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The Vavilov-Cerenkov effect is considered for the case of an electric charge moving uni­
formly in an arbitrary direction relative to the optic axis of a uniaxial crystal. The shapes 
of the cones of normals for the ordinary and extraordinary waves are studied, and simple 
expressions are derived for the energy of the emitted waves. 

INTRODUCTION 

A general theory of the Cerenkov radiation in 
optically anisotropic media has been developed by 
Ginzburg. 1 Starting from the Maxwell equations for 
nonmagnetic transparent crystals, he obtained ex­
pressions for the angular distribution of the emitted 
energy. More detailed studies of the properties of 
the radiation have been made only for charged par­
ticles moving parallel or perpendicular to the op­
tic axis in uniaxial crystals. t Quite recently Paf­
omov4 has treated the more realistic case of a 
bounded uniaxial crystal, for which the transition 
radiation is superposed on the Cerenkov radiation. 

Using the interference properties of the Ceren­
kov radiation, Frank5•6 has investigated the condi­
tions necessary for the occurrence of the radiation. 
In his Nobel lecture5 it was shown for the first time 
that the direction of the light ray and the ray veloc­
ity play an important part in this connection. 

In the present paper it is assumed that the crys­
tal is transparent and has no gyrotropic properties. 
Its magnetic properties are given by a scalar mag­
netic permeability p,, and its electrical properties 
by the dielectric constant Eik· which is a symme­
tric tensor. In the coordinate system of the princi­
pal axes the components are positive, Eii :::: o. 

Let a point charge move in the direction of the 
unit vector r with a speed w = c{J. For the energy 
that it loses in the time 1/w we have the following 
formula: 

S = ~dw ~ Sp.)(w), (1) 
'-=1,2 

where the energy per unit frequency range emitted 
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in waves of polarization A is 

(2) 

Here dn is an element of solid angle, n is the unit 
vector in the direction of propagation of the phase 
of the wave, V(A) > 0 is the speed of this propaga­
tion, and the e(A) are vectors in the direction of 
the electric field. 

Let us introduce unit vectors d(A) directed 
along the electric displacement and having the fol­
lowing properties: 

d<'->d(v) = t'J1.v, nd<'-> = 0, d~'-> = Etkel,Al. (3) 

These equations, together with the condition 

e<ud<2> = 0 (4) 

determine the polarization vectors. The speeds of 
the corresponding waves are obtained from the 
formula 

(5) 

Since we shall be considering uniaxial crystals, 
we let the optic axis be along the axis x1. For the 
components of dielectric-constant tensor, in diag­
onal form, we use the notations E11 = r, t:: 22 = t::33 = E. 

Let the charge move in the plane ( x1, x2 ), which 
we shall call the principal plane. Then 

r~+r~=l, r2 >O. (6) 

We shall now investigate separately the proper­
ties of the ordinary and extraordinary waves. In­
stead of the indices A = 1, 2 we introduce the nota­
tion A= o, e. 

THE ORDINARY WAVES 

From Eqs. (3) - (5) we get for the polarization 
vector and speed of propagation of the ordinary 
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waves 

(o) - (0 )/ v--2 e = , n8 , - n2 s I - n 1• V(a) = cfVs(L. (7) 

By using these formulas we can rewrite (2) as 

e2rop. ~ r~n; ( 1 ) 
s(Q) (w) = -2 2 dn--2 0 nr- ,r:;: • 

nc ~ 1 - nl r ep. ~ 
(8) 

Here, just as in an isotropic medium, the energy 
will be emitted in directions that lie on a conical 
surface of circular cross section, with its axis 
parallel to the motion of the charge. The angle of 
emission @(O) is given by the formula 

COS fl(o) = ~. /~, 

in which the quantity 

(9) 

(10) 

defines the critical speed of the charge; if f3 < f30 , 

emission of ordinary waves becomes impossible.* 
To calculate the integral in E:q. (8), it is conven­

ient to introduce spherical coordinates, with the 
polar axis along the axis of the cone of normals: t 

n1 = r1 COS -It- r2 sin ~i). COS<p, 

We then get from Eq. (8) 

S(o) (w) 

2 y [ ~ J r; s in2 cp 
= ~:~ j drp 1- ( i Y -1:--_-(,-I~::-:o:-/~~--~,2-Y--;:1~-=(~=o/""~>=-2-c-os-cp-)-2 

0 (12) 

If we write the denominator in (12) as the prod­
uct of two polynomials linear in cos cp. the whole 
expression becomes the sum of two elementary 
integrals, and by calculating them we get the ex-
pression 

[2 - (rr +~of~) -I 'r -- ~o/~11 :n:. 

The sign of the difference r 1 - {30 /{3 has an in­
tuitive geometrical meaning, which follows from 
Eq. (9) and the meaning of the direction cosine r 1, 

namely: if r 1 < {30 I {3, the optic axis is outside the 
cone of normals, and if r 1 > {30 /{3, it is inside the 
cone. Thus for the cases of optic axis inside and 
outside the cone we have the respective formulas 

S(a) (w) = e2wf.LC-2 (1 -- r1}, 

S(o) (w) = e2wf.LC-2(1-~of~). 

(13) 

(14) 

Let us consider these expressions in more de-

*We use the indices o and e without parentheses to denote 
quantities associated with the critical speed. 

iSee Fig. 1, which illustrates the more general case of the 
extraordinary waves. In the present case the directions r and k 
are identical. 

tail. If the charge moves along the optic axis ( r 1 

= 1 ), then (13) holds for all speeds larger than the 
critical, and S(o)( w) = 0, as has already been 
shown by Ginzburg. 1 For other directions of mo­
tion of the charge, the emission increases contin­
uously from zero for f3 > {30 , according to Eq. (14). 
Furthermore, if r 1 > {30 there is a speed ( f3 
= {30 /r1 ) at which Eq. (14) goes over continuously 
into Eq. (13), and for higher speeds of the charge 
there is no further increase of the ordinary radia­
tion (per unit path length ) . If, finally, r 1 < {30 (this 
means that the angle between the direction of mo­
tion of the charge and the optic axis is sufficiently 
large), then Eq. (14) is valid for all speeds larger 
than critical. In particular, for motion of the charge 
perpendicular to the optical axis, Eq. (14) agrees 
with the result previously obtained. 2 

Finally, let us examine the polarization of the 
ordinary waves. If the normal runs around the con­
ical surface, then according to Eqs. (7) ana (11) the 

_positions of the vector e< 0 > form a fan in the plane 
perpendicular to the optic axis. The axis of this 
fan is the perpendicular to the principal plane. The 
vector e<o> reaches the extreme positions in the 
fan for the minimum value of I e3<0 > 1. If the optic 
axis is located outside the cone calculation shows 
that this minimum value occurs for vectors e< 0 > 

that correspond to normals that satisfy the condition 

'r- nrn1 = 0. 

It is clear that these normals are the lines in which 
the cone touches planes passing through the optic 
axis. The angle 21) between these tangent planes is 
the vertex angle of the fan of directions, and we 
have for it the value given by 

COS'!]= r;-1 V(~0/~)2-r~· (15) 

For a given speed of the charge the angle 17 
takes its smallest value in the case of motion per­
pendicular to the optic axis, when it is equal to 
®(o). If the direction of motion approaches the op­
tic axis, the angle 11 increases, and when the cone 
touches the optic axis it reaches the value 7r/2. The 
directions of the polarization vector then fill an en­
tire plane. It is clear that this is also true when 
the optic axis is inside the cone. 

THE CONE OF NORMALS OF THE EXTRAORDI­
NARY WAVES 

In this section we are concerned with the geo­
metrical properties of the emitted light waves. We 
shall return later to the question of the intensity of 
the radiation. For the unit vector d(e) we get the 
following expression from (3) and (7): 
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(16) 

The vector e<e) and the speed of propagation of the 
phase v(e) are determined from (3) and (5): 

e<•> = ((1- n~)/1',- n1n2/e,- n1n3 /e)/V 1-ni, (17) 

V(e) = (c IYil) [1/1' + (1/e-ll'r)nil'1•. (18) 

The direction s<e) of the extraordinary ray and the 
speed along the ray u(e) are found from (17) and 
(7): 

s<•> = ('rn1, Bnz, en3) I Ye2 + ('t2- e2) ni, U(e) = V(e/ns<•>. 
(19) 

Now we know all the quantities that determine 
the extraordinary waves, so that we can turn to the 
study of the geometrical shape of the cone of nor­
mals; its equation is determined by the argument 
of the o function in Eq. (2): 

(20) 

Just as in the study of the ordinary waves, we in­
troduce spherical coordinates, but postulate merely 
that the polar axis k is in the principal plane (Fig. 
1). We get 

n1 = k1 cos.&- k2 sin-!tcoscp, n 2 = k2 cos.& + k1 sin.&coscp, 

n8 = sin.&sincp. (21) 

FIG. 1 

Then the equation of the cone of normals takes 
the following form: 

Pcos2 3 + Qsin2 3-cos2 cp + 2lAk1k2 

(22) 

As a simplification we introduce the following no­
tations 

A = (~- l!Bf.lP) - (r:- l/l'f.l~2), R = 1/t'f.l~2 , 

P =(k1r1 + k2r2) 2 - (1/e -1/1') ki/f.l~2 , 

Q = (k2r1- k1r2) 2 - (1/e- 1/t')kilf.l~ 2 • (23) 

We use the indeterminacy still remaining in the 
choice of the direction cosines k1 and k2 to sim­
plify Eq. (22). We impose the condition 

(24) 

which together with ki + k~ = 1 determines k1 and 
k2: 

k -- 1 1 1 A )'Ia 
1 - V2 l + (A2 + 4rir~)'l• , ' 

k = _1_ ( l- lA )'/• 
2 Jf2 . (A2 + 4rir~ )'/, , • 

(25) 

From Eqs. (22) and (24) we now get the following 
expression for the cone of the normals of the ex­
traordinary waves: 

.& = .e<•> (cp), (26) 

where we determine ®(e) from the equation 

( R - Q cos2 <p )'/, 
cos e(e) = p - Q cos2 cp • (27) 

From the right member of this last equation it can 
be seen that the cone has a symmetry axis, namely 
the polar axis of our spherical coordinates. In the 
general case the cross section of the cone will be 
an ellipse, as also follows from the geometrical 
interpretation given by Pafomov. 4•5 

The critical speed of the charge is fixed by the 
condition ®(e) = 0. For this condition to hold, it is 
necessary that P = R, or, by Eq. (23), 

(28) 

From this equation and Eq. (25) we get for the 
critical speed 

~. = l!Y (efi + t'r~) f.l (29) 

In this case the cone of normals degenerates into 
a line, whose direction cosines are 

Finally, the speed of propagation of the phase of 
this critical wave is 

(31) 

If we set in Eq. (19) n = ke and v(e) = Ve, we get 
se = r and ue = cf3e· This result agrees with the 
assertion of Frank5 that the first wave to appear 
is one With its ray directed along the motion of the 
charge. Under this condition the speed of the 
charge equals the ray velocity. 

For particles with speeds close to the critical 
value, the expressions obtained for k1, k2, and 
cos ®(e) can be simplified somewhat if we expand 
them in powers of o = 1 - f3e I {3 and take the first 
two terms: 
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k1 - k1e [1-2k~ef.l (e- -r) (v,/c) 26], 

k2 = k2e [ 1 + 2k~ef.l (e- -r) (v.lc)26], 

cos e(e) = 1- (-r/e) (v.lvo) 4 [cos2 cp + (v.lvo) 2 sin2 cp]-11l. (32) 

It can be seen from (30) that in negative crystals 
( E > T) the direction of propagation of the wave 
that appears at the critical speed is between the 
direction of motion of the charge and the optic axis. 
In positive crystals ( E < T) the normal lies outside 
the angle formed by the direction of motion of the 
charge and the optic axis. If the speed of the charge 
increases, then according to Eq. (32) the axis of 
the cone approaches the direction of motion of the 
charge in all crystals, but does not coincide with 
it even for {3 = 1 (except for the special cases r 1 

= 1 and r 1 = 0, for which the axis of the cone and 
the direction of motion coincide). 

The cones of the ordinary and extraordinary 
waves cannot intersect. They come in contract only 
for {3 = {30 /r1, when they touch along the optic axis. 

The polarization vectors d(e) of the extraordi­
nary waves are given by Eq. (Hl). If we use (21) 
and (26) to express n, Eq. (16) gives parametric 
equations for the cone of polarizations. The analy­
tic expression for the directrix of this cone is 
rather complicated. The use of the following esti­
mate suffices for our further considerations. 

If the optic axis is outside the cone of normals, 
the directions of polarization are contained in a 
pyramid whose faces are the following planes: 1) 
the tangent planes of the cone of normals that pass 
through the optic axis x1; 2) planes through the 
axis x3 and perpendicular to the generators of the 
cone of normals that lie in the principal plane ( x1, 

x2 ) (see Fig. 2, which shows the case r 1 = 0. The 
pyramids must be continued symmetrically on the 
other half of the optic axis. This remark also ap­
plies to Fig. 3). 

If the optic axis is inside the cone of normals, 
the picture changes, since there are no tangent 
planes passing through the optie axis. Figure 3 
shows the cone of polarizations for r 1 = 1. 

THE ENERGY OF THE EXTRAORDINARY WAVES 

Let us now turn to the calculation of the energy 
which the charge loses in the form of extraordinary 
waves. On the cone of normals the following equa­
tion holds: 

re<•> = _ = ------== r 1 - nr- n1 • 
r1•p.(v(e)/c)2-nrn1 nr ( ( ~ )2 ) 

• V 1 - ni • V 1 - ni \ ~o . 

If we also use the identity 

( v<•!) nr 0 (cos ~-cos e(e)l 

o~nr- c~ = Y<R-Qcos2'f,)(P-Qcos2 <p) t 

FIG. 2 

z, 

FIG. 3 

then formula (2) takes the form 

s() (w)- e•wv- (~ ')2 y d<p 
• - 21tC2 ~ j V(R -Qcos2 <p) (P-Qcos2 <p) 

0 

x - _e_ ~ l - + -- nr r1 1 - - I { ( ~.' 2 1 1 [ ( (~)· ) 
't !'> ; nr 1 - ni \ ~o , 

+ 2n2r 2 J}. (33) 

It will be shown in the Appendix that the value of 
this integral also depends essentially on the rela­
tive position of the cone of normals and the optic 
axis. Upon making the calculations we get (see 
Appendix) for the respective cases of optic axis 
inside and outside the cone: 

S(e) (w) = e2wf.lC-2 (r1- ~0~,1~ 2), (34) 

S(e) (w) = e2wf.lC- 2 (1- ~./~)~of~. (35) 

An examination of these formulas shows that as 
the speed of the charge increases beyond the criti­
cal value cf3e the radiated energy increases con­
tinuously from zero in accordance with Eq. (35). 
In the region of directions of motion of the charge 
in which the equation {3 = {30 /r1 can be satisfied, 
Eq. (35) goes over continuously into Eq. (34). For 
motion along the optic axis Eq. (34) holds for all 
speeds. In this case, and also for motion perpen­
dicular to the optic axis, our formulas agree with 
results obtained previously. 2 

THE TOTAL RADIATION 

Another matter of interest is the expression for 
the total energy radiated, S ( w) = S{o)( w) 
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= S(e)( w ). At first, when the speed of the charge 
is between the critical speeds, waves of only one 
polarization appear. In this range of speeds the 
optic axis is outside the cone, and the total radia­
tion is given either by 

(36) 

or by 

depending on whether the crystal is negative or 
positive. For isotropic media this region is ab­
sent, since for such substances {30 = f3e· 

For speeds at which both ordinary and extra­
ordinary waves exist (and also always for r 1 = 1) 
the energy of the total radiation is given by the 
formula 

(38) 

which is independent of the relative positions of 
the optic axis and the cone of normals. The ana­
logy between Eq. (38) and the well known formula 
for the radiation in an isotropic medium can be 
seen at a glance. It is curious that the formulas 
(36)- (38) for the total radiation involve the char­
acteristic optical properties of the crystal and the 
parameters of the motion of the charge only through 
the quantities {30 I {3 and f3e I {3. 

CONCLUSION 

The results obtained show that in spite of the 
complications of the structure of the electromag­
netic field in an anisotropic medium, simple ex­
pressions can be given for the main properties of 
the Cerenkov radiation in uniaxial crystals. This 
is true particularly for the total radiated energy, 
which plays a part in a number of practical appli­
cations (counters, radiation losses in the motion 
of particles through matter). 

For direct comparison with experiment one 
must take into account the influence of the surface 
of the crystal. The transition radiation which 
arises at the surface can be neglected, just as it is 
in the study of the radiation in isotropic media. 
The change of shape of the cones of normals on 
emergence from the crystal can be taken into ac­
count by using the law of refraction for the wave 
normals. The bounding surface of the crystal can 
affect the intensity of the radiation in a more com­
plica ted way. 

In conclusion I take this opportunity to express 
my gratitude to Professor I. M. Frank for his in­
terest and for helpful discussions. 

APPENDIX 

We write the formula (33) in the following way: 

S(e) (w) = (e2w~-t/2nc2)(~ 0/~) 2(/1 + /2). (1') 

The forms of the integrals 11 and I2 follow di­
rectly from Eq. (33). Expressing nr by using Eq. 
(21), rationalizing the denominator, and omitting 
terms odd in cos cp, we get 

~ 2 2" 
I = _ ~ (---"--) \ d krrt + k2r2 

1 -r ~ ~ cp R (k1r1 + k2r2 ) 2 sin2 't' - T cos2 't' ' 
0 

T = (k1r1 + k2r2) 2 ( Q- R) 

+ (k2r1 - k1r 2) 2 (P-R) = - (•~-t) -1(~ 0/~,) 2 . 

The integration gives the result 

/1 = -2n~,/~0 • (2') 

In a similar way we get for I2 the following ex­
pressions: 

00 

I = 2 I Uy• +X d 
2 ~ (Wy2 -2iDy-M)(Wy2 +2iDy--M) y 

-oo 

00 

\' ay+b 
= 4 .\ Wy2-2iDy- M dy, 

-00 

where 

W=P-k~R, D=kdP-R), 

M = ki (P- R) +k;(Q- R) = r?- (~oli")._, 

U = W [(~/~o) 2 (k1 r1 + k2 r2) M + 2r2k2 ], 

X = (~l~o) 2 M [2r1D 

- (~l~o) 2 (k1r1 + k2 r 2) M - 2k2rz (~o/~) 2 ],, 

a= (VM + xW)/4MDi, b =- x/2M .. 

After integration we get 

(3') 

where iz1 and iz2 are the roots of the denominator 
in Eq. (3'): 

Zt,2 = W-l(D ± k2r2~0/~). 

The root z1 is positive. The sign of z2 depends 
on the relative position of the optic axis and the 
cone of normals, since z2 = 0 for {3 = {30 lr1. We 
have finally 

for r 1 > {30 /{3 and r1 < {30 /{3, respectively. The 
formulas (34) and (35) follow directly from Eqs. 
(1'), (2'), and (4'). 
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