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The non-additive part of the free energy of an inhomogeneous dielectric, related to the
presence of long wavelength fluctuations of the electromagnetic field in it, is calculated
with the aid of the diagram technique. The corresponding part of the stress tensor (the
van der Waals force stress tensor) is also calculated. In addition, formulas for the
Green’s functions of an electromagnetic field in an absorbing medium are adduced.

INTRODUCTION

THIS work is devoted to the calculation of addi-
tional forces arising in an inhomogeneous dielec-
tric* due to the presence of a long-wave fluctuat-
ing the electromagnetic field in it. These forces
may be called van der Waals forces since they
have the same character as the van der Waals
forces of attraction between molecules at large
distances.

The contribution of the long wave fluctuations
to the free energy is small compared with the total
free energy of the body. However, they lead to a
qualitatively new effect: the non-additivity of the
free energy of the body. Indeed, each change of
the density and, consequently, in the dielectric
constant of the body in a certain region leads to
a change of the fluctuating electromagnetic field
within this region by virtue of the Maxwell equa-
tions. Thus the part of the free energy under con-
sideration is not determined by the properties of
the substance at the given point alone. Therefore,
for example, the chemical potential of a thin film
of liquid on the surface of a solid depends on the
thickness of the film. (A rough calculation based
on the assumption that the interaction between
the liquid molecules and the underlying sub-
stance obeys the van der Waals law leads to the
dependence! u = const — a./d3). These same ef-
fects lead to the appearance of forces of mutual
attraction between solids, i.e., to a dependence
of the free energy of bodies on the distance be-
tween them. Such forces were calculated rigor-
ously by E. M. Lifshitz? (see also reference 3).

.

*To avoid misunderstandings we emphasize that in the pre-
sent paper inhomogeneous bodies are understood, in particular,
to include bounded bodies even though these are homogeneous
over their entire volume.

Here, evidently, fluctuations with wavelengths of
the order of the dimensions of the inhomogeneities
are significant (for example, of the order of the
film thickness or of the distance between the at-
tracting solids). This makes possible a macro-
scopic analysis for macroscopic bodies and to ex-
press the results in terms of €, the dielectric
constant of the body.

Of course, the corrections to the free energy,
necessitated by the fluctuations of the electromag-
netic field, cannot be calculated by means of sim-
ple average expressions for the energy of the
electromagnetic field in the medium — for vari-
able fields in an absorbing medium such a concept
is generally meaningless in view of the presence
of dissipation. It is therefore necessary to deter-
mine directly the correction to the free energy of
the body, necessitated by the interaction of the par-
ticles of the body with the long-wavelength electro-
magnetic radiation. We shall calculate here the
corrections to the free energy by the Matsubara
technique* as modified by Abrikosov, Gor’kov and
Dzyaloshinskii, and Fradkin.>® We remark at once
that this method makes it possible to recast the
whole of the quantum theory of fluctuations in a
considerably more convenient form. In the follow-
ing sections we shall describe the properties of
certain functions encountered in the application of
the indicated methods to the electromagnetic field
in an inhomogeneous absorbing medium. In this
connection we shall make wide use of the results
of reference 5.

PROPERTIES OF THE GREEN’S FUNCTIONS
OF AN ELECTROMAGNETIC FIELD IN AN
ABSORBING MEDIUM

A basic role will be played in our work by the
temperature or “Matsubara” Green’s functions for
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the electromagnetic field, defined by the formula*

Da{i (ri, ry, y— ")

— Sp {e(F“HTUH(Tx*Tz) Au (rl) e—H(Tl‘TZ)AB (rz)’ T > T,

—Sp (e(F—H) T p—H(r—%2) A (r2) (=) ‘41 (r1), 71 << To.

(1)
Here Aa(r) is the 4-vector potential operator in
the Schrodinger representation, fl is the system
Hamiltonian, and F is the free energy of the body.
By virtue of the reality of the electromagnetic
field, the operator Ay (r) is Hermitian. This
permits the components of the expansion of Dgp

Dfﬁ(rn I, B — 1) =

Arguments analogous to those brought forth in ref-
erence 5 for the homogeneous medium case lead to
the conclusion that baﬁ (ry, ry, w) can be ex-
pressed in terms of the Fourier components of
Dgﬁ. Indeed, if we define D%B(ri, ry, w) by

DR, (ry, 14, ©) = Set‘wf D& (r1, 1o, t)dt,
—c0

then Dgg(ry, ry, wp) and Dgﬁ(rl, ry, w) are
connected for wp > 0 by the relation

Dag (r1, Ta, ©,) = DX (11, 12, i0y). (5)

We remark that it follows from the very definition
(3) that Dgﬁ(ri, r,, w) is an analytic function of
w, having no singularities in the upper half-plane.
The tensor Dgﬁ (or Dyg) has ten independent
components. However, we have at our disposal a
considerable arbitrariness connected with the gauge
invariance. Indeed, it is not the quantities D}‘}lﬁ’
made up of the components of the vector potential
Aa, that have a physical significance, but only the
six corresponding quantities made up of the com-
ponents of the electric field intensity Ei. Thus,
only six physical conditions are imposed on the ten
quantities. The remaining arbitrariness may be
made use of in order to set the components D%’a
and D% equal to zero. Obviously, this corre-
sponds to a gauge with a scalar potential equal to
zero. We shall henceforth assume such a gauge
(except for the Appendix), since it is the most
convenient for the case of a spatially inhomoge-
neous medium. With this gauge, the Heisenberg

*Here and below Greek indices o, 8,...=0, 1, 2, 3 denote
the components of 4-vectors and tensors, and Latin ones, i,
k,...=1, 2, 3, denote the components of 3-vectors and ten-
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in a Fourier series in 1y -7y to be determined

from the equation

1T
1 ¢ fogT
Dus (i, Tay 00) = 5 | " Dug(r, 12, e, (2)

—1/T
which satisfies the relation
:Da:s (ry, 12, w,) = th (ray T3, — ). (3)

(The asterisk denotes the complex conjugate quan-
tity.) The temperature Green’s function Dypg is
connected by a simple relation with the so-called
“retarded” Green’s function Dg/,%’ defined by the
formula

t1) Aﬁ (ro, t2) — AAS (ro, 22) Aa (ri, t1)]}, >t @)
0, Hh<ts.

operators E and H are relatedto A by the
formulas

E=—0A/0t, H=curlA, (6)
and the operator A (r, t) itself, in the case of
long wavelengths when a macroscopic description
of the medium can be used, satisfies the equation*
o oA -
v (3 Z—[) -+ curl cu;‘l A=0. (7)

(As always, the dielectric constant € is a time-
dependent linear operator in the presence of dis-
persion. We neglect the magnetic properties of
matter, since they are completely inessential in
the frequency region of interest.)

Differentiating (4) with respect to time, taking
into account Eq. (7) and the commutation rule for
the vector potential, which has the form

A, (r 1) ~ <, 94, (r, 1)
{—T‘Ak(r, t)—Ak(I', t)—dt—}
= —4nid (r—r') 4, 8)

and going over to the Fourier components in terms
of t, we obtain an equation for Dﬁ”(:

(s (r, ©) 0%y + 8,02/ 0x3y — 0%/ Oxi0x,) Diy (ry, T, ©)
4 (r— 1) - ©)

Substituting iwp for w in (9), we find that the
function Djk satisfies the following equation for
wp > 0:

*We use a system of units in which h = ¢ = 1. For the sake
of simplicity, we assume everywhere that the dielectric is a
fluid and consequently isotropic. All formulas are easily gen-
eralized to the case of a solid anisotropic dielectric.
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{e(r, iwn) W}3; — 8;10% / 0x% + 9/ 0x:0x1} Dy (ry, Ta, ©4)

= — 4nd (r; — Ty) e - (10)

We note that since € (iwyp) is, as is well known,
a real quantity, the operator acting on Djk on the
left-hand side of (10) is Hermitian even in an ab-
sorbing medium. Equation (10) defines Djk(r,r’, wp)
for wp > 0. Djk for wpy < 0 can then be found with
the aid of relation (3). It is necessary to bear in
mind here that the function Dji satisfies a real
equation and is therefore real.

Thus, solving Eq. (10) for the given body, we
find Dik.

On the other hand, Djk can also be calculated
not from (10), but according to the general rules
of the Matsubara technique. We separate from
the complete system Hamiltonian the part corre-
spending to the interaction of the particles of the
body with the long-wave electromagnetic radia-
tion:

H=Hy+ Hinw=Hy+ § Au(r) ju(r) dr . (11)

Here ﬁo is the sum of the Hamiltonian of the free
electromagnetic field in vacuum and the Hamilto-
nian of the particles of the solid, i.e., we consider
that all interactions between particles are included
in ﬁo, except for the interactions with the long-
wave radiation. jo(r) is the system total current
operator. We can now calculate Dqg by the usual
diagram technique.’ Here, however, it is necessary
to bear in mind that since we include in ﬁint only
the interaction with the long-wave oscillations, we
must consider that all integrals over the momenta
of the long-wave photons are cut off at a momentum
ko that is much smaller than the reciprocal of the
interatomic distance, 1/a. (We shall not introduce
this cutoff explicitly, since the final answer will be
formulated in a manner independent of the nature
of the cutoff.) Obviously, each long-wave photon
line, along which an integration is carried out, will
therefore bring in an additional smallness ~ kja
and we must restrict ourselves in Dgg to only
those graphs in which no integration is carried
out along the long-wave photon lines, i.e., to sum-
ming the following series (see Fig. 1)

D (r, ', 0) = D% (r —1', 0,)
+ SQ?,‘(I‘ — 1y, 0p) g, (ry, 15, 1)
X D (ra —1', ©,) d?rydPry
+ § D0, (r— 1y, ©2) Ty, (11, 11, ©)
X Q?,I. (rg — 13y 0g) I, (13, Ty, ©5)

XDk (Fa— T, 0,) @3y dPry dPry dirg . . .. (12)

Here IIjk(r, r’, wp) is the Fourier component of
the system polarization operator, denoted in the
graph by a crosshatched loop. It is understood
that all graphs not containing long-wave photon
lines must be included; the inclusion of graphs
with these lines would exceed the accuracy.

Summing the series (12), we obtain an equation
for Dji:*

Du (1, 1/, 0) = D (r — 17, ) + § Dy, (¥, 11, ©n)

X Iy, (11, T2y @) Q?zk (ry—r1', ) d®ry &r,. (13)
‘We apply to Eq. (13) by the operators
{e(r, iwp) W58y — 8,0% | 0%y + 0%/ 0x:i0x.},
{0280 — 8,40% / OX'%, + 0%/ Oxx0x,)- (14)

Taking into account that Djk satisfies Eq. (10),
and g‘i)k satisfies the same equation with € =1,
we find, taking Eq. (3) into account,

e(r,ijo,|)—1

O (r, 1/, ) = - 02548 (r—r1').  (15)

The fact that IIjk(r, r’, wy) turns out to be pro-
portional to § (r —r’) is connected with the neg-
lect in the macroscopic theory of correlation ef-
fects, i.e., of the spatial dispersion of €. It is
seen from (15) that to calculate € by the Matsu-
bara technique it is sufficient to calculate the sys-
tem polarization operator. (Such a method of cal-
culating € was first used by Abrikosov and Gor’-
kov in their work on the theory of superconducting
alloys.®)

CALCULATION OF THE STRESS TENSOR

We now calculate the corrections to the system
free energy, necessitated by the interactions with

*Equation (13) is, evidently, the Dyson equation for the
function Djy
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the long-wave electromagnetic field. The calcu-
lations may be performed by summing the Matsu-
bara diagrams for F, i.e., by summing the series
of diagrams shown in Fig. 2, where the polariza-
tion operator IIji(r, r’, wy) can be taken to the
same approximation as in the calculation of Djk.
Making use of the general rules for writing the
diagrams and taking expression (15) for the polar-
ization operator into account, we find that the free
energy is given by the series

F=Fot Fy
[o0]
, 1 —1
._.g_ Z {S% (0,213321' (r, T, 0)dr
n=—0o i
rijo,])—1
+ 4 (02D et o0

e(r, ilo,|)—1
4

X 02 DY (r,—r, o) drdir; +...}. (16)

Here F, is the free energy without allowance for
the long-wave electromagnetic field, and Fp is
the free energy of black-body radiation in vacuum.
The appearance of this term is due to the fact that
the energy of the electromagnetic field in vacuum
enters into ro. The summation is taken over the
values of the imaginary frequency wp = 2mT.

The series (16) is not summed directly, but to
calculate the forces we need not the quantity F,
but its variational derivative with respect to «.
Making the variation and comparing it with ex-
pression (12) for Djk, we find that

oF = — o 3 i\ Dulr, 1, w)e(r, i) dr. (17)

N=-—00

Making use of Eq. (3) we can go over to summation
over n from 0 to «. Here all terms except the
zero term are doubled. The prime on the summa-
tion sign will henceforth denote that the zero term
is taken with a halved weight:*

o3\ Dus(r, 1, 02 (r, 0 dr. (18)

*As shown by E. M. Lifshitz,? a sum of the same kind as
that in (18) arises also when the forces of attraction between
solid bodies is calculated to the usual scheme of the quantum
theory of fluctuations.
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Equation (18) is completely analogous to the known
formula for the variation of the free energy in a
dispersionless medium with specified field sources
[ see, for example reference 3, Eq. (14.1)]:

E? (r)
8n

OF = — S 8e (r) d°r . (19)
Making use of the Maxwell equations, it is possible
to obtain from (19), as is well known, an expression
for the stress tensor in a nondispersive medium:

E* [ e
ik = — Podin — g LS—P (75)1] Sir
eE;E, H?2 5, H;H,
4m 8m *TT Tim (20)

In our case the function Djk(r, r’, wy) satisfies
Eq. (10) with respect to each of its variables.
Equation (10) is analogous to the usual equation for
the vector potential, but is inhomogeneous, for its
right-hand side is proportional to a delta-function.
This analogy permits finding an expression for the
tensor of the additional stresses by the same trans-
formations as used in the ordinary case. This ex-
pression turns out to be formally similar to the
usual expression (20). The terms arising from the
presence of the right-hand half of Eq. (10) are found
to cancel. We omit these simple, although rather
cumbersome, calculations and give directly the ex-
pression for the additional part of the stress tensor.
Here we introduce the notation

Dk (r, T, 0p) = — 0 Din (r, 1, ),
’ 62 4
bﬂe (l", r, G)n) = €i1pCkmq W bpq (l’, r, ‘Dn) s (21)
eikl! is a unit tensor, antisymmetric in all its in-
dices. The quantities 505( and 1}5{ evidently
represent the “Matsubara” averages of certain
quadratic combinations of the vectors E and H,
respectively.
In this notation the expression for the stress
tensor becomes

Sl B de (r, i
Sik (r):—QTE {— 8‘: [e(r, iwn)—.—ps_(:)pm_”)]

n=0

XD (r, T, o)

e(r, io,)

. E
R P— D (r, T, ©,)

3, o (1,1, 0,)
— 5= D (r, 1, o) -+ —k4n———} (22)
Equation (22), however, cannot have a direct phys-

ical significance, since the quantities SDE{ and Di}f(
entering into it are infinite when r = r’. This is
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connected with the fact that (unless a correspond-
ing cutoff is explicitly introduced) ojx receives
an infinite contribution from short-wave fluctua-
tions that have no relation to the inhomogeneities
of the body in the sense that their contribution to
the pressure at a given point is the same in a
homogeneous body as in an inhomogeneous body
having the same dielectric constant at that point.
To recast Eq. (22) in a form independent of the
nature of the cutoff, we therefore must subtract
from ojg(r) the analogous expression for the
homogeneous solid. These “homogeneous” terms
can always be included in that part of the pressure
which is defined by the properties of the body only
at the given point.

Mathematically this subtraction can be carried
out more simply by introducing a Green’s func-
tion Djk(r-r’, wp; ry) for a homogeneous in-
finite body having the same dielectric constant
at the point r, as the inhomogeneous solid under
consideration. Such a function obviously satisfies
the equation

{e (Fo, i|©n]) @28 — 8,0 / Ox%, + 0%/ Ox:0x,)

X Dy (r—1', 0p; To) = —4n8 (r—1') 8. (23)

This equation, as is well known, can be integrated
explicitly (for example, by means of resolving it
into a Fourier integral in r —r’, see the Appen-
dix). After expressing in terms of Djk the cor-
responding functions Q_Di]f:{ and 5511, by means of
Eq. (31) (where all differentiations must, of course,
be carried out at constant r;), and subtracting
from ojk the analogous expression expressed in
terms of 5& and 351111, we finally obtain for the
stress tensor an expression containing no diverg-
ences:

s 3, de (r, io
o (r) = —2T Z lim {—- §‘$| e(r, i(on)—-p(T”)_]

"
n=g =T

X[fbfz(r, ', o) — D (r—r', wp; r)]

Coe(r, iwy,) E , —E ,
- Tn‘ [gtk (r, ', @) — D (r—r1’, 0,5 1)

3; H , =H ,
— —éﬁ— D (r, 1, w)) =D (r—r', 0 r)]

1 —
+ [.’D‘ZZ (r, v/, 0,)— o (r—r’, o r)]}. (24)
We note that at imaginary frequencies the value
of the dielectric constant in (24) is related to the
imaginary part of € (w) by the relation®

E. DZYALOSHINSKI{ and L. P. PITAEVSKII
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APPENDIX

We derive here expressions for the Green’s
functions of the electromagnetic field in a homo-
geneous absorbing medium with complex dielectric
constant € (w).

Equation (9) obtained above is satisfied by the
retarded function DR if a special gauge ¢ =0
is chosen. Inasmuch as in an homogeneous space
DR depends only on the difference of the coordi-
nates r-—-r’, we have, by going over to the Four-
ier components of this equation,

[(0% — k2) 8y + kiki) DTk (k, ©) = 4rds. (A1)

Now we determine the function Dgﬁ for an ar-
bitrary gauge of the vector potential. To do this
we multiply both halves of (A1) by w? and intro-
duce the function DiEf{ = szﬁ‘{. (Here D]iff{ is the
retarded function corresponding to the gauge
¢ = 0.) The quantity thus obtained is already
gauge-invariant (it differs from the retarded
function made up of the components of the electric
field intensity by the constant term 476jk) and
satisfies the equation

[(@% — k) 81 + ki) Df (k, ©) = 41025 .  (A2)
D{Ek is related to DIO)EB by the obvious equation
D = 0?D§ — wk:D§, — wkyDR + kkiDiy.  (A3)

From considerations of symmetry, D% can be
directed only along the vector k:

D& = Df = dk,. (A4)
By the same token, Diff(I can be rewritten as
DR — aby, - bkiky . (A5)

Substituting (A3) and (A4) into (A2), we obtain
two-equations for D%Da, a, b, and d:

a(ew? — k%) = 4r,
a -+ & (0% - Do —20d) = 0. (A6)
Thus we see that Dg‘ﬁ is defined to within two
arbitrary functions. We shall now derive formu-
las for certain particular cases. Let d=b =0.
Then
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Dﬁe = 41‘56,'k/ (8(1)2 _— kz),

DR = —4n/e(ew?— k), DR= (AT7a)

The case ¢ =0 corresponds to Dy=d =0 and

4 / kik
D = —wg—j?{' k ik amzk) (A7b)
Finally, for the so-called transverse gauge,
div A = 0, we have
4r Rk
Df = s (o — 5t )
DR = 4n /2, D¥=o0. (A7c)

The temperature Green’s function Dqgg(k, wp)
is related to Dgﬁ(k, w) by

Dug (B, wa) = Dig(k, i), @, >0,
Dup (B, 0n) = Dpa (ks [0nl), 0, <0,
whence we obtain in the above-cited three cases

[we recall that € (iwp) is a real function for wp
> 0]:

4m drn/e(ifo,|)
Dyp=——--aaa 13, Dy o= —
ik xz(ilu)n])toft—I—k2 k 0o a(ilwn])mfl-i-kz’
Dyu=0; (A8a)
4 kiR, \
Dy — —— S, et
Die c(i]o,|) 02 + A2 (_‘k T e (ifw,]) w2 )
Do =9u=0; (A8D)
4m kiky,
Dy — —— |, —
sz s(i|wn[)wi+k2 (lk k2 ):
Do = ——= Dy =0. (ASc)

c(ijo, )k’

We now write expressions for the usual “Feyn-
man” Green’s function Dyg. Its real and imagi-
nary parts are related to the retarded function
Dgﬁ by the equations (see reference 5 and also
reference 7):

Re Dag (11, 1y, ©) = Re D3 (1, Ta, 0),

(A9)
Im Deg (ry, 15, ) =coth—% Imeg (ry, T2y ).

The function D is of particular interest at abso-

lute zero, when the usual techniques of quantum

field theory can be used. Going to the limit T =0
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in (A9), we obtain (in components of a Fourier
expansion in r—r’)

Re Dag (k, ©) = Re D&, (k, ),

Im Dag (k, ©) = lwi'Im DZ; (k, ). (A10)

Noting that the real part of € (w) is an even
function of w, and that the imaginary part is an
odd function, it is easy to verify that to go from
DR to D at T=0 itis necessary to replace w
by |w]| in (A7). Thus we obtain for the gauge
(A8a)

4
e(lo])w?—k

dr/e(fol)

NNGELE

Dik = Bilz ’ Doo =

Do: = 0. (A11)

Equation (A11l) may turn out to be useful in the cal-
culation of the energy losses of fast particles in
matter.$
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