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It is shown that due to the effect of multiple scattering the proper field of a fast charged par
ticle passing through a medium decreases at a higher rate with increasing distance from the 
axis of motion than in the vacuum. This effect leads to the emission of radiation when the par
ticle passes from one medium to another and affects the direct pair interaction. 

1. Gol'dman1 (see also reference 2) has shown that 
an ultrarelativistic electron entering a dense med
ium emits radiation with a spectrum which lies 
precisely in the frequency region of the quanta 
whose emission in the slowing down of a particle 
in an infinite medium is hindered by multiple scat
tering. Garibyan3 established even earlier that the 
transition of a charged particle through the inter
face of two media with different dielectric proper
ties is accompanied by the emission of radiation of 
a different type due to the readjustment of the 
proper field of the particle. 

In the present paper it will be shown that the 
emission of the transition radiation predicted by 
the theory of Gol'dman is also connected with a re
adjustment of the proper field of the particle, which, 
however, is due to the effect of multiple scattering. 
This problem will be considered in Sec. 2, where 
we shall compute the number of quanta per unit in
terval of the spectrum which are equivalent to the 
proper field of the particle moving in the medium 
[formula (6) ]. It will also be shown [formula (9)] 
that the number of equivalent photons in the vacuum, 
as determined by the well-known Weizsacker-Wil
liams formula, 4 agrees with good accuracy with 
the number of transition quanta added to the num
ber of photons which are equivalent to the field of 
the particle in the medium. 

At distances from the point of entry into the 
medium which are smaller than the cascade unit of 
length, where the transition quanta have not yet 
succeeded in being absorbed, the cross section for 
the direct creation of pairs will of course be pro
portional to the number of equivalent photons in the 
vacuum. Far away from the point of entry, at 
places where the transition radiation does not pen
etrate, the number of pairs created directly by the 
field of the particle will become proportional to the 

number of equivalent photons in the medium. A de
tailed review of this very reasonable situation will 
be given in Sec. 3. 

Finally, in Sec. 4, we shall investigate the proc
ess of pair creation by a particle passing through 
a medium for the case where the distance at which 
the radiation field is formed is comparable with the 
cascade unit. Here it becomes impossible to sep
arate out the cross section for the direct creation 
of pairs, and the total number of pairs at a depth 
much larger than the cascade unit is determined 
by formula (19). 

2. To determine the number of photons equiva
lent to the proper field of the particle in the medium 
we obtain first an expression for the number of 
pairs in the first cascade unit created by a fast 
electron passing through the medium with energy 
Po » 1, and separate out the pairs which are cre
ated directly by the field of the particle. The num
ber of the latter, as is well known, 4 is proportional 
to the number of photons connected with the proper 
field of the particle. 

We shall start from the expression for the prob
ability for bremsstrahlung per unit length of path 
in an infinite medium, derived by Migdal. 5•6 This 
expression has the following form for k « p0: * 

co 
e2k r 

Wr (p0 , k) = zn2 ) f (t) dt, 
0 

(1) 

where w is the Fourier component of the usual 
distribution function of the trajectories, w = k//E 
is the energy of a quantum with momentum k, E 

= 1 - wij I w2 is the dielectric constant of the med
ium, wij = 47rnZe2, and n is the number of nuclei 
per unit volume. 

*We use a system of units in which n = m = c = 1. 
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When the emitted bremsstrahlung quanta are 
absorbed they create pairs, which can, however, 
also be created directly by the field of the particle 
itself. To account for this effect it is sufficient to 
introduce under the integral sign in formula (1) the 
factor exp [- natl2 ], which corrects for the ab
sorption of quanta in the radiation process itself. 
The expression na is the total cross section for 
the creation of pairs by a y quantum with energy 
k per unit length of path in the medium. This pro
cedure is equivalent to introducing an imaginary 
part of E due to the absorption of y quanta through 
pair creation. It can be shown that the correspond
ing change in the real part is negligibly small. 

We thus obtain the following expression for the 
total number of pairs created per unit length of 
path in an infinite medium: 

W p (k, p_) (ncrf 1Wr (p0 , k) dk dp_; 
00 

W = e2k (' e-nal/2 f (t) dt 
r 27t2 j ' 

o' 

(2) 

1 [ P':.+(k~p_)2 J 
Wp(k,p_)dp_= 3kL 1+2 k2 dp_. (3) 

Here Wp ( k, p _) is the probability for pair crea
tion by a y quantum per unit length of path with an 
electron energy between p and p + dp , and L 
is the radiation length. If we denote the important 
time interval in the integral (1) by 

"k = min{2p~jk, Jfp~Lj21tk·137} 

we can expand the factor exp [ - naT I 2 ] in formula 
(2) in a series, provided that nark« 1. Then Eq. 
(2) takes the form 

Wr = Wr + ncrq (k), 
00 

q (k) = -- e•\ \' t dtf (t). 
4n ) 

0 

(4) 

Comparing (2) and (4), we see that Wpq is the 
cross section for direct pair creation, which means 
that q (k) dk is the number of y quanta in the spec
tral interval k, k + dk which are equivalent to the 
proper field of the particle. 

Methods for calculating expressions of the type 
(2) or (4) have been discussed by various 
authors1•2•5 These expressions have the feature 
that they contain logarithmic divergences for large 
radiation angles, because our method becomes in
valid when the angular width of the radiation ex
ceeds the average angle between the directions of 
emission of the particles of the pair. The latter is 
of the order of magnitude of k-1• If we cut off the 
integration over angles at 1J ~ k-1, we obtain 

e2 { xp~ 
q (k) = 1tk In k• (1 + o) - 1 

co 

+ Re~ (cothx-f)(l-r.~.'x)e-1'-'xdx}, (5) 
0 

where K ~ 1 and 

fL' = 2 (1- i)s', s' = s (1 + o), o = w~p~jk2 , 

s = 1.37. 103 VkLfp~. 

Here k, p0, and w0 are in mc2 units, and L is in 
centimeters. 

The integral in formula (5) reduces to zero when 
s' » 1 and is approximately equal to log s' when 
s' « 1. For arbitrary values of s and o, formula 
(5) can therefore be replaced by the simple approx
imate formula 

k) ~ 2e2 I [xp0 -. / s ] 
q( ~1tk n TV 1=1--s(1+o) • (6) 

the inaccuracy of which shows up in the presence 
of the unknown factor K ~ 1 in the argument of the 
logarithm. This factor will be omitted in the follow
ing. 

As is known, 4 the number of photons in the spec
tral interval k, k + dk which are equivalent to the 
field of an .electron moving in the vacuum with en
ergy Po » 1 is given by q0 ( k) dk with 

q (k) = 2e2 In Pmax = 2e2 In 1'!!_ 
0 nk Pmin nk k ' 

(7) 

where Pmin ~ A.c = lilmc = 1 and Pmax ~ Polk is 
the maximal distance from the axis of motion at 
which the Fourier component of the field of the par
ticle is still appreciably different from zero. Com
paring (6) and (7), we see that, due to the effects of 
the polarization of the medium and of multiple scat
tering, the field of the particle differs from zero 
only at distances of order Pinax = (Polk)..Js/( 1 + s'). 
The same result can also be obtained directly 
through a study of the important values in the 
expression for the Fourier component of the field 
of the particle in the medium. 

If the particle makes a transition from the med
ium to the vacuum, radiation should be emitted as 
a consequence of the readjustment of the field of 
the particle. It has been shown earlier1• 2 that the 
number of quanta of the transition radiation in the 
spectral interval k, k + dk can be written in the 
approximate form 

N (k) dk = ~; dk In ¥ V/ 1 + s ~1 +a) . (8) 

Comparing expressions (6)- (8), we find that 

q0 (k) = N (k) + q (k). (9) 
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This result has important consequences for the 
theory of the direct pair creation. 

3. If the transition radiation occurs at distances 
of order Tk « 1/na, one can assume that at time 
t the quanta of the transition radiation create 

1 _e-nat 
Wp(k, p_)N(k) na dkdp_ 

pairs with total energy k, with electron energies 
between p _ and p _ + dp_. 

The number of pairs created directly by the 
field of the particle in time t is equal to 

Wp(k, p_)q(k)tdp_dk. 

For t « 1/na, the number of pairs created by 
the field of the particle is given by the expression 

Wp [q -i-N] tdkdp_=Wpq0 tdkdP~· (10) 

If t » 1/na, the quanta of the transition radia
tion are completely absorbed, and the number of 
pairs created per unit length of path directly by the 
field of the particle will be equal to q ( k) W pdkdp _, 
where q ( k) is given by formula (6). If here 106L 
» Po » 103 fL = p1 ( L is measured in centimeters 
and Po in units of mc2 ), the total cross section for 
the direct creation of pairs is given by the expres
sion 

2 

- - 7-1 ~1 0 " - 9L1377t n P1 n PI. (11) 

which is proportional only to the first power of the 
logarithm of the energy. 

If Po > 106L and 

s = 1,37 ·103 [kLjp_ (k- p_)j'1·~ !, 

we must take account of the effect of multiple scat
tering on the pair creation by 'Y quanta. 6• 1 Here 
the average angle between the directions of emis
sion of the particles is widened and reaches the 
value k-18-112• In the integration over T/ in for
mula (4) we must therefore take k-1 [ ( 1 + s )/8 ]1/ 2 

as the upper limit. We then find 

q(k)=2ezl [&1/:_ (1 +Si]=!!:__ln 1+;. (12) 
rrk n k Jf s (1 + s') rrk 1 + s' 

Using the result of reference 7 for the cross sec
tion for direct pair creation per unit length of path 
in an infinite medium, we obtain the expression 

~ (SJ dk dp_ [ - p:._ + (k- P-)2 - J 1 + s 
do,. = 3rr 137 k 2L G (s) + 2 k 2 <t> (s) In 1 +s' • 

(13) 

where G and <P are the functions introduced by 
Migdal, 5•6 and 

~ (·-) = . {2 In (190 z-'1, Jf(1 + Sj;s)} 
s mm ' In 190 z '/, · 

Formula (13) differs from the formula quoted 
in reference 7 by a factor in the argument of the 
logarithm which takes account of the effect of mul
tiple scattering on the proper field of the particle. 
It describes the direct creation of pairs at large 
distances from the point of entry of the particle 
into the medium. 

The results of reference 7 remain valid near 
the boundary. For the total number of pairs at an 
arbitrary depth t we find the expression* 

~ p2 + (k-p )2 
~3kl [G (s\ + 2 - kz - <t> (s)] 

X {!"-- [ t ln p~ s (1 + Sj + 1- e -nat ln 1 + s' J 
Jtk k2s(1+s') m s 

+ _!_lt- 1-e-nat ]4~(s) <t>(s)}dkd -· 
oo m ML p (14) 

4. All the results mentioned above are valid 
only if the absorption of the quanta in the process 
of radiation itself is small. If this condition is not 
fulfilled, expansion (4) becomes incorrect and it 
becomes generally impossible to separate out the 
bremsstrahlung cross section. t The inequality 
nark » 1 is equivalent to the condition P5 /k 
» 1012L ( L in em) and can be satisfied only for 
very soft quanta at reasonable electron energies. 
We shall therefore neglect in the following the ef
fect of multiple scattering on the creation of pairs 
by 'Y quanta. 

Carrying out the calculations, we find from for
mula (2) 

W = _e_ R {[~ _ ik (1 + o) J 
r 16rrk e 2 p~ [ _1_ -<jl (f+ I''+ v) 

I''+ v \ 2 

1-'P~ ]} + ln 4k2 ' (15) 

where 

v=2(l+i)r, 

and 1/J is the logarithmic derivative of the 'Y func
tion. 

For r « 1 or s' » r formula (15) reduces to 
(4), while for r » 1 or s' « r (15) leads to 

_ ez p~ s 
W r = ncr rrk ln kZr • (16) 

If L is measured in centimeters and k in units of 
mc2, we have p~s/k2r ~ 1011L/k. 

Under these conditions we must also change the 
expression for the number of transition quanta. 
For this purpose it is sufficient to introduce in the 
expression for E in formula (16) of the author's 

*The last term in the curly brackets describes the contri
bution from the bremsstrahlung quanta. 

tThis was first pointed out by Landau and Pomeranchuk. • 
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paper2 an imaginary part due to the absorption of 
'Y quanta through pair creation. We then obtain 

()() 00 

X ~ 1 ~ z \ exp [- (:1.' + v) 1:- f.i.Z tanh 1:) d1: 
0 0 

00 

+ ~ ( coth 1:- +) [1 - (11.' + v) 1:] 

Xexp[- (p.' + v)1:) d-r- 2- In 1-'' ~ v}. (17) 

For r » 1 and r » s' we find from (17) 

e2 r 
N =-kin-, 

1t s 
(18) 

and for the total number of pairs with energy k at 
the depth t » 1/na we obtain the expression 

(19) 

The region of . .ilidity of expressions (16), (18), 
and (19) is determined by the inequalities r » 1 
and r » s'. In order for these two conditions to be 
fulfilled simultaneously, we must have 

"Ac p~/1 00 L ?> k?>w~ L/"Ac, (20) 

where A.c = li/mc, and p0, k, and w0 are measured 
in the units mc2• The inequality (20) can be fulfilled 
only if Po» p2 = 10woL/ A.c· For lead p2 = 7.5 
x 1012 ev, and for aluminum p2 = 1.6 x 1014 ev. 
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