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A theoretical discussion is given of relaxation in systems containing two types of interacting 
spins with very different values of their lattice relaxation times. The correlation function 
method is applied to the fast relaxing spin variables of the system. 

1. INTRODUCTION 

THE lattice relaxation of nuclear spins in diamag
netic crystals and liquids is the result of the mod
ulation by heat motion of the magnetic dipole-dipole 
interactions between spins or of the interaction of 
the nuclear quadrupole moment with the non-uni
form field of the charges surrounding the nucleus. 
Waller1 constructed a theory of relaxation based 
on the magnetic interaction of particles for cubic 
crystals. Bloembergen et al. 2 were the first to 
give a theoretical consideration of relaxation 
through dipole interactions between particles in 
liquids. It was later shown that Bloembergen's 
theory also describes satisfactorily relaxation 
processes for spins in molecular diamagnetic 
crystals, for instance, in solid hydrogen.3 

It is very characteristic for lattice relaxation 
in liquids that the changes in the coordinates which 
describe the heat motion of the system are fluctu
ating in time. If one considers the relaxation 
through the dipole interactions between particles, 
such randomly changing coordinates are the dis
tances between the particles and the angles which 
the radius vector makes with the axes of the labo
ratory system of coordinates. In the paper4 by 
Al'tshuler and the author devoted to the longitudi
nal relaxation of electron spins of paramagnetic 
ions which in a solution form octahedral complexes 
of the form XY6 (X is the paramagnetic ion; Y is 
a molecule of the solvent or an anion) we consid
ered as such randomly changing functions of the 
time the normal coordinates for the vibrations of 
the complex. The theoretical discussion of the 
relaxation process is facilitated by the fact that 
only a small number from the vast number of lat
tice coordinates will interact with each particular 
spin. Thus. with the spin of the X ion in the XY 6 

complex only the coordinates of the normal vibra
tions of the complex will interact. The influence 
of the other "thermal" degrees of freedom of the 

system is manifest in producing the random char
acter of the changes in all the other coordinates. 
The period of correlation for consecutive values 
for different coordinates must be determined sep
arately and in each case individually. 

In this paper we consider the relaxation process 
for spins of one kind which are connected through 
exchange of magnetic dipole forces with spins of 
another kind; the latter are assumed to relax in
dependently of the former and very rapidly. Such 
a situation is realized in the following cases. The 
lattice relaxation of nuclei with a quadrupole mo
ment takes place in molecular liquids through the 
interaction of the quadrupole moment with the elec
trical field of the surrounding charges, is fast, and 
is independent of the interaction with the spins of 
the other nuclei. At the same time, the relaxation 
of spins of nuclei without a quadrupole moment 
(protons) goes slowly and may depend strongly 
on the interaction with the spin of a nucleus with 
a quadrupole moment. This is confirmed by ex
periments studying the highly resolved nuclear 
magnetic resonance spectra: those lines in the 
spectrum which are caused by the protons which 
are chemically connected with the N14 nitrogen 
atoms are appreciably wider than the lines due 
to the other protons. 5 Another interesting example 
is the relaxation of the spins of the nuclei of para
magnetic atoms which takes place through the hy
perfine interaction with the spins of the electron 
shells of the same atom. The lattice relaxation 
of the electron spin takes place independently of 
its interaction with the nuclear spins and with an 
appreciably larger speed than the relaxation of 
the nuclear spin. The situation is similar to the 
one discussed both in paramagnetic crystals and 
in liquids: the relaxation of the nuclear spins of 
diamagnetic atoms in such media takes place due 
to their coupling with the spins of the paramag
netic atoms, as is found out in the study of proton 
relaxation. 6 
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We consider the fast relaxing spin variables 
of the system as randomly changing quantities, 
which can take qn a number of discrete values, 
and treat them in the same way as fluctuating 
lattice coordinates that interact with relaxing 
spins. Such a representation of a part of the 
spin variables of the system simplifies the theo
retical study of the relaxation process very greatly 
by making it very clear. From a thermodynamical 
point of view such a representation is completely 
permissible: it simply means assigning to the lat
tice structure those spins which interact strongly 
with it and separating into the "spin system" 
structure the spins that are weakly coupled to the 
lattice. It is clear that one must consider the lat
tice relaxation times of those spins which are as
signed to the lattice as their correlation times. 
Since these spin variables are random functions 
of the time, we apply to them the method of cor
relation functions - both in the case of liquids 
and in the casE; of crystals. 

Rivkind6 and slightly later Bloembergen7 have 
stated some of the methods used in our paper for 
the nuclear relaxation process to explain the ex
perimental results on proton relaxation in liquid 
solutions of paramagnetic salts. Rivkind assumed 
that in a certain volume around the paramagnetic 
ion (in the solvate atmosphere of the ion ) the 
mobility of the molecules of the solvent is limited 
and that in that volume the "change in quantization 
of the electron spin relative to an external static 
magnetic field" is a very fast process. Rivkind 
succeeded in explaining qualitatively his own ex
perimental results by substituting in the formulae 
of Bloem bergen et al. 2 for the electron spin re
laxation time T e the correlation time for the 
thermal motion of the particles in the liquid T c. 
Bloembergen 7 assumed the existence of an ex
change interaction of the form A (I • S ) between 
the spin of a proton in the first hydrate shell of 
the ion and the spin of the paramagnetic ion; such 
an assumption makes it possible to explain the 
difference between the times T1 and T2 for pro
tons in solutions of Mn2+, Gd3+, and Fe3+ ions. 

2. PROTON-RESONANCE QUADRUPOLE LINE 
BROADENING IN LIQUIDS 

The indirect interaction between spins Ii and 
Ij belonging to nuclei in the structure of one mol
ecule arises from taking into account the exchange 
overlap of the electron shells of atoms i and j. 
The energy of the resulting spin -spin interaction 
can be written in the form 

:Je = li 2} A,.i 11 Ii 
i<i 

(1) 

The Hamiltonian (1) is invariant under rotations 
of the system of coordinates since a rotation of the 
molecule does not change its energy and therefore 
does not produce relaxation. We pick out from 
among all the nuclear spins in one separate mole
cule the spin Ik of the nucleus k which relaxes 
through quadrupole interaction with an appreciably 
greater speed than the spins of the other nuclei of 
the molecule. In accordance with what we have 
said a moment ago we can assume the spin Ik to 
be a variable which varies randomly with time; we 
can then take from (1) the part which depends on 
time and which leads to the relaxation· of the spins 
Ii: 

:JC' (t) = li ~ A,k [/zi fzk (t) -- fx1 fxk (t) _:_ !y; lyk (f)]. (2) 

The correlation times of the quantities Izk and 
Ixk• Iyk will be equal to the longitudinal (Tz) 
and transverse ( Tx, Ty) relaxation times of the 
spin Ik, respectively. For a liquid Tx = Ty = 
Tz = Tk because of the fast thermal motion of the 
particles. 

We shall denote the wave functions of the pro
ton spin in a strong magnetic field by cpi (Iz = !) = 
I+> and cpi(Iz = -!) = I->; the wave functions 
of Ixi corresponding to the eigenvalues Ixi = ! 
and -! can then be written in the lz representa
tion in the form of linear combinations 

~i(a) '(j-i-)+j-))/V2, 

o/i ([)) = < 1--1- > --1- > > i V2. (3) 

The probability that the system makes during 1 
sec a transition from the state l to a state k 
under the action of the perturbation JC' ( t) can 
then be evaluated from the equation8 

wfk= ,!2j~<LJ.1f'(t')lk>e-i"'tkl'dt'\ 2• (4) 

The matrix elements corresponding to a transition 
between states of the spins Ii and Ik are equal to 

< __[_ [ :Je' (t') j-) ={-Ali [fkx(f')- i hy{l')]mk,mk+l• 

("-! :Jf' (t')J ~) = TAli I zk (t'), (J)lk = 0. 

(5) 

(6) 

The matrix element (5) corresponds to a simulta
neous change in orientation of the proton spin and 
the spin of the nucleus k; the generalized kinetic 
moment of the system is then conserved. 

The lifetime of the proton spin in a state char
acterized by a well determined value of Iz is 
commonly called the longitudinal relaxation time 
T1, and the life time in a state with a well defined 
value of Ix-the transverse relaxation time T2. 
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Using the well known relation between transition 
probabilities and relaxation times2 we get from 
(4), (5), and (6): 

- A• \([I (t')- if (t')] e·-i(w;-o>k)t' dt' \
2 

(7) - 41 .) kx ky mk,mk+l • 
0 

It \2 
1 A21 \ ' ' 2T2 = W "'·~ = 7J /zk (f )dt (8) 

We shall perform the further evaluations of the 
integrals by taking an exponential law for the 
change of the correlation functions of the quantities 
lzk• Ixk_, lyk with the same correlation time Tk: 

<Izk(t')Izk(t'+-r:)) = ~h(lk+ l)exp(--r/1:k); (9) 

<I xk (t') I xk (t' t- 1:) + I yk (t') I yk (t' + -r)) 

= ~h(Ik+ l)exp(-1:/'tk)· (10) 

The relaxation times T 1 and T 2 obtained in this 
way are quantities which are averaged over all the 
protons in the specimen: 

T;:-1 =fA2 Ik(/k-f- !)'l:k/[1 -!-(r•Ji-wk)2'tk]; (11) 

r;: 1 = A2 Ik(h-+ 1)-rk/3. (12) 

If the condition ATk ~ 1 is fulfilled Eqs. (11) 
and (12) are applicable. This condition is similar 
to inequality (6.24) from the paper by Kubo and 
Tomita9 and is the criterion that one broad line 
exists instead of a spectrum of discrete lines; if 
the inequality is strengthened to ATk « 1, a "nar
rowing of the line by motion" arises. Such a change 
occurs, for instance, in the spectrum of the hyper
fine structure lines of electron resonance under 
the action of a fast exchange motion in the spin 
system,10 and a narrowing of the nuclear resonance 
lines due to a fast molecular motion in liquids has 
been theoretically established already in reference 
2. Equations (11) and (12) demonstrate a new ex
ample' of similar changes in a spectrum produced 
by the fast relaxation of one of the interacting 
spins. If A > Tk_1 the proton line will be split 
into 2Ik + 1 components; if A~ Ti(1 the compo
nents merge together, forming one line; and if 
A« Ti{1 the proton lines narrow because of the 
fast relaxation of the spin Ik. 

Let us now make a numerical estimate of the 
relaxation times T1 and T2• The relaxation time 
Tk. of the spins which ar~ coupled with the thermal 
motion through the nuclear quadrupole moment is 
in liquids ~ 10-4 sec, I Wi- Wk I == 107 cps. The 
value of the spin -spin coupling constant depends 

on the"number of chemical bonds which separate 
the nuclei and is of the order of 200, 50, and 10 
cps if the proton and the nucleus k are separated 
by one, two, and three chemical bonds, respec
ively .11 If the proton is directly joined to an atom, 
the nucleus of which possesses a quadrupole mo
ment, the values calculated with Eq. (11) are T1 == 

105 sec and T2 == 0.3 sec. The contribution from 
the spin -spin coupling of the protons and the other 
nuclei to the longitudinal relaxation is thus ex
tremely small compared to the contribution to this 
relaxation from the dipole-dipole interaction of the 
nuclei. It is clear that the broadening of the 
"spread out" proton lines is caused by the strength
ening of the transverse relaxation of the proton 
spins, i.e., by the occurrence of an unresolved 
structure due to the spins of nuclei which possess 
a quadrupole moment; this broadening is of the 
order 1/T2 ~ 10 cps which agrees well with the 
observed line width. Since the longitudinal relaxa
tion of the protons which give a broad line takes 
place through magnetic dipole interactions, the 
ratio T/T2 for them must differ considerably 
from unity. 

Equation (12) makes it possible to determine 
the value of the spin-spin coupling constant Aik 
from the broadening of the proton lines produced 
by this coupling. This method is possibly unique 
since the spin-spin coupling with a fast relaxing 
spin does not produce a splitting of the lines. We 
must note that the produced broadening depends 
essentially on the relaxation time of the spins lk· 

3. RESONANCE PHENOMENA IN SPIN-LATTICE 
RELAXATION 

The systems considered by us contain two kinds 
of spins: the spins of the first kind have a long lat
tice relaxation time, and the spins of the second 
kind have an appreciably shorter time. In such 
~tystems the relaxation time of the first spins is 
shortened when the energy intervals between the 
sublevels of these and of the other spins are the 
same. This experimental fact can be explained 
using Eq. (11). We shall put Wi == wk; we have then: 

(18) 

The quantity A characterizes the interaction en
ergy of spins with different relaxation times. In 
this way we get for the case of a coupling between 
protons and nuclei with a quadrupole moment, 
which we considered above, for the same values 
of the parameters, T1 ~ 0.1 sec. The value of T1 

which characterizes the relaxation of protons 
through dipole interactions is in molecular liquids 
about 10 sec. The time T1 can thus be decreased 
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by a factor 100 in the case of "relaxation reso
nance" for a proton and a nucleus relaxing through 
a quadrupole moment. 

From this example the nature of relaxation res
onance is clear although it is apparently not possi
ble to realize it, because in liquids the quadru
pole interaction of a nucleus does not lead to a 
constant contribution in the splitting of the spin 
levels and the intervals between those are deter
mined by the Zeeman energy of the spins. The 
intervals .6.E (mi, illi±1) and .6.E (mk, mk±1) 
between pairs of levels of two spins Ii and Ik 
belonging to nuclei of the foregoing two kinds, 
which are unequal for one value of the field, may 
become equal for another value of the field only 
if there is already a splitting of the levels: the 
quadrupole splitting of nuclear spin levels in 
diamagnetic crystals or the electrical splitting 
of electron spin levels in paramagnetic crystals. 
It is clear that the strongest interaction between 
the nuclear spins in diamagnetic crystals will be 
the magnetic dipole interactions. The latter, and 
also an exchange interaction of the form (1) , can 
provide a transfer of energy absorbed by one kind 
of spins to spins of the other kind which are 
strongly coupled to the thermal motion in the lat
tice. The absorbed energy goes over from the 
latter into the thermal motion of the particles in 
the system. 

If such a mechanism is present resonance phe
nomena can arise in relaxation processes. Such 
an occurrence was observed experimentally in 
crystals of paradichlorobenzene.12 In these crys
tals the proton lattice relaxation time T 1p was 
greatly decreased at the moment when the proton 
resonance frequency llp became the same as the 
interval VQ between a pair of nuclear spin levels 
of chlorine. We can estimate the proton relaxa
tion time T 1p when there is relaxation resonance 
with the chlorine nucleus: vp = VQ· The matrix 
element corresponding to the transition ( mp = ! , 
illki mp =- !, mk+ 1) which is produced by the 
dipole interaction is equal to2 

<+, mki v,kl-= + ,mk ':-I)=-} g,gkp~,r;;_3 (I -3 ccs2 s,k) 

(19) 

Here gi and gk are the g - factors of the nuclei 
i and k, while f3N is the nuclear magneton. The 
angle 8ik and the distance rik between the nuclei 
are constant quantities since the crystal retains 
its orientation in a static magnetic field. If Wi = 

wk we get instead of Eq. (18) the equation 

\V +'- = n-z (g,g,, (1:Z, rik"f (I - 3 cos2 S,kf I k (h + I) /12. (20) 

The energy of the dipole interaction between two 
nuclear spins is of the order of 10-23 erg and the 
lattice relaxation time of Cl nuclei at room tern
perature is of the order 10-2 sec. Substituting 
these quantities into (20) we get T1p = 10-1 sec 
for the proton relaxation time under the conaitions 
of relaxation resonance, while T 1p would be of 
the order of a minute if there were no resonance. 
The relaxation resonance observed in crystals con
taining two kinds of paramagnetic ions with differ
ent lattice relaxation times is apparently caused 
also by the dipole-dipole interaction between them 
(the effect is observed in crystals containing the 
ions13 Co2• and Fe2• and the ions 14 Gd3+ and 
Ce3• ) . The matrix element of the energy of the 
dipole interaction between two particles is in that 
case I Vij I ~ 10-17 erg; we can take Te = 10-11 

sec for the lattice relaxation time of spins tightly 
coupled to the lattice. We then get for relaxation 
times of spins, which under normal conditions 
have a long time T 1, under resonance conditions, 

T-1 IV rz ~-z 109 sec-1 1 res ....._.. ij 1 n. '! e ....._.. • (20a) 

It is clear that one can estimate using Eq. (20a) 
very short relaxation times Te which cannot be 
measured by other methods; to do this it is nec
essary to determine the very long time T1 res and 
to estimate the magnitude of the matrix element 
(19). We note that the applicability of Eqs. (20) 
and (20a) is determined by criteria which are sim
ilar to those.stated when we discuss Eqs. (11) 
and (12). 

4. LATTICE RELAXATION OF NUCLEI CON
NECTED WITH PARAMAGNETIC ATOMS 

One can study also the lattice relaxation of 
spins of nuclei of paramagnetic atoms in a way 
similar to the one above. This problem was con
sidered by perturbation theory methods in the 
papers by the author15 and Bashkirov .16 The elec
tron spin of paramagnetic ions in condensed media 
relaxes with a velocity 1/ T e which is appreciably 
larger than the velocity of the relaxation of the 
nuclear spin of the paramagnetic ion. The relaxa
tion of the latter takes place through a hyperfine 
interaction with electron spins. The components 
of the electron spin entering into the hyperfine in
teraction energy can be considered to be quantities 
which change rapidly and in a random fashion: 

The probability for a relaxation transition between 
the sublevels of the nuclear spin energy can be ex
pressed through a formula analogous to (7): 



1246 K. A. VALIEV 

t 

W 82 I\ S (t') ·s (t')] -i('"N-ws)t'dt' I 
Ill, m-1 •~• 41121 ,\ [ x - l y M--l,MC 

() 

X (I+ m) (/- m + 1). (22) 

If w~ consider a medium with a small concen
tration of magnetic particles we can neglect the 
dipole-dipole and exchange effects and assume 
the correlation times of the quantities Sx, Sy. 
and Sz to be the spin-lattice relaxation time of 
the electron spin Te. We get then from (22), 
similar to (11): 

W m, m-1 = B2 (/ + m) (/- m + I) 
xS(S+ 1)-re/312 (1 +(wx-ws)2 -r;). (23) 

In the practically important case ws = ge.BHo /ti. > 
Te1, ws » WN we have 

W m, m-1 ~- B2 (I -l- m) (I- m + I) 
(24) 

which agrees with the result of the calculation by 
the perturbation-theory method. 13•14 We can also 
use Eqs. (23) and (24) to evaluate the relaxation of 
the nuclei of paramagnetic atoms in liquids. The 
evaluation of Te for that case was given in refer
ence 4. 

In paramagnetic media at high temperatures 
the condition we< Te1 is also often realized, when 
it becomes impossible to observe magnetic reso
nance. Under those conditions 

W m, m-1 = B2 (/ + m) (/- m + I) 
XS(S+ 1)-r,h-2 /3~107 sec-t, (25) 

(B = 3 x 10-3 cm- 1, Te = 3 x 10-11 sec). Such a 
fast nuclear relaxation can show up when one stud
ies angular correlations of the radioactivity from 
nuclei: the angular correlation between the direc
tions of two consecutive processes of emission by 
the nucleus will occur within a time interval8 

<w-1 
T- m-1,m· 

The transverse relaxation time of the spins of 
the nuclei of paramagnetic ions is determined by 
a formula similar to (12): 

T;J = 4Nt.-2S (S +I) I (I+ 1)-re/9. (26) 

One can interpret this quantity as follows. The 
nuclear resonance line for paramagnetic atoms 
has a fine structure of 2I ( 2S + 1 ) components 
in accordance with the fact that for each of the 
2S + 1 electron spinlevels of each atom there are 
2I energy intervals 6..Em,m-l between which nu
clear magnetic dipole transitions are allowed. Due 
to the fast relaxation of the electron spin in this 

spectrum there occurs a change which is similar, 
for instance, to the change in the hyperfine struc
ture of the electron resonance lines caused by the 
fast exchange motion of the spins: if A/ti. » Te1 

all lines will be observed to be separate (the con
ditions for Eq. (26) are then, generally speaking, 
not fulfilled); if ti.- 1 A ~ Te1 , the components 
of the line merge together giving a line of width 
6..v"' T2:& + Ti:&; finally, if A/ti. « Te1, a strong 
narrowing of the nuclear resonance line sets in, 
owing to the fast lattice relaxation of the electron 
spin. It would be very interesting to carry out an 
experiment on nuclear resonance in paramagnetic 
atoms under the conditions of a strong relaxation 
narrowing. Such experiments, in our opinion, are 
most easily carried out on impurity paramagnetic 
atoms in crystalline silicon. It is clear that the 
experiments can be successful if the relaxation 
times of the nuclear spins T1N and T2N are not 
shorter than 10-5 sec. For a Li atom in silicon17 

A/ti. = B/ti. = 0.85 Mcs. We then get from Eqs. (24) 
and (26) the values T1N = 2 x 10-2 sec and T2N = 
1.4 x 10- 5 sec, if ws = 1010 cps and Te = lo-s sec 
(the time Te can be decreased by increasing the 
temperature of the crystal). 

We can similarly establish the conditions for 
a strong narrowing of the magnetic resonance line 
for nuclei of paramagnetic atoms (ions ) of the 
iron group and of the rare earths in crystals of 
salts. 

In conclusion the author expresses his deep 
gratitude to Professor S. A. Al'tshuler and Pro
fessor B. M. Kozyrev for discussing his results. 
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