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The ultrasonic absorption coefficient a is calculated for metals in strong magnetic fields, 
where r « A. « l ( r and l are the characteristic orbital radius and the free path of the 
electrons, and A. is the length of the acoustic wave in the metal). Closed electron orbits 
are considered, with an arbitrary law of electron dispersion. It is shown that in a strong 
field the quantity a becomes saturated regardless of whether n1 = n2 or n1 >" n2• For 
k 1 H ( k being the wave vector, H the magnetic field, and n1 and n2 the number of 
"electrons" and "holes" respectively) the saturation value is kZ » 1 times larger than its 
value a 0 for H = 0; otherwise a "' a 0• Comparison of theory with experiment3 shows 
good agreement. 

1. INTRODUCTION 

ExPERIMENTAL study of ultrasonic absorption 
in metals located in a constant magnetic field at 
low temperatures1- 3 has led to the observation of 
fluctuations in the coefficient of sound absorption 
as a function of the magnetic field H. Pippard's 
qualitative theory of the phenomenon4 and the more 
detailed calculations of V. Gurevich5 have shown 
that the magnetic fluctuations of the absorption 
coefficient are related to an unusual "spatial reso
nance" when an extremal diameter of the electron 
orbit in the direction perpendicular to the vectors 
k and H ( k being the wave vector of the sound 
wave and k 1 H) becomes an integral multiple of 
the acoustic wavelength A.. From an experimental 
study of the anisotropy of the fluctuations it is pos
sible to determine the extremal diameters of the 
Fermi surface for the electrons in the metal, and 
in certain simple cases to establish its shape com
pletely. 

The fluctuations in the absorption coefficient occur 
in a range of relatively weak magnetic fields, where 
1 ;::, kr « kl. It is of some interest to discover 
which of the properties of the Fermi surface can 
be determined by a study of the absorption in a 
strong magnetic field. The present paper is de
voted to this question. 

2. STATEMENT OF THE PROBLEM. THE BASIC 
EQUATIONS 

In this paper we limit ourselves basically to 
the consideration of closed Fermi surfaces only. 
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More precis·ely, we shall determine the contribu
tion made to the absorption coefficient by the 
closed electron trajectories. We shall assume 
that th~ vectors k and H are mutually perpen
dicular, and that the magnetic field is sufficiently 
strong that kr « 1 and y = r/Z « 1. At the same 
time we consider that the magnetic field is not so 
large that it is necessary to take into account the 
"skin effect," i.e., the non-uniformity of the alter
nating electromagnetic field. The latter condition 
reduces to the requirement that the "skin depth," 
i.e., the length 6 of the corresponding electro
magnetic wave in the metal, with the same fre
quency w as the acoustic wave, should be the 
smallest parameter with the dimensions of a 
length in the problem.* 

The absorption coefficient a is found from 
the quotient 

X= I Q II&, (2.1) 

where Q is the dissipative function and & 
= !pw2 I uij I is the energy density in the sound 
wave. p is the density of the metal, and u (r, t) 
= u0 exp ( iwt- ik • r) is the displacement vector 
in the sound wave. 

d \ 2 Q = - T df j fi3 d-r:p { (I - f) In (I -f) + f In f}, (2.2) 

where T is the electron temperature in energy 
units, the integral represents the entropy of the 

*o ~ c/(2rrwa)';,, where, in calculating the electrical con
ductivity a, the effect of the magnetic field and the spatial 
dispersion are taken into account. 
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electrons in the metal, f ( r, p, t) is the electron 
distribution function, dTp is the volume element 
in momentum space, and h is Planck's constant. 

The function f satisfies the kinetic equation 

~ + (~ ...L ti.)vt-(eE + !.__[~ ...L ti J x H+ vs)~ 0/ Op 1 C Op I Op 

+ (~Dst•= O, (2.3) 

where e, E, and BE/Bp are the charge, energy 
and velocity of the electron and c is the speed 
of light. Following the work of Akhiezer, Kaganov, 
and Lyubarski'i6 we consider that the energy of an 
electron in the field of the acoustic wave is equal 
to 

s(r, p, t)=s0 (P)+'Atkautfaxk, (2.4) 

where A.ik (p) is some tensor of the second rank 
which will, generally speaking, not be symmetrical 
in the indices i and k. 

The second term in (2.4) is connected with the 
assumption that the frequency w is much smaller 
than the collision frequency v, so that at every 
instant of time there exists a thermal equilibrium, 
in which the electrons acquire some additional en
ergy proportional to the tensor aui /Bxk· Eo is the 
energy of the electron in the absence of the sound. 
A change in electron energy leads to a change in 
the chemical potential J.1. = J.l.o + J.l.' and in the tern
perature. The latter, as has been shown in refer
ence 6, can be neglected because T « J.l.o· 

In order to determine the rotational part of the 
electric field it is necessary to use Maxwell's 
equations, which upon elimination of the alternat
ing magnetic field take the form 

(2.5) 

where the index {3 refers to the y and z axes 
(the Ox axis is chosen along k, and Oz along 
H). In order to find the longitudinal components 
of the field it is necessary to make use of the van
ishing of the space charge density, which by virtue 
of Maxwell's equations is equivalent to the equation 

jx=O. (2.6) 

In the case where the length 6 of the electro
magnetic wave in the metal is small compared 
with all the other dimensions, equation (2.5) re
duces to j{3 = 0, which, together with (2.6), leads 
to the equation 

j = 0, (2. 7) 

from which the electric field vector is determined. 
Let us now linearize the kinetic equation (2 .3): 

f = fo (s-f-1-)-z.(Jfolas, 

fo (s- /1·) = [exp {(s -11.) IT} + 1]-1, (2.8) 

where x is a new unknown function. After some 
simple calculations we obtain 

Q - R1\afol.*(a:qd-· -- e h" J -as · at 1st ·r) • (2.9) 

ax...L( <::7) +"ax+(ax\ _._ !!.5___·,_ E'' at I v v X ~"' a-: at I - "'k d. 11· e v. 'st X;, (2.10) 

where T is the dimensionless time of the orbital 
motion of the electrons in the magnetic field; 7 

~1 = eH/mc is the frequency of revolution of an 
electron in its orbit; m = (21T)-1 8S(E0, Pz)/BE0 
is the effective mass, S ( E0, Pz) is the area of 
the intersection of the surface Eo (p) = const 
with the plane pz = const, and 

v = (}s0 j(}p; eE* = eE + -%-[u X H)+ \lp.'. 

Averaging (2 .9) over the angle in momentum 
space, and making use of the conservation law for 
the total number of particles, we obtain 

(2.11) 

The current density is 

• 2e \'d ofox 
J = 7iS ~ ':p as .v. (2.12) 

Noting that all the quantities in (2.10) depend on 
time and the coordinates in the manner exp ( iwt 
- ik. r), and assuming that it is possible to intro
duce a relaxation time* t0 ( p) = 1/ v ( p), we shall 
re-write equation (2.10) in the following final form: 

(icu- ikv + v) X+ [).(}xI (J-r.= !J.J-.ika itt I axk- eE*v, (2.13) 

where 

!J.I,tk = }ik- <'Atk) + Otk Vo d 'tp / ~ d: ( <z.> = 0). 

The solution of equation (2.13) which is periodic 
in T has the form 

- eE*v (-r.l) J exp (~· ''- i~ + iw d-r.2) (2.14) 
T 

and gives the expression for x which is valid for 

*This assumption does not affect the qualitative nature 
of the results. 
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arbitrary magnetic fields. Let us consider the 
behavior of x in the strong-field region. Making 
use of the fact that the function preceding the ex
ponent in the integral (2.14) is periodic in T, it 
can easily be shown8 that x ( T) is equal to 

(we have neglected the small quantity w in com
parison with v in all the exponents). In equation 
(2.15) the bar denotes the average over a period 
21r in T: 

~= (1J21t)~1f('t)d't. 

In the case which we are considering (a closed 
Fermi surface, and k 1 H), we have k·v = 0 
because7 

Noting that the quantities v and I k ·vI are « ~1. 
we may expand all the exponentials in series, ob
taining as a result 

r 1 _c_ ~· v- ikv_ d- + ~ [(' v- ikv d ]2) 
X \ , j Q • 2 2 ) Q 't2 · (2 .16) 

Finally, in order to find the non -equilibrium con
tribution to the distribution function it is necessary 
to calculate the electric field E* from equation 
(2. 7). 

3. DETERMINATION OF THE ELECTRIC FIELD 

There is a fundamental difference in the forms 
of the function x in the two cases nt ~ n2 and 
nt = n2, where nt (or n2 ) is the number of elec
trons (or holes ) in the definite volume bounded by 
the surface E ( p ) = J.1-o within which the energy is 
less (greater) than J.1-o (see reference 7 ) . 

Let us first consider the case nt ~ n2• Substi
tuting (2 .16) into formula (2 .12) for the current 
density, we obtain 

(3 .1) 

where the electrical conductivity tensor is equal to 

'ft 'Tl 

x {1+~ (1-iq)d'tz+i-l~ <1-iq)d't2r}. 
~ T 

1 = vjQ, q = kvxJD, (3.2) 

and the expression for jl is obtained from aikEk 
by replacing eEkvk ( T1 ) in (3.2) by the quantity 
.6.i\.ik ( Tt) Bui /Bxk. 

The field E* is found from (2. 7): 

(3.3) 

where Pik = (a-t )ik is the electrical resistivity 
tensor. 

When the resistivity tensor is evaluated, it 
leads to the following results: 

(l~axx I oaxy '( oaxz ) 

c;k = loayx q~ayy 
2 

' loayz + q~a~z • 

,loazx loazy + qoazy azz 

(3.4) 

Here Yo = H0 /H « 1; H0 is the field for which 
the characteristic radius r 0 of the orbit is equal 
to the characteristic free path; q0 = kr0 « 1 al
though q0 » y0, but q~, generally speaking, may 
be comparable with Yo (this is why two terms 
have been retained in the O"yz and O"zy compo
nents). 

The expansion of the quantities aik in Yo and 
q0 begins with terms which do not depend on the 
magnetic field, and whose form, generally speak
ing, depends on the nature of the collisions. The 
exceptions to this are the components ayx = - axy 
= ecH-t ( nt - n2), which do not depend upon the 
collision integral because they are due to the drift 
of particles across the magnetic field (Hall cur
rent). The quantities aik are of the order of a0, 

the static conductivity of the metal when H = 0. 
The "deformation" current j' is equal to 

.· _ ikc2 2 ~, dS f 1 2 1 - , 1 1 2 } au. 
lx - eH' fi3 v 1 2 Pv----=- PuVPv I 2--=- P y'l /::,.),ik -' 

' v v axk ' 

.• ike 2 (' dS 1 -- au,. 
}y = -H !" \- ---=- VxPx!::J.),il<;,:- , 

. l ~ V 'J uX k 

.' iilc 2 ·\· dS 1 - -- . au1 
]z =- H -h" ----=- (pyVz- pyvz) !::J.t.ik (!- . 

• v v xk 
(3 .5) 

The matrix of the resistivity tensor O"ik has 
the form 

lo Uxy Uxz 1 qolo Oxz -lt, /, 1 ° -1 ' ) 

byy byz , (3.6) 

bzy hzz / 

where all components of the tensor bik· with the 
exception of Pyx = - Pxy = H/ ec ( nt - n2 ), depend 
on the collision integral and are of the order of 
a (it 

Substituting Pik from (3.6) into (3.3) for the 
electric field, we obtain 

£: = Pxyj~ ~ (qo lloCVo) !::J.)..;kdU; I axk, 

!i; = Pukj~ ~ (q0 I ev0) !::J.)..tkdu;/ axk> 

E~ = Pz~j~ ~ (qo I evo) t:,.)..ikaui I axk. (3. 7) 
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Upon substituting E* into the expression (2.16) 
for x. it is easy to verify that the terms contain
ing the electric field can be neglected, since at 
most they are 1/q0 » 1 times smaller than the 
terms containing ~ikaui /axk. 

Thus, in the case where n1 -.c. n2 , 

(3.8) 

In the case where n1 = n2 an analogous treatment, 
taking into account the electric field (to which the 
component Ey makes the chief contribution) leads 
to the following result: 

X= _;_{~i;"- ~ ~ (S~I-;k~-1/m) (~ (S 2v-1/m2 ) t 1
} ~~; , 

v k 

(3.9) 
where 

Si (t.t0 , Pz) = ,+, Pxdpy, m = (2r.f1 as1_ 
;y al"o 

is the area of the sectiQn of the j -th surface 
Ej (p) = JJ.o by the plane Pz =canst. The sign of 
the area depends on the direction of the contour 
path:7 for surfaces bounded by states of lower en
ergy ("electrons"), S > 0; for "holes," S < 0. 
The summation extends over the entire surface 
Ej = JJ.o, and m is the effective mass. 

4. THE ABSORPTION COEFFICIENT. SOME 
REMARKS 

When the function x is known, it is easy to 
find the dissipation function, and with it the coeffi
cient of ultrasonic absorption also. In the case 
nt -.c. n2, 

(4.1) 

(4.2) 

In both cases the absorption coefficient a is of 
the order of magnitude 

(4.3) 

where s is the speed of sound in the metal and 
N "' n1, 

The expression (4.3) for a agrees in form with 
the absorption coefficient in the absence of a mag
netic field, in the frequency and temperature range 
where kl « 1 ( cf. reference 6). When kl » 1 
the absorption coefficient is kl times smaller in 
the absence of the magnetic field. Consequently 

the ultrasonic absorption coefficient saturates in 
strong magnetic fields, while at the same time the 
magnitude of the absorption under saturation condi
tions is considerably larger than the absorption in 
the absence of a field. This conclusion agrees qual
itatively with the experiments of Galkin and Korol
yuk3 on ultrasonic absorption by single crystals of 
lead in strong magnetic fields. 

In this connection, however, a few qualifying re
marks are necessary. The fact is that the experi
ments mentioned above showed a strong anisotropy 
in the absorption in strong fields. The absorption 
coefficient 0! varied by a factor of 5 or 6 for dif
ferent orientations of H with respect to the crys
tal axes. This difference may be due to the exist
ence of open electron trajectories, over which the 
mean value of the velocity component Vx does not 
reduce to zero. 

This would lead to the appearance of v- ( ikVx / Q) 
instead of v in the denominator of the expression 
for x. the second term being much larger than the 
first. 

In the case where the direction of an open tra
jectory* is perpendicular to the vectors k and H 
(or inclined at a small angle J. « Yo), the contri
bution to the absorption coefficient from the open 
(or extremely elongated) trajectories turns out to 
be considerably smaller than the contribution from 
the closed trajectories. For example, in the case 
of a Fermi surface in the shape of a smooth cyl
inder, the absorption coefficient is kl times 
smaller than when the trajectories are closed, 
and its order of magnitude is the same as that of 
the zero-field absorption coefficient ( H = 0). The 
asymptotic value of the absorption coefficient de
pends greatly on the nature of the open surface and 
on the angle between the magnetic field and the di
rection of the open trajectory. A study of the pe
culiarities of strong-field ultrasonic absorption by 
metals with open Fermi surfaces will be published 
in a separate paper. 

For the same reason, an analogous reduction in 
the acoustic absorption coefficient should also take 
place for closed trajectories, when the wave vector 
k is not perpendicular to H (cos J. » 1, where J. 
is the angle between k and H) . 

In conclusion I should like to thank M. I. Kaga
nov for valuable advice and comments. 

*For example, in the case of a Fermi surface of the 
"fluted cylinder" type, the direction of the cylinder axis; 
in the case of a "three-dimensional grid" type of surface, the 
line of intersection of the plane perpendicular to H with the 
nearest crystallographic plane. 
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