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The angular distribution of fission fragments produced in the capture of particles of low
orbital angular momentum is considered. The spin of the target nucleus is taken into ac-
count. The effect of fluctuations in the distribution of the transition nucleus levels on the
angular distribution of the fission fragments is also considered.

UNTIL recently, the available data on the angular
distribution of fission fragments referred chiefly
to fission induced by high-energy particles. Abun-
dant experimental data for this energy region made
it possible to establish the existence of not only
qualitative but also quantitative agreement between
the simple statistical theory of the angular aniso-
tropy and experiment.!™

The investigation of the low-energy excitation
region of the transition nucleus* is of considerable
interest. The study of the angular distribution of
the fragments permits one to obtain information on
the fission probability as a function of the value of
the projection K of the spin of the transition nu-
cleus on the direction of fission, and therefore on
the K distribution of the transition nucleus levels
for small excitation. When the transition nucleus
is even —even, the fragment angular distribution
also gives additional evidence of the existence of
an energy gap in the spectrum of the transition
nucleus levels and the existence of rotational lev-
els inside the gap. However, there is need of a
more accurate theory of the fragment angular dis-
tribution. Most important is the taking into ac-
count of the initial spin of the nucleus.

1. For a definite spin of the target nucleus, the
probability amplitude for the emission of fragments
in the direction n can be written in the form®

fiss ()

J
=V sy 5 3, CalinYin ) N VP Diak )
K== (1)

where S is the spin of the channel; S = J, + %; J,
is the spin of the target nucleus; J is the spin of

*By transition nucleus we have in mind here a nucleus
undergoing fission with a deformation corresponding approxi-
mately to a saddle point. The excitation energy of such a
nucleus is approximately equal to the excitation energy of a
compound nucleus minus the threshold energy for fission.

the compound nucleus; ! is the neutron orbital
angular momentum; v is the direction of the neu-
tron beam; m, u, M are the projections of the
vectors I, S, J on the axis of quantization; Yjyy,
and DJMK are the normalized spherical function and
the matrix of the J-representation of the group of
rotations; CSY, . is the Clebsch — Gordan coeffi-
cient. Choosing’in (1) the axis of quantization
along the direction of fragment emission n, one
can obtain the following expression for the ampli-
tude:

fiss =V (24 + 1)/2(20,+1) Z Csptm V' Ps (K) Yim (), (2)

where use was made of the relatlon
D (0) = {(2J + 1) / 47} S .
For the fragment angular distribution, we obtain
Wiss () ={(2] +1)/2(2J, + 1)}

x 2} (Csitm)?® Ps (K) | Y im (9) 2, 3)
where 4 is the angle between the direction of the
neutron beam and the direction of fission. In for-
mula (3) the interference terms have been dis-
carded, as they are not important for a nucleus
with a large density of levels.

The coefficients pj(K) are determined by the
number of transition nucleus levels, for a given
value of K, through which the fission takes place.
They can be represented in the form

(K)={T¢(0)a(K)/(2J + 1)}

J
N — L
x{r,l +T, +[r, (O)K}] a(K)| /(2.1 + 1)}» , (4)
=—J
where a (K) is independent of J, and I'f(0) is the
fission width for J = 0. [It is assumed that a (K)
is norn},alized by the condition a(0) = 1]. With
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such a choice of pJ(K), the angular distribution
(3) turns out to be normalized in such a way that
the integral of Wygy (#) is equal to the probability
of fission for the nuclear angular momentum J if
the absorption coefficient is equal to unity:

(Wiss (9)dQ = (27 + 1)TyT (5)

(2] + 1T (0) Z

K=—J

[ =T+ T+ () T)=

(6)
T's is the fission width in the state J, M.* In for-
mula (5), 2J + 1 is the statistical factor for the
formation of a compound nucleus of angular mo-
mentum J and any allowed value of M for given

l and S.

We now assume that the total width I' of the
excited state of the nucleus weakly depends on the
angular momentum. This occurs, in particular, if
'y + P‘Y does not depelzld on J, and I'f(J) < T'p

>, a(K) =
K=—J
a (K) is very little different from unity. Taking
this into account, we find the following expression

for the angular distribution:
2 (C8m) a(K) Y im (9) ]

pmK

+FY and also when 2d + 1, i.e., if

Wiss (%) = (7)
In formula (7) we have omitted factors which are
independent of ! and J and which are not impor-
tant for what follows.

The overall angular distribution of the fragments
in the reaction has the form

W () =) TissWiss (9),
st

(8)

where {;gy are the absorption coefficients. For
the sake of simplicity, we assume that they do not
depend on S and J. Setting ¢jgg= £7 we find the
following expression for the angular distribution
of the fragments:

W (9) = D Wis(9),

S=J,11y

N 9)
.

where Wjg(#) is the angular distribution for the
channel (I, S):

4+S l m+S
Wis®= 2 Wiss(®= 2 [Ym@®} 3 a(K).
J=11—5| m=—| K=m—S

(10)

In the derivation of formula (10) we employed the
‘relation

*Here the dependence of the fission width on the angular
momentum of the nucleus, which is associated with the effect
of rotation on the value of the fission threshold,® is not taken
into account. This effect is important for very large angular
momenta of the nucleus.
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1. IK—m|<S

ZJ(Cswm)2 =o. [K—m|>S :

In statistical theory the K distribution is given
by the expression!s’

a(K) = exp (— K*/2K?), (11)
where K3 = #T/h% T is the transition nucleus
temperature, ¥ =%i'= #1', %, and % are the
moments of inertia of the transmon nucleus with
respect to the axis of symmetry (axis of fission)
and the direction perpendicular to it. Taking into
account the fact that for low angular momenta the
inequality

J2KE <L,

(12)
holds, we expand a (K) into the series
a(K)=~1—K 2K+ ... . (13)

Inserting this expression into formulas (9) and
(10), we obtain

W (%) ~ c, 2 lyzm(&)wz @S+ 1)

m=—1
{1 — (1/2K5) [m* 4+ S (S + 1)/31

= {— (2 + 1) G {1 — [L (I + 1)/4K?) sin®) + const,

(14)
which can also be represented in the form
W (9) = const - {1 — (I2/4K}) sin® 9}, (15)
where
= {2 @+ el + 1)}{2 @+1Dzf @e)

is the mean square of the orbital angular momen-
tum imparted to the nucleus. For a black nucleus

P=Llp, =L(ER) amn

For neutrons and nucle1 with A ~ 240, the following
expression is, in practice, more accurate:

I~ (2.5—3)-E, [Mev].

The small constant term dependent on the spin
of the target nucleus and appearing in the braces
in formula (14) has been omitted, since it obviously
does not affect the shape of the angular distribu-
tion. It may therefore be said that for a small
anisotropy, the statistical distribution of the frag-
ments does not depend on the nuclear spin for any
value of the orbital angular momentum of the neu-
tron. The dependence of the angular distribution
on the spin arises for the next term in the series
(13). In the calculation of this term, the coefficient
of sin? ¢ in formula (15) should be multiplied by
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the spin-dependent factor 1 — S“’/ZK%. The coeffi-
cient of sin* ¢ is independent of the spin. For a
small anisotropy, the spin-dependent terms are
negligibly small.

The reason for the weak dependence of the
anisotropy on the value of the initial spin becomes
more understandable if one considers the classical
limit (Z, S> 1). In this approximation, for a
given distribution a (K) the angular distribution of
the fragments with respect to the spin direction of
the compound nucleus can be represented in the
form

W (n) = const-a (K) |k=in- (18)

We set J=1+ 8 and average expression (18) over
all possible directions of the vectors 1 and 8
(vector 1 lies in a plane perpendicular to the
beam, vector S lies on a sphere). As a result, we
obtain for the Gaussian distribution (13) an expres-
sion similar to formula (15) and, consequently, a
weak dependence of the angular distribution on the
initial spin. For another form of a (K), the angu-
lar distribution, generally speaking, depends on
the initial spin. In particular, a strong dependence
on the magnitude of the initial spin occurs for the
distribution used by Griffin:*

1—|K|/K

| K|S Kpax
a(K) =,

max’

(the anisotropy is less for a large value of S). If
the series for a (K) begins with the fourth power
of K

a(K)y=1—xK* (x>0),
then the angular distribution has the form
W (9) = const « {1 —x (2 [*sin® & + S¥2sin? )},

i.e., the anisotropy would even increase with an
increase in the initial spin, The physical reason
for this is the fact that along with the deterioration
in the angular momentum of the compound nucleus
for a definite initial spin, there is an effect leading
to an increase in the anisotropy; this effect is con-
nected with the fact that for a large initial spin
there are, on the average, larger values of the
angular momentum of the compound nucleus (see
also reference 1). Therefore, the final result is
determined by the degree of the dependence of the
anisotropy on the magnitude of the angular momen-
tum of the nucleus.

2. One can also set the task of determining the
distribution a (K) from the known angular distri-
bution of the fragments. To do this, it is neces-
sary to know the angular distribution for each K,
separately.
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We shall first consider the case K = 0. Since
it is assumed that the transition nucleus has an
axis of symmetry (coinciding with the direction of
fission), there exists for the rotational states with
K = 0 a selection rule, according to which only
even values of angular momentum can occur for a
compound nucleus of positive parity and odd values,
for negative parity. Hence, for K = 0, the summa-
tion over J in the individual terms of formula (8)
should be carried out in such a way that the parity
of J is the same as the parity of I for a target
nucleus of positive parity and of the opposite parity
in the case of negative parity. This summation
can be carried out in general form by means of the
formula
N (CBim)? = L1 4 (— DHSH 8,
J
where the primes on the summation sign indicate

that the summation is carried out only over even
or only over odd values of J. Employing (8) and
(19), we find

W/(K=0) (/&) — 2 §1W§§=°) (%),
[N}

(19)

(20)

WE @) =5{ 3 [Yim @+ (= DFH v ®) .
m|<8 (21)

For each [ the second term in formula (20) has
opposite signs tor the two values S = Jj = 1/2, and
these terms cancel one another in the sum over
S in formula (20). This also occurs in the case of
a spin-orbit interaction between the neutron and
nucleus when the absorption coefficient also de-
pends on S and J. Therefore we shall omit this
term everywhere below in the expressions for
wiE=0) (4.

IA]

For I =S

W @) = 2L+ 1) o @2

i.e., for K = 0 the channels with I = S give an
isotropic contribution to the angular distribution.
For the channels with 7 > S, the angular distribu-
tion for K = 0 can be written in the form

Wis™ (9) =+ ”ZS |Yim®) =21 F5(9), (23)
m|<.
4 A
Fo®) = g7 2 |Yim . (24)
m=-—\

A simple expression for the function Fj, is ob-
tained in the quasi-classical approximation if, in-
stead of the functions | Yim |2, their classical
analog

(1 /2n%) {sin® & — (m? | [2)}— (25)
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is employed. Replacing in formula (24) the sum-
mation over m by an integration, we obtain

1 lsind << A

Fm(%)z{@/n) sin™ (A/lsin9), Isind>A (26)
For A <1

Fi () ~ (2/m) (ML sin 9).

By means of formula (10), one can obtain ex-
pressions for the angular distribution for other
fixed values of K. Noting that a (K) is an even
function of K, we obtain the following resulting
expression for the angular distribution of the fis-
sion fragments for a channel with a fixed value of
|K|:

WP (9) = Wi (9) + W (9),

where for S=1
! |KI<S—1
1+F1,s_/1q(‘9), S—I<|K|LS,
L=Fpiki—s—1 ) S<IKISS+1,
(27)

(AKD) oy 204+ 1
Wit ®) = ==

and for S<1

wis? (9)
Fis (9, K=0

= E’Z“?:_i Frs_ik)® +Fp sk ) 0<|KISS
L —Fp Kjms—1 ) S<I|K|<I+S. (28)

Substituting (27) and (28) into formulas (9) and (10),
we obtain the following expression for the angular
distribution:

W (%) = const- 2} (20 + 1) -[a(Sy—\)
l
—a(S;+ M (Fra—1+ Fura),

Sy =Jo+ e a(— K) = a(K). (29)

We introduce the quantity A (¢) = {of ()
- 0¢(90°) } /o£(0°). For a small anisotropy, A ()
practically coincides with the usually considered
quantity- {og (#) — 0§ (90°)} /of(90°). The expres-
sion for o¢(0) can be obtained directly from for-
mulas (9) and (10) if it is noted that
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[ Yim (0) |2 = {(20 + 1)/ 47t} 8pno -
Calculating o¢(0°) in this way, we find
A@®) = ; BADA (), (30)
where
R R D ET A E S oy ey v ML :L(?(,)i)

®@) = {2+ NTPa )] [ B+ D T
l i

D (9) = Froa—1(8) - Fya (8) — Fy3—1(90°) — F,2(90°).

(32)
For a small anisotropy, the denominator in for-
mula (31) is approximately equal to 4S; = 2 (2J, + 1).
Some values of the functions &j, for I =3 are
shown in the table.

The functions &;(+#) depend only on the inci-
dent neutron energy, since they are fully determined
by the absorption coefficients. In the case of a
black nucleus, they depend only on Ilyjgx. The in-
dex A runs over the values from 1 to Imgx. Thus,
knowing the angular distribution of the fragments,
one can, in principle, determine Ij,5x independent
differences of the coefficients a (K). Using the
functions (26), we can obtain the following quasi-
classical expression for &, (+#) for a black nucleus:

A
q)h(%)z Z F!n\go"v

n=Ai—1

x=n[lp.y

sind 1
x>1 :

Frn(9) z{z:rt“( sin™! xi+ xVT—13),
The angular distribution of the fragments is

readily calculated by means of formulas (30) — (32)
if the distribution of a (K) is given. If, as happens
in the statistical case, a (K) is a monotonically
decreasing function of K, all the coefficients )
are positive, and A () is a monotonically decreas-
ing function of the angle . [Both functions &;(+#)
and &y, (4#) decrease monotonically with an in-

Values of the function &y,

LA

9,

deg 1.4 ! 2.1 ‘ 3.1 l 2.2 l 3.2 ' 3.3

0 1.000 1.500 1.636 0.750 1.272 0.636
10 0.970 1.412 1.460 0.750 1.267 0.636
20 0-884 1.170 1.032 0.740 0.226 0.634
30 0,750 0.844 0.556 0.703 1.076 0.626
40 0.589 0.518 0.218 0.623 0,810 0.593
50 0.413 0.256 0.066 0.492 0.486 0.510
60 0.250 0.062 0.036 0.330 0.218 0.373
70 0.117 0.020 0.034 0.165 0.068 0,205
80 0.030 0.002 0.020 0.041 0.024 0.065
90 0.000 0.000 0.000 0.000 0.000 0.000
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crease in 4.] In the statistical case, for a (K)
not very different from unity, one can employ ex-
pansion (13), which gives

Br=PBr = A/ 2K:. (33)
The function A (4), by (15), has the form
A(®) = (1/2K3) IADy(9) = (B/4K) cos? 8. (34)
A

In formulas (26) — (31), the above-mentioned
selection rule for J was not taken into account for
the states with K = 0. If this rule is taken into ac-
count, the coefficient a (0) decreases by one-half.
This result is obvious in the classical limit: For
a given orbital angular momentum and K = 0, fis-
sion is possible for only half the possible values
of the angular momentum of the compound nucleus.
As a result, formula (30) should be written in the
form

A@ = 2 BPa(3) +3 [2(2 + DIOs, (9),

A=1

(S1FYas (34’)

For a Gaussian distribution of a (K) and a
small anisotropy, the fragment angular distribution
in which the selection rule for the states with K
= 0 is taken into account has the form

lmax > Sly a(O) = l)

A®) = (2 /4K3) cos? & — L [2 (25 + 1)] D5, (D). (35)

For large [ the integral contribution of the second
term decreases as Iplax. If the first term in for-
mula (35) is independent of the initial spin, then the
second term, other conditions being equal, leads

to a certain decrease in the anisotropy for a smaller
value of Jj.

3. In those cases for which the probability of
fission in a channel of angular momentum J is de-
termined not only by some statistical factors, as
was assumed above, there may be need of expres-
sions for the fragment angular distribution with a
fixed value of J. In the classical limit, they can
be obtained by replacing in formula (7) the square
of the Clebsch-Gordan coefficient by its classical
analog:

(C{sgzm 2= (1/nl) {sin2 x — (m2 ] 12)}~",

cosy = (2NTLA+DN—=SS+1)+J(J + 1)), (36)

and the functions | Yy, (¢#)|? by expression (25).
Replacing also the summation over m by integra-
tion, we obtain

= - i -1 N
W () = 20 {0 S (O,

z=sin?9/sin? ¥ < 1

e>1 , (37)

where K (z) is the complete elliptical integral of
the first kind:

V. M. STRUTINSKII

/2

K@) =\ (1—2sin® )~ de.
0
The quantum-mechanical expression for W%}O)

has the form
(= 1S 2L+ 1) (2] + 1) (Cidw)?
P

X (Clos0)* W (LILT | Sp) P, (cos 9), (38)

where W (abed | ef) are Racah coefficients.

Another classical expression for W?S{;O) (&)

can be obtained by replacing the Racah coefficients
in (38) and the squares of the Clebsch-Gordan co-
efficients by their classical analogs:

(Clok)? = (4/m) (412 — A2y ™%,
W (LJ1J | Sp) =~ (— )52l + 1) (2] + 1))y P, (cos ¥).
As a result, we obtain

WY () =~ 2 @l + 1) @) + 1y (402 — )
)

X (412 — p?)y~" P, (cos ) P, (cos 9). (39)

(K=0)

1S3 (¢#) is somewhat

The last expression for W
more accurate than (37).
4. In the presence of a spin-orbit interaction
between the incident neutron and nucleus, the ab-
sorption coefficients {75y depend on all the in-
dices. Their explicit form can be found from a
comparison of the expressions for the total wave
function of the system in the representation used
above for the spin of the channel and the ordinary
j-representation (j=1+ 1/2). Consideration of the
spin-orbit interaction leads primarily to the re-
placement of ¢; by the mean absorption coefficient

To= 20+ D=+ D gy, + L),

where ¢, j are the absorption coefficients in the
j-representation. In formulas (15), (34), and (35)
there appears, moreover, the factor

[1+2@20+ 1)ql,
qr = (Croigvy, — Coot—v,) [ Coopy + Crot—se)

in the coefficients of cos?$. This correction is
not important. For w(K=0) (#), with allowance for
the spin-orbit interaction, we obtain the expression

s

W ik=0 () = ;_{Z' El 2} 1Y m (9) 2
1S m=—S

— 2 L14quS /(2L + DI + g0/ (2L DI Yo, (9) ) -

1>8, (23’)

The correction associated with the last term in
(23’) also proves to be small. We note the follow-
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ing useful relations which are employed in calcula-
tions with spin-orbit coupling:

27 (4 1) (Csim)®

J

Iml<t
fm|>1"

Ini<s,
s el>S,

ST+ D) (C8um)? =511+ (— DT 8o (L (L4 1)
LSS+ 1)]—m

{l(l+1)+S(S+1)+2mp,
0

The validity of these relations, as well as formula
(19), can be established by a comparison of the
zero coefficients for ¢ %, (7 —#), and (7 — )2
in the expansion in powers of ¢ and (7 — &) of the
identity

— 2 (Cim)?Dkk = 0.
J

S i
Dy Dinm

5. If the values of the orbital angular momenta
taking part in the reaction are not large, formula
(30) can be used quite directly for the analysis of
the experimental data. The “‘statistical’’ term of
the angular distribution, which, for a small aniso-
tropy, is given by formula (34), can be separated
immediately. With the ‘‘fluctuational’’ part of the
angular distribution separated in this way, it can
readily be shown how the coefficients B, differ
from their statistical values (33). To do this, it is
necessary only to take into account the fact that
the functions @, (¢#), which, although simple and
similar in form, strongly differ as regards the
width of the maxima (see Fig. 1). It is also impor-
tant that the functions &, () very weakly depend
on the assumptions concerning the absorption co-
efficients ¢;, This can be seen in Fig. 1, where
@) (¢#) calculated for two variants of Z; are shown.
The dotted curve denotes &, for a black nucleus
with Imax =3 (£7=1, 1 = lyax). The solid curve
represents the functions &, calculated with values
of ¢7 computed by Nemirovskii for a semi-trans-
parent spherical nucleus with a diffuse boundary
for KR = 11.5 and Ep = 1.5 Mev (Z, = 0.45, Z;
=0.95, 5 =0.29, £3=0.50).* The nonmonotonic
character of El reflects the existence of a ‘‘reso-
nance shape’’ for the p and f waves. The effect
of the resonances decreases, owing to the defor-
mation of the target nucleus, as a result of which
the true values of the functions &, prove to be
intermediate between the two curves shown in Fig.
1, which, however, are very close to each other.

The angular distribution of the fission fragments
lhas been studied experimentally by Blumberg and

*The author expresses his indebtedness to P. £. Nemirov-

skil for making available the results of his calculations of the
absorption coefficients.
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FIG. 1. a—functions ®y(#) calculated for 1.5 Mev neutrons;
solid curve corresponds to the optical model for a spherical
nucleus with a diffuse boundary and with spin-orbit interaction
(absorption coefficients are given in the text), dotted curve
corresponds to the functions @9 for a black nucleus and
Imax = 3; b—functions @g(#) calculated with formula (45)
from the functions ®(¢%) for a semi-transparent nucleus
(E, = 1.5 Mev).

Leachman® and by Henkel and Simmons.? Compar-
ison of the angular distributions for U3 (Jy = %,;
fission threshold of 1.6 Mev), Pu®®® (J, = ¥,
threshold of 1.6 Mev) and U?® (J; =Y, threshold
of 0.6 Mev) indicates the absence of an appreci-
able influence of the spin of the taiget nucleus.
Moreover, according to the experimental data of
Henkel and Simmons,? the angular distributions
for these targets are described, within the limits
of experimental accuracy, by the expression 1

+ A cos? ¢4, where A ~ 0.1—0.15. Both these cir-
cumstances are evidence in favor of a Gaussian
distribution for a (K).* On the other hand, the

*For the determination of the value of K} from the experi-
mental data, see references 8 and 9.
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data of Blumberg and Leachman?® for Pu®® and
U apparently indicate the presence of substantial
fluctuations in the distribution of a (K). Thus, on
the basis of the angular distributions for E, = 1.5,
it has to be conceded that a (0) considerably ex-
ceeds the statistical value (it is 1.5 —3 times as
great).

The second term in formula (35) is associated
with the selection rule for J in the state K =0
for Jy=% and 1., = 3-4, and does not exceed
the value 0.02, which is within the limits of exper-
imental error. For Pu®® (dy= 1/2), the amplitude
of the second term is equal approximately to 0.15
—0.20, i.e., larger than all values of the observed
anisotropy. For the same values of the parameter
12/4K3 as for U3, the presence of the second
term in formula (35) should lead to the appearance
of a relatively deep minimum at 4 = 0° and a broad
maximum at ¢ = 40°, which is clearly contradicted
by the experimental data.

Hence one may conclude that the interdiction on
odd (or even) values of spin for an even (or odd)
state of the nucleus does not occur, at least, for
transition nucleus excitation energies 2 3 Mev.
The absence of such an interdiction, well-known
from weakly excited states of even-even deformed
nuclei, may be associated with fluctuation devia-
tions of the self-consistent field from axial symme-
try. Such deviations may prove to be very impor-
tant, since the criteria that the collective motion
during fission be adiabatic are satisfied with only
a small reserve!? (see also reference 11). This
would signify the impossibility of describing the
nuclear state by means of a wave function of the
rotational type. The quantum number K would
have the meaning of a mean statistical constant of
motion.

Comparison of the value of the anisotropy for
U5, U3, and Pu®? (reference 9) indicates that
there is a systematic tendency towards a small
increase in the anisotropy for nuclei with larger
values of Jy; the difference in the ratios og(0°)
/o§(90°) is, in each case, approximately 0.03.
This effect may be associated with the presence
of the negative term proportional to K* in the ex-
pansion of a(K) in a series in K. Writing a (K)
in the form

a(K)=1— (K*2K;) — xK*, (40)
we obtain for the angular distribution
W (9)= 1 + (I*/4K3) cos? &
— 2 xltsin & + % (Jo + V/5)? Peos? 8. (41)

Since the first three terms in formula (41) do not
depend on Jj, comparison of the values of the ani-
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sotropy for different values of J, permits one to
determine the parameter k at once. For the in-
dicated difference in the ratios oy (0°)/ag(90°),
we obtain k = (2—4) x 10™%. For such «, the
last two terms in formula (41) have practically no
influence on the shape of the angular distribution.
The presence in the expansion of a (K) of a nega-
tive term proportional to K* gives a relative de-
crease in the contribution of large K in compari-
son with a Gaussian distribution.

6. In the case of neutron-induced fission of
even-even nuclei (J, = 0), the angular distribution
of the fragments is also described by formulas
(30) — (32), where the coefficients g, are given by

Br=la(ts—M) —a/2 + M)/ 2a(Ys) (42)

(for S=1Y,, o7 is different from zero only for K
=%,). If, now, the fission is characterized mainly
by one value K = K*, the coefficients a (K) in the
numerator of formula (42) can be represented in
the form

a(K)=~a(K") {0k, k«+ 8, —x+}

from which we obtain for the function A ()

A(®) =[a(K)/2a (*/2)] o+ (), (43)
@1 (9), K* =1/,
— Ok, (9, K =lpar+1a (43"

P (®) =
(DK"+’/3 @) — (DK‘—-‘/z ®), K=o lpge + Y,

The functions ¢y« (&#) can also be represented in
the form

@) =4n X LYy k(D)
I>K7 =,

HY, ke, (9) [2) / e+ 1. (43'7)
l
For K* =1, we find
o7 (8)/01 (90°) = 1 + 1-[6;(0°)/5; (90°)] @, (),  (44)

where

07 (0°)/67(90°) = {1 — - @, (9)}7.
The angular distribution for K* = ¥, is character-
ized by a sharp maximum for &4 = 0° (the half-
width of the maximum is of the order Igiax). For
other values of K*, the function of(#) has a mini-
mum at 4 = 0°. The width of the minimum in-
creases, and its depth decreases, for larger K*.
For small K* not equal to %,, there is also a
small maximum at 4 = 40 —50°. Figure 1 shows
several functions ¢ (¢#) calculated for a semi-
transparent nucleus with Ej = 1.5 Mev. For
another neutron energy (or other values of the
absorption coefficients) the functions ¢k (#), as
is the case for the functions &, (#), can readily be
calculated by formulas (32) —(43). For Ep
< 2 Mev, the table can also be used.



ANGULAR DISTRIBUTION OF FISSION FRAGMENTS

For K* = 1/2, the angular distribution of the
fragments is determined single-valuedly if the
function ®;(¢#) is known. For a neutron energy of
0.7 — 1.0 Mev, the value of &(0°) is 0.9 —1.2, de-
pending on the absorption coefficients. For Ep
= 0.7 Mev, the optical model gives &;(0°) = 1.05
(Z9=10.35, ;= 0.81, T, =0.12, Z3=0.07), from
which, by formula (44), we find of (0°)/of(90°)
=~ 2. This value is close to the experimental value
for Th®0 (reference 12). Figure 2 shows the ex-
perimental data of Henkel and Brolley,!? for
fission of Th?? induced by 1.6-Mev neutrons. The
solid and dotted curves represent the angular dis-
tributions calculated from formula (43) by means
of the functions &) shown in Fig. 1 for a semi-
transparent and a black nucleus, respectively, with
K* = %, For the ratio of the coefficients, we have
a(%)/a(Y,) ~ 6 —8. The curve calculated with
El for the optical model is in good agreement with
the experimental data.

6,(0)/0,(907

U deg
T T T T T w
FIG. 2. Fragment angular distribution for fission of Th**?
induced by 1.6-Mev neutrons, according to the data of Henkel
and Brolley,'® (experimental points). Curves 1 and 2 are
the angular distributions for K = 3/2 for a semi-transparent
and a black nucleus, respectively; Curve 3 is the ‘‘best’’
angular distribution for K = 3/2 determined by Wilets and
Chase'* by the method of least squares; Curve 4 was calcu-
lated from the optical model for K = 5/2.

The angular distribution of the fission fragments
of Th?? was also analyzed by Wilets and Chase.!
They represented the angular distribution in the

form s
> r(J)| D), 4, (9) 2 + const,

J=1/3

where the coefficients r (J) were determined
from the experimental points by the method of
least squares. The curve obtained in this way is
also shown in Fig. 2 (dash-dots). This curve dif-
fers little from the angular distribution calculated
with the absorption coefficients for a semi-trans-
parent nucleus. The difference between the solid
and dotted curves in Fig. 2 is connected with the
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difference in the size of the contribution of I = 2
in the cases of black and semi-transparent nuclei.
We note that in the case of a semi-transparent
nucleus the choice of the parity of 7, connected
with the fact that the parity of the rotational states
with respect to the same region should be the same,
is not important, owing to the relatively small
value of Z, in comparison with Z; and Z; in the
optical model.

As shown by Henkel and Simmons,? there are
many other cases of an ‘‘anomalous’’ angular dis-
tribution of fission fragments of even-even nuclei
at neutron energies of the order 0.5 — 1.5 Mev.
These distributions have the shape of the curves
shown in Fig. 1b and may apparently be explained
by the anomalously large contribution of fission
with some particular value of K. Thus, for exam-
ple, the angular distribution of the fission frag-
ments of U*¢ for E, = 0.85 Mev® is similar to the
curve corresponding to K* = 3/2 in Fig. 1b. In
principle, the most complete information on the
distribution of a (K) can be obtained from the ex-
perimental data directly from formula (30).

I express my sincere gratitude to B. T. Geilik-
man, D. P. Grechukhin and G. A. Pik-Pichak for
valuable discussions on this work.
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