virtual particles with 4~-momenta which belong in
the asymptotic case to the first class.
Eliminating successively the interior vertices
we obtain in the asymptotic case the following
minorants for the resultant ‘‘open envelope’’

Wis - Hig > 2 My, Wog - Mog > 2 Mms;,

i=1 i=1

Wiz + Moz > 2} Mai,  Pag + Rag > (6.3)
i=1 I3

where the index i runs through the values corre-

sponding to the 4-vectors agj (s=1, ..., 4), be-

longing to the first class.

*It is shown by induction in Appendices II and III that all
the 4-vectors a;y of the first class, contained in (5.8), have
an identical direction, and that (6.3) and (6.3") are exact
equalities.
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7. USE OF NORMALIZED EFFECTIVE MASSES
TO DETERMINE THE TYPE OF THE SINGULAR
CURVES

We have already obtained the conditions for the
existence of anomalous singularities in an ‘‘open
envelope’’ (3.6) — (3.7) for Q%= (py + p3)2 — o and
for finite values of WZ(Qz) = W¥(w).

Using the first minorant of the preceding sec-
tion, we obtain from (3.6) and (3.7) the following
theorem:

Theorem 2. An arbitrary scattering diagram is
asymptotic and has no anomalous singularities if
it includes a simple r diagram (similar to Figs. 1,
4, or 3) based on the exterior vertices, and if this
simpler diagram contains asymptotically no singu-
larities of the anomalous type.

Let us consider the scattering of identical par-
ticles Mf = M,. Then the right halves of (3.6) and
(3.7) contain M2, Let us recognize now that ac-
cording to (3.4) we have in the asymptotic case for
the ‘‘open envelope’”*

W2 (00) = (W13 + Maa + Pos + Wag)?.

Then, neglecting ufz and y§4, we obtain from (3.6),
(3.7), and (7.1)

(7.1)

EW) W] — Zpl < M2,

where Zu is any of the sums of the effective
masses, contained in the left halves of (3.6) and
(3.7). We choose the smallest among these sums,
(Z)min- We can then state the following:

Lemma. Any scattering diagram of identical
particles of mass M has asymptotically no ano-
malous singularities if the inequality

W2 > (M2 + (Z0)2,, 12/ (ZR), (7.3)

is satisfied, where (Zu )i is the smallest of the
sums contained in the left halves of (3.6) and (3.7).

(7.2)

8. mm, KK, AND NN SCATTERING AMPLITUDES

Let us apply the foregoing method to determine,
within the framework of perturbation theory, the
types of the singular curves of the m7, KK, and NN
scattering amplitudes. We are interested in the
possibility of appearance of singular curves of the
anomalous type. Let us confine ourselves only to
the asymptotic case and use the criterion (3.6) and

*We have confined ourselves to the normal asymptote of
the ‘““open envelope’’ only, for when an anomalous singular
curve approaches a normal asymptote, an anomalous singular
curve approaches also an anomalous asymptote. On the other
hand, if a normal singular curve approaches a normal asymp-

tote, a normal singular curve approaches also an anomalous
asymptote (see Fig. 5).
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(3.7). We take account of the fact that in the
asymptotic case at least one of the following com-
binations of effective masses of the ‘‘open enve-
lope,”” pygtigy and (Or) pygugs, differs from zero,
and a nonvanishing combination pjxp;m corre-
sponds to the 4-vectors ajx and ajy, which belong
asymptotically to the first class.

7w scattering. Since the pion is the lightest
strongly-interacting particles, the lowest value of
the quantity (Zu)min, which enters in (7.3), is
(ZK)min = mq, where mg is the pion mass. We
then conclude from the lemma that the wr-scatter-
ing amplitude has asymptotically no singularity of
the anomalous type in any of the perturbation-
theory approximations.

KK scattering. Using the conservation of
strangeness in strong interactions and recognizing
that the K meson is the lightest particle with non-
zero strangeness, we conclude on the basis of the
lemma that in no approximation of perturbation
theory will the KK-scattering amplitude have sing-
ularities of the anomalous type as the transferred
momentum tends to infinity.

NN scattering. Using the conservation of the
baryon charge and recognizing that the nucleon is
the lightest of the baryons, we conclude from the
lemma that in no approximation of perturbation
theory will the NN-scattering amplitude have sing-
ularities of the anomalous type as the transferred
momentum tends to infinity.

The results obtained in this section can be gen-
eralized in the following fashion:

Theorem 3. When the lightest of the elementary
like particles with a given quantum characteristic
(capability of strong interaction, strangeness,
baryon charge, etc.) are scattered, no anomalous
singularities arise as the transferred momentum
tends to infinity in any perturbation-theory approx-
imation.

By symmetry, it follows from Theorem 3 that
in the case of w7 scattering there are no anomal-
ous singular curves at all. For scattering of other
elementary particles, along with the conditions
listed above for the existence of singular curves of
the anomalous type, inequality (7.3) always points
to a limiting value of one of the invariants (while
the other tends to infinity ), above which there
exist no anomalous singular curves.

The authors are deeply grateful to V. N. Gribov,
B. L. Ioffe, L. D. Landau, L. B. Okun’, and I. Ya.
Pomeranchuk for interest in this work for useful
discussions.
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APPENDIX 1

SINGULARITIES OF THE ‘“OPEN ENVELOPE”’
We denote by A the determinant of the system
(3.1)
A=2 {BIZ 834 (Bla + Bld + 323 -+ 324)
+ B1a(B1s + Bas) (Bra 1 Bea) + Bss (B2s + Bas) (Bra + Bia)
+ Bi3Baa (Bra + Bas) + Bra Bas (Bis + B2a)}- (A L1)
We then obtain from (3.1) the following expressions
for the 4-vectors ajx (i, k=1,...,4; i #k);
@12 A = Q [Bsa (B1s + Bra + Bas -+ B2a) + BiaBia + 2B1sPos
—+ BogBael — W [Baa (Bis + Bisa — Bas — B2a) + BisBia
— BasBaal 4+ P [B3s (Brs + Bis 4 Bos + Bza) + BisBis
—+ 2814 B2z -+ Bag Baal,s (A 1.2)

3 A = — Q [B1z (B1s + Bra + Bes + Bza) + BiaBas + 2B1sBes

+ B1aB2al — W [B12 (B1s — Bra + Bag — Bag) + BraBas
— B1aBeal + P [B12 (Bis + Bra + Boz + B2a) + BusBes
+ 2814 Bos + BraBasl, (A L3)

@14 A = Q [Bss (Bas + Baa) -+ Brz (Bis + Bes) =+ B1aBos + 2Bas Boa
=+ Bas Boal + W [2B12 Bsa =+ Baa(Bas + B2a) -+ Bia (B1s 4 Bos)
+ Bos (Bis + B2a)l — P [— Bsa (Bes + Bas) + Bz (Bis + Bes)
+ Bas (B1s — B2a)ls (A I.4)
a3 A = Q [Bsa (Bas + Bas) —{Biz (Bua + B2s) + Baa (Bzs — Bud)]
+ W [2B12 Bsa -+ Bsa (Bes + Boa) + Biz (Bra + Baa)
+ Baa (B2s + B1a)] + P [Bza (Bas + Baa) + Baz (Bra + Bas)
+ B1aBas -+ 2B14Bos + Bas Baal, (A L.5)
Ao A = Q[— Bsa (B1s + Bua) -+ Brz (Bis + Bas) + Bia (B2s — Bua)]
+ W (2812 Bsa + Bsa (B1s -+ B1a) + Biz (Bas + Bes)
-+ B1s (Bas + B1a)] — P [Bsa (Bas + B1a) + Brz (Bis + Baa)
+ B13 B1a 4 2814 B2s + Bis Basl, (A L.6)

s A = — Q [Bsa (B1s + Bra) + Biz (Bra + B2a) + Bra Boa + 2B13Bos
+ B13 Bral + W [2B12Bsa +Bsa (Bis -+ Bia) -+ Brz (Bra + Baa)
+ Bia (B2a + Bus)] — P [Baa (B1s + Bua)
— Bi2 (B1a + B2a) + Bra (Bis — Bad)]-
When Q?— = less rapidly than By,83,, we ob-
tain from (A 1.4), (A L.7) and (2.3)

_ (Y23 4 T24) (Y28 -+ T2a — T13 — T14)
=1+ 2712

(A L7)

Mmya
Tia| W

+ (113 + Y28) (Y13 4+ Tes —T1a— Yo} | 1 Q?
2%sa 2 Y12 734 W2

1 (M3— MD)
X (Y23 -+ Y24) (Y1 + Tes) + 5 _1W2_2 (ﬁs_;l;z‘l’_u)

1 (M§— Mi) (113 + 7T28) 1

w2 T34 -8_

(128 + 7124)% (Y13 + 728)%
2 Y34)> !
(Y12 Ts4) (A L8)

Q4
we

|
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s + (Y23 4 Y24) (Y23 4 T2a — 113 — T19)
T3 [ W | 2712
. (T14 + Toa) (Y14 + Y24 — Y13 — T23)
2734
1 2 , .
- ﬂ;:r%w—z (T1a =+ Y2a) (Yo3 =+ Y29)
+ 1 (M%—— Mg) (23 + Y2e) + 1 (Mé-—- MZ) (Y14 -+ T20)
2 we T12 2 w2 T34
0 1Q* (1aat T20)? (Y23 + 7292 A L9
8 W1 (Tl? 734)2 Bl ( )
ey + (113 + 719) (T13 + Y14 — Y23 — T29)
Tea| W | 2112

(Y13 + Te3) (Y1s + Y23 — Y14 — T21)
+ 2
Y34

1 2
T2 T '?sa w2 (T13 4 T14) (Y1 + To3)

1 (M} — M) (fs+710) 1 (M5~ M3 (Y13 + 723)

2 w2 T12 2 w2 T34
1 Q% (113 + T14)% (Y13 + Tes)?
g Wi 13 Toa)® , (A 1.10)
Mes 1+ (Yas -+ 714) {113 + Y14 — Yas — T24)
Tas | W | 2712

+ (Y14 =+ T240) (Y14 + Y22 — T13 — 7Y23)
2734

1 2
-+ 75”%75 (T1s =+ Y1) (T1a =+ Tos)

+ 1 (Mg_ M) (Y14 4 720)
2 w2 T34

A (M= M) (15 + 1aa)
2 w2 Ti2
1 Q% (113 4 114)* (Y14 + 720)®

8 we (Y12 134)% (A L11)

We introduce the symbol A = (my3my,
— ImyyMoyg )/(m13 + myy, + mog + myy )2, and obtain
readily from (A 1.8) — (A I1.11)

[W | _ Q? T13 Y24 — T14 Y23
M3 + Myg + Mag + Moy 2713 Taa (Maz -} myg = nigg - may)?
Qtmys mag
+ 8 (112 T34)® (M3 4 mag + mag + maq)® (A L.12)
_ Q? Mg Moy
T13Yoa— T1aTozs = M + Tr1e Tox (Mzs - s + Mag + Mgt ?
(A 1.13)
T = Mg Tis = Mg
1™ mys + myg + mas + mag’ 1877 Mys + myg + Mos + may
_ May Yo = Ma3
T = myg + myg + Mag + Mmaq’ 27 Mys + Myg + Mos + mag
(A IL14)

Let us determine the asymptotic form of the
dependence of Q* and W? as Q? tends to infinity
as vY12Y34» assuming that Qz/’ylz‘)/34 ~ )\.“]2 and
AL 1.

We denote the right halves of (3.2) and (3.3) by
Ay and Aj, respectively. It follows from (3.2),
(3.3), (A 1.13) and (A I.14) that the signs of A,
and Az, are the same. We introduce, further the
notation
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o= |W|[/(my+ my -+ Mg -+ May),
q® = Q% / (M3 -+ Myg = Maz — Myy)?,
a = Mgy [ 2 (Mys -+ Myg + Mag + Mye)% ¥ = (Y12 73a)

Then, using (3.2), (3.3), (A 1.12), (A 1.13), and
(A I.14) we obtain the following single-parameter
system of equations, relating W? with Q?

2

grz - ;22 (A 1.15)
c Avo Asa)’ 242 2
- = Sl ”73‘) 237;_2<1+32>’ (A 1.16)

or=1+22(142). (A 1.17)
In the derivation of (A I.17) we use the fact that

A < 1. Since C is of fixed sign (C<0 and C >0
correspond to the appearance of anomalous and
normal singularities respectively), not all the
values of the parameters z are allowed. When
C< 0 we have — %, =z = 0, while when C =0
there are two regions, z >0 and z < — 3/2. Fur-
ther, when — 1<z =<0 we have w?< 1. For other
values of z we have w? > 1. The minimum of the
function w? — 1 occurs when z = — Y,. The same
value, z = — Y, corresponds to the maximum of
the function q®> = q®(z). When A > 0g%(z) < 0
when z < 0 and q*(z) >0 when z > 0. When
z=0 and z=—9%, |q?(z)| — «. At these points
w?(0) =1 and w?(-%,) = w?, where w’ is deter-
mined from (4.1). When |z | — «, |q%(z)| — 0.
The general form of the dependence of Q* on W2,
obtained by solving the system (A 1.15) — (A 1.17),
is shown in Fig. 5. When C < 0, as seen from
Fig. 5, there are two analogous curves Q?

= Q%(W?) starting at a certain point A (Q? W?)
and diverging to different asymptotes over W2,
When C > 0 the curves have a normal form. We
emphasize that the case k = 1 corresponds to
curves that approach the asymptote w’.

APPENDIX II
SCATTERING DIAGRAM WITH SIX VERTICES

By way of an example of reduction of the dia-
grams of perturbation theory to an ‘‘open enve-
lope’’, let us consider a diagram with six vertices
(the two interior ones being designated 5 and 6).
We assume that all the vertices in this diagram
are pairwise inter-connected. We reduce this
diagram to the ‘‘open envelope’’ and confine our-
selves immediately to a consideration of the
asymptotic case Q%= (p; + p3)? — « only. To
simplify the derivations, we assume that none of
the Bijk with the exception of B3 and Bj4, tend to
infinity, that is, all the 4-vectors ajk, except ay,
and ay, belong to the first class.
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It then follows from (A 1.2) — (A 1.7) that

Gy =0a3=0, a3=a=a3=0a,=W/6, (AII

where 6 = Bf§ + B, +B% + % while B.’l'{ is the par-
ticular Bjk obtained by eliminating the interior
vertices 5 and 6 from the diagram.

Eliminating from the diagram the interior ver-
tex 6 and taking (A II.1) into account, we obtain

@56 = T16 @51 T Tes Ts2 1+ T36 As3 1 Va6 dsas
@15 = (Yse + Tae) W /0 + 756 a15

— (Y16 -+ T26) W / 8 + 756 a5,

26 = (Tse =+ Ya6) W [ 6 =+ Y56 G2,

A6 = — (T16 -+ Yoo) W /8 + 756 Qus.

Qgg =

(A I1.2)

After eliminating the vertex 6, the remaining dia-
gram has one interior vertex 5, characterized by
Bik which are determined in terms of Bjx in ac-
cordance with (5.6).

We next eliminate the vertex 5. Then

Q5 = Qgp = (7;5 + 7;5) w / 61

Q35 = Qyp = ('I';;, + 'I’:zs) W/é. (A I.3)

The primed vyik, naturally, are formed from
the primed Bj; in accordance with (5.3). Substitut-
ing (A II.3) in (A II.2) and taking (2.3) into account,
we get

W , .
%ZL: = g—% = "—6—['(36 + Yas + V6 (Tys + Tos) 1y
%? = % = I_Vg_l [Y16 + T26 + 756 (1’;5 + '1’;5)],

W ’ ’ ’ ’
Mg = lTI Bse | (116 + Ta6) (35 + Yag) — (Y6 + Yae) (15; + Tos) |-
(A IL.4)

It follows from (A II.4) that

| Mye + Migg — Mge — m45| = Mygg- (A IL.5)

The result (A IL.5) is quite natural, for as Q2
tends to infinity we transform the diagram with
four exterior vertices to a diagram with two inter-
ior vertices, and such a diagram has non-vanishing
Feynman parameters at the singular point only
when a certain connection exists between the
masses of the virtual particles in the interior
vertices.”

We note that were we to eliminate vertex 5 first,
and vertex 6 last, we would obtain instead of (A IL.5)

| M5 -+ Moy — Mgs — My5 | = Mq. (A II.5)

Since the result is independent of the sequence with
which we eliminate the internal vertices, a connec-
tion is established also between the masses m;;
and myg(i=1,..., 4).

Let us determine now the effective masses of
the virtual particles in accordance with (5.7)
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m'=mg|8, m'=mp/B  (AIL6)

and use the following relations, derivable from
(A I1.3):

ms _ma _ o VW1 me_me_ oo, o V]
E_E_(T%—{-Tdﬁ) 5 ! 835_374:_(715—’—725) 5
(A IL7)

Mg [ Bis = Myg [ Bra = Mas [ Bas = Moy [Baa = |W |/ (A IL.8)

From (A II.7) we obtain still another connection
between the effective masses of the virtual parti-
cles scattered at the vertex 5

m 4 my = m, +m,. (A 11.9)

Using formulas (5.6) to express /3i'k in terms of
Bik» we obtain from (A II.6) and (A II.7)
mis +my, = m13 + m;‘; + m;s’ mllls + my, = mr; + m;a -+ méa’
my, + m;4 = m;4 + m:z4 + m;a’ mgs + my, = my + m, + m;s‘
(A 11.10)

Taking now (A II.4) into account, we obtain the
final expression for the combination of the reduced
masses, contained in the inequalities (3.6) and
(3.7)

m, + mj, = Mg + Mg+ M5+,

m;s + m% = MMyg + Mg + g5 - Mge,
my, - m, = Myg Moy -+ Mg -+ Mys,

Mgy ~+ My, = Mg - Mgy~ Mgs - Mg (A IL.11)

APPENDIX III

SECOND MINORANT

Let us show that the equality sign applies in
(6.3) and (6.3").

Assume that in some diagram having v vertices
all the 4-vectors agj (the subscript s character-
izes some interior vertex, while i characterizes
any interior vertex subject to the condition that
the vector agj is of the first class) have in the
asymptotic case the same direction (either +W or
—W). Let us consider the diagram with (v + 1)
vertices, which is reduced upon elimination of the
(v + 1) — th vertex to the foregoing diagram with
v vertices. Then, on the basis of (5.8),

I=v
Qs,v 1= ZTZ, v 41 Gsis
=1
Since vyj,p+1 = 0, the vector ag .y has the same
direction as the vectors agj (i=1,..., v).
Since the initial premise holds for diagrams with
five and six vertices (this follows from formulas
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(A II.2) and (A II.3)), all the vectors of the first
class, arriving at any of the exterior vertices,
have the same direction. It then follows from
(5.8) and (6.2) that the equality signs apply in
expressions (6.3) and (6.3").
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