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A method for calculating phase volumes is developed for 2, 3, 4, and 5 particles. The error
of the method increases with the number n of particles, but evidently does not exceed 5 per-

cent for n = 5.
1. INTRODUCTION

P HASE volume is the name given to the quantity

o(E, My, Ms, ..., My) =Sd3p1 Sd"pz. .. Sdapn

x0(p1 + Pps —i—---Pn)B(EI//M?—f‘P?—E), 1)
i=1

which is a function of the total energy E of the par-

ticles and of their masses Mj.

A knowledge of the phase volumes is needed in
the Fermi statistical theory, so that methods for
their calculation are dealt with in a number of
papers. Fermi! calculated phase volumes for the
case in which some of the particles are nonrela-
tivistic and some are ultrarelativistic, with con-
servation of momentum not taken into account for
the latter particles. In a paper by Maksimenko
and Rozental’? these same phase volumes have
been calculated with conservation of the total mo-
mentum taken into account.

Papers by Lepore and Stuart? and by Rozental’*
give the expression for the phase volume when all
the particles are ultrarelativistic (with total mo-
mentum conserved). Lepore and Stuart? have
shown that the phase volume (1) can be repre-
sented in the form
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r= (2m)* oo
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_:Jooc do T , (2)
from which an expansion of p in powers of 1/E
has been obtained,? useful in principle for the cal-
culation of any phase volume, but which is incon-
venient on account of its complication.
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A paper by Fialho® proposes a simple method
for calculating phase volumes by starting with Eq.
(2) and using the method of steepest descents; this
approach is useful for all energies E. We shall
give a different method for calculating phase vol-
umes, which is more accurate and convenient when
the number n of particles involved is small.

2. THE PROPOSED METHOD

Our method is to calculate the function of the
masses, p(E, My,...,Mp), for certain values
of the masses Mj and then obtain the whole func-
tion of the variables My, ..., My by interpolation.

Let us define a function f(E, My,...,Mp) by
the formula
0(E, My, ..., My) = A En—f(E, M, ..., Mp),
_ (m/2)" 1 (4n —4) |
An = Bn—412n—01@2n—2)1 ° @)

It follows from Eq. (1) that f is a homogeneous
function of degree zero in its arguments. Thus if

x=E/( X M), z=M/EM.;

then

FE, My, ..., Mp)=F(x, 21, ..., 2y). 4)

By the formulas of Maksimenko and Rozental’,? and
also by formulas obtained in the Appendix, we have
calculated tables of the functions pfik(x):

ahi(x)=Ffx, 1,0, ..., 0),

o (®) = (%~ 20 0,00, 0.,

afn(x) = f(x, 1/n, l/n, ..., 1/n).

In order to get an approximate construction of the
whole function f(x, z4,...,2,) from the pfi(x),
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k=1, 2,...,n, we have used the coefficients*
aCr(21, 20 ..., 22) = 2 sAg 2 2iZi, - . Zig
s=k i;>ig...>is
sAp = (—)S~ksks=1(s!) [(k!) (s — R)I]Y, ()

which have the following properties which are basic
for our interpolation:

(1, 0,0,...,0=0,
e (30 50, ..., 0 =0,
k times
...and only ,Cy (I/k, 1/k, ..., 1/k, 0, ..., 0)=1 (6)

and which also satisfy the relation:
if Tz =1,
then
n
2 ﬂCk (zl, 22, .« e ey Zn) = 1‘ (7)
k=n

As an approximation to the phase volume we take
the function

;(E, My, ..., Mn) = A,E3—4
< ¥z
x{ 2 aCelrr o0 za) L (P} )
k=1

Here zj and x are expressed in terms of M;j and
E by 4), the functions [pfk( x)]z/3 are found from
Table I in reference 8, the coefficients ,Ck(zy,..
.»2p) are defined by (5), and the coefficient Ap is
defined by (3).

In virtue of (7) and the fact that for x — « all
the functions pfk(x) become the same, in the ul-
trarelativistic case p no longer depends on the
masses, as should be true of the phase volume.
Since for x — 1 the functions pfy(x) are much
larger than all the others, by Eq. (5) the function
p has the right dependence on the masses of the
particles in the nonrelativistic case:

([

Thus our interpretation is confirmed by the
agreement of p with the known nonrelativistic
and ultrarelativistic limits.

Equation (8) is indeed our final formula. We em-
phasize that the table of [ fj( x)]2 3 in reference
8 has been constructed only for n = 2, 3, 4, 5.

*The writer is grateful to V. B. Magalinski‘i' for pointing
out this unified formula for the ,Cy
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To estimate the errors of the method we have
made a comparison of the values of p (E, My, My,
...) calculated from Eq. (6) with the exact values
of the function p (E, My, M,,...) found from the
formulas of Maksimenko and Rozental’ and of the
Appendix, for certain values of E and M for 2,
3, and 5 particles (cf. Table II in reference 8).

The comparison gives a basis for the supposi-
tion that if the masses of any two particles do not
differ by more than a factor 10, for numbers of
particles up to and including 5 our method gives
an error of not more than 5 percent (for n =2
the largest error we have found in the method is
2.2 percent; it occurs when the mass m; of one
of the particles goes to zero, and the total energy
E goes to the rest mass m, of the second par-
ticle in such a way that E —my = 2m,).

In conclusion I express my deep gratitude to
Professor M. A. Markov and to L. A. Chudov,

V. 1. Ogievetskii, and G. I. Kopylov for the support
they have given me and for a valuable consultation.
The writer is also grateful to the staff of the com-
putation laboratory directed by G. I. Kopylov for
making the numerical calculations and to V. M.
Maksimenko for making it possible for me to
familiarize myself with his paper2 before its
publication.

APPENDIX

The expansions obtained by Maksimenko and
Rozental’? were used for the calculation of the
functions pfig(x) for x—1% 1. For x-1%51
these expansions become inconvenient, and we
found it necessary to obtain an expansion of the
function p in powers of x-—1. For this purpose,
in turn, we had to obtain a representation of the
phase volume in the form of a single contour in-
tegral.

A. Transformation of the Integral (2)

In reference 2 the expression (2) is given in the
form
~+oo —ie
dxdyel'(x-H/)E

—00 —i¢

,nn—3

P ot ( ul;ll Mi)

(x—p? . " ° = H® oM.V 3y
X o in(x 4+ y)n X u11;[1 {i 2 (@MY y)}.(A.l)
This expression can be written in the form (we
Write Va = Ma/E)

P:;;:_:; (%)nﬁun—‘l ( uEVE>SSdXdyE'.(x+y) (x()—;)z)z

X ]i[i{—’: HE@v.V %0)} -

A.2)
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Substituting x =tr, y =t/7 in this formula, we

get
o= ({axay 0 e I {5 1Y @y
—|—00—t
~ & o og_: a0 11 (52 o).

Thus we have

o(E, My, My, ...)=2-n—n=3(d/dE)Ex—U, (A.3)

and U contains only a single integral.

B. Expansion of the Function p (E, My, M,,...)
in Powers of E -1

We substitute in Eq. (A.3) the formula

— inH® (vt) = 2n/vt)=exp {i (3r/4 — vt)}s F
x (%,

where (cf. reference 6)
5 A 3 °

N T e T
2F0(72', — )C)Z 5 7 3 X",
k=0 F(2_> I'(— 7>k!

For the values of « for which v, =0, we must

— 3 —1/2iv),

(B.1)

take v*H{P (vt) = 4t7%. We get
8 m . oo
U = _Zi2(’5n+3l—s)/2,t(n-1)/2e3m'm/4 H V: 2 O—kpink/2
Ry, kaye=0
O Op, - - - O, Foo—ie i .
X — ., dt .t—Sn/?-— _31/26_“'t.]1 (t)’
VIVE eV e
m m
-
v = 2, Vo, R= 2. Ry (B.2)
a=1]1 a=1

Here [ is the number of particles with mass zero,
m=n-1, and ap is the coefficient of xK in Eq.
(B.1). The integral in Eq. (B.2) is calculated by a
procedure like that of reference 6, page 421; by
use of quadratic identities for the hypergeometric
functions it can be brought to the form

S dtJ, (¢) e—ivta—k—bnl2—8l/2 — QrjQe—k—sn/2—3l/2

X exp { -g- <4 —_ k_5_n —-—)} [2(1 — y)]5n/2—'/=+k+31/2
F(T’ —i T =2)

- (B.3)
V’T r (1e)

X

Substituting the expression for U so obtained in
Eq. (A.3), we find
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p(E, My, Mg, ..., Mp, 0, 0, , 0) = 221 (2x)(en—1—9)p2

< (i) (11 ) Sy

: Yp—1

x—(E—E/\Q——zFl(%, —%; Yes (B.4)
Here and in the preceding formula yk = (5n + 31
-3)/2 +k.

To obtain formulas for the calculation of the
functions we want we still have to perform the
differentiation in Eq. (B.4). Let us define the
numbers <pI(,n) by the relation

(3 = b B

G—N@K—=2)...

TEE )

3 1
oo = e _ ~+p—n
% 2 (2);»( 2 n)p(E My
(T—'”)ppl oPEP2
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’

CP(")
p=0

@p=a(x+1)... (B.5)

(@ +p—1).

The @f satisfy the obvious relation

3
2peln) — (p—n— 2_) o = (D

and the relation

cp(”+1) —_

o ‘P(;_H) = (n -+ 1) CP(Z)’

which is extremely convenient for their calculation.
Substituting Eq. (B.5) in Eq. (B.4), we get the
final expression

0(E, My, My, ... My, 0O, ...) = 22 (2r)lstn——112

(MM} (E — myletn—sir
El T(3(n+1)—3]2)

- (—)fay, .. ap (E—M*T ([3 (n + 1) —3]/2)
2eMbs . MU (3 (n ) — 312 + k)
E—M
X Fane <_2E >, (B.6)
where

- (2 _____n(?(g)xp
)

o @Betn—a2 4w, (3)

Fnl/e (X) =

The basis functions ppm(E) are obtained if in
Eq. (B.6) we take My =My =...Mpy =1/m.
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