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We consider the scattering of neutrons by oriented nonspherical nuclei. To calculate the
scattering cross section we use the black-nucleus model. It is shown that nonsphericity
effects are much more pronounced on oriented nuclei than on unoriented ones. It is also
shown that a considerable azimuthal asymmetry appears in the angular distribution of
neutrons scattered by oriented nonspherical nuclei.

1. INTRODUCTION

THE investigation of neutron scattering by non-
spherical nuclei may yield much valuable informa-
tion on the structure of atomic nuclei. However,
as shown in many papers,!»? the nonsphericity under
ordinary experimental conditions does not manifest
itself strongly enough to permit reliable interpreta-
tion of the experimental results. For example, at
neutron energies of several tens of Mev, the total
neutron cross sections are changed by nonspheric-
ity of the nuclei by only two or three percent (at
the experimentally-observed values of nonspheric-
ity).

The effects due to nonsphericity increase if the
targets employed are oriented nuclei. Actually,
we consider, for example, a black nucleus in the
shape of an ellipsoid of revolution with semi-axes
a and b (a is the major semi-axis, directed
along the axial symmetry axis of the nucleus). If
the nuclei are now oriented so that the symmetry
axis of the nucleus coincides with the direction of
the incident beam of neutrons, we obtain for the
total cross section o{' = 27b%, but if the symme-
try axis is directed perpendicular to the incident
beam, we get o‘%— = 27ab. Thus (rtl-/crtl;| =a/b. We
can thus determine directly whether the nucleus
is prolate or oblate. In the former case o-tl-/or'tl >1,
and in the latter oil-/ oll <1. For the nonspherici-
ties observed experimentally, a typical ratio of the
semi-axis is 1.3 — 1.4 and the estimate made here
shows that the nonsphericity effects may reach 30
or 40%.

Actually this estimate is somewhat too high,
since it is impossible in practice to attain com-
plete orientation of the nuclear spins along a spe-
cified direction. Furthermore, the symmetry axis
of the nucleus undergoes a quantum-mechanical
precession about the direction of the spin and this

leads to a further decrease in the effect. It is ob-
vious that the last circumstance will manifest it-
self less, the greater the nuclear spin. In very
large spins, i.e., in the quasi-classical case, the
precession can be neglected.

If the direction of the nuclear spin orientation
does not coincide with the direction of the incident
beam, an azimuthal asymmetry may occur in the
angular distribution of the scattered neutrons. This
phenomenon is connected with the fact that there
exists a definite plane, determined by the direction
of the incident beam and by the direction of the nu-
clear spins of the target. The appearance of azi-
muthal asymmetry is directly connected with the
nonsphericity of the nuclei and therefore a study
of this phenomenon can yield interesting informa-
tion on the parameters of the nucleus.

In the present paper we examine a neutron scat-
tering by oriented nonspherical nuclei. In the calcu-
lations we use the adiabatic approximation,‘"3 ie.,
the motion of the neutron is assumed sufficiently
fast to permit neglecting the rotation of the nucleus
during the collision time. This is true if the neu-
tron energy exceeds several Mev.

In the calculation of the specific examples we.
used the model of the black nucleus, which limits
the applicability of the numerical results obtained
to neutron energies of several tens of Mev. When
using the corresponding expressions for the scat-
tering amplitude, similar calculations can be per-
formed in complete analogy for other energies,
too.

2. DESCRIPTION OF THE SPIN STATE OF THE
NUCLEUS

The spin state of an ensemble of nuclei with
spin I is characterized by a (2I + 1) -row den-
sity matrix,* which can be represented in the form
of an expansion in the irreducible spin tensors
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TJM, which transform under rotations of the quan-
tization axis according to the irreducible represen-
tation of the rotation group Dj. Defining the mm’-th
matrix element of TIM in the form

TIM, = (— 1)+ (IIm — m' | [ITM), Q)

so that the normalization condition assumes the
form

Sp TIM(TI"MY = 8,8y, (2)

we obtain the following expansion of the density ma-
trix p in irreducible spin tensors

27 J
p=2 2 (T TN ®)
J=0 M=—J

In cases of practical interest, when the spin ori-
entation of the nuclei is caused by an axially-sym-
metrical field, the density matrix (assuming that
the direction of the orienting field is taken to be
the same as the quantization axis) is diagonal and
‘can be written

2/
p=2) (T, T%. @)
J=0
The 2I quantities <(T*+)J0>, which character-
ize the spin state of a system of nuclei with spin I,
can be expressed in terms of the parameters f,
which describe the degree of orientation of the nu-
clei, for example, for I =1:
T = (1/V'2) |,
% = (1/Y/6) fo.

De Groot® and Khutsishvili® give the explicit
form and a detailed description of the properties
of the parameters fi. We note that the system in
which at least one parameter fyp4q = 0 (p is an
integer) is called polarized; but if all f2p+1 =0,
but at least one parameter fyp+q = 0, the system
is called aligned. The alignment is possible only
if I = 1. For non-oriented nuclei all fix = 0; the
normalization is so chosen that the maximum val-
ues of fi are +1.

As is known, the average value of a certain
physical quantity A is defined with the aid of the
density matrix in the following form:

A =SppA.

Taking into account the fact that the density matrix
is diagonal, we can write the average value of the
cross section of any scattering process in the fol-
lowing form:

1 ol

A AT 6w  (5)

M=—I J=0

I
- q
G = z PMMGM =
M=—I

where o)y is the cross section of the particular
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process on a nucleus with spin and spin projection
along the quantization axis M. Since o) = o),
the expression for ¢ will contain only fi with
even k, i.e., the scattering cross section will de-
pend only on the degree of alignment, but not on the
degree of polarization of the target nuclei.

The effect of the orientation of the nuclear spins
on the cross section of any scattering process is
best characterized by a ratio of the scattering
cross section o (fx) on nuclei with an orientation
specified by a certain set of parameters fi, to the
section ¢ (0) of the same process on unoriented
nuclei.

We introduce the notation

Tk = Chg — °5\40K) / Gzlmkv (6)

where M is the projection of the nuclear spin on
the direction of the orienting field, M; vanishes
for integral spin and equals 1/2 for half-integral
spin, and K is the projection of the nuclear spin
along the direction of the symmetry axis of the el-
lipsoid. The indices I and K we shall omit in
the future wherever it causes no misunderstanding.
Using (1), (5), and (6) we obtain for the quantities .
a (f)/a (0), under specific cases of different
spins, the expressions given in the table. The ex-
plicit form of the expression for the multiplier of
f¢ is not given, since an estimate has shown that
the terms containing f; give a negligible contri-
bution.

3. TOTAL CROSS SECTION

Drozdov! and Inopin? have shown that in the adi-
abatic approximation the total cross section of all
process ot is determined by the amplitude for
scattering on a stationary nucleus. If the nucleus
is characterized by quantum numbers I, M, and
K, the total cross section can be expressed as
follows

=Zm(r@ o, @kl @

!
Ot MK

where w is a unit vector that defines the orienta-
tion of the nucleus in space, £ a unit vector de-
fining the direction of the wave vector k’ of the
scattered neutron, and 6 is the scattering angle.
The wave functions that describe the rotational
state of the nucleus is of the form

Wik ()= V(@I + 1)/8=% Diyx (v), (8)

where D%VIK(“’) is an element of the (2I+ 1) -
dimensional irreducible representation of the ro-
tation group. The expression for the scattering
amplitude, assuming a black nucleus, can be ob-
tained from Eq. (4) of reference 7, and is of the form
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f (R, w)=ikb% (%) Jy(x)/%,

a?
b2

£(®) = V1 + esin®9,
—1, x=2bsin & VIFecosy, (9)

-
& =

where k is the wave vector of the incident neutron,
and v is the angle between the vector k’—k and
the symmetry axis of the nucleus.

Putting the scattering angle 6 equal to zero and
using an expansion in Legendre polynomials

V1t esin?® =\ (20 + 1) AP (cos 9),  (10)
14

where the expansion coefficients are determined by
the expression

T

A,:?781/1+esinzsp,(cosa)sin9ds, (11)
0
we get
ol U+1 R
MK dm (4 )
x 2\ (21 + 1) APy (c0s 9) | Dy (w) P, (12)
{

where R, is the radius of a spherical nucleus of
equal volume. Using the properties of the func-
tions D%VIK:

= 213 (— 1YM=K(IIM — M | LO)

L=o

X (IIK — K| L0) DL

00’

[ Dk I?

(13)
DL (w) = PL (w), (13a)
we obtain after simple transformations

[e 2
S (— L

g = 25 (21 + 1)

2/
X 2y (IIM — M| LO)(IIK — K| LO) PL (cos b) A, (14)
L=0
where ¥ is the angle between the vector k and
the direction of the orienting field H.
Correspondingly, the quantities Y{VIK
represented as follows:

can be

Ty = (1=

> (1IM — M| LO) (11K — K | LO)P, (cos ) A,
L

—1. (15
Xg(umo—moll,m(lm—mw) P, (cos$)A; (15)

As already mentioned in the introduction, the
total neutron cross section for an unoriented nu-
cleus depends very little on the deformation. Fur-
thermore, it is entirely independent of the nuclear
spin® if the nucleus is not oriented. It is therefore
convenient to study the behavior of the quantity

Ar = ot (fr)/a: (0),

i.e., of the ratio of the total neutron cross section
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on an oriented nucleus to the total neutron cross
section on an unoriented one.

After calculating the quantity V{VIK and using
the expressions in the table, we obtain the numeri-
cal values of the ratio A; of interest to us. The
calculation of the coefficients A; can be either by
direct computation of the integrals (11) or by ex-
panding the expression V1 + ¢ sin2¢ in powers
of €.

An estimate shows that the contribution due to
the term containing f; is only several percent of
the main contribution of the term containing f,.
The term containing fg, as already mentioned,
yields a negligible contribution. It is also clear
that the effect is nonlinearly related to the value of f,.

The dependence of A¢ on the ratio of semi-
axis a/b is illustrated in Fig. 1. The solid curve
corresponds to the case I =K = 5/2, Y =0, and
f, = +1. We see that the ratio of the cross section
diminishes monotonically with increasing a/b;
when a/b <1, we get A¢> 1, and vice versa, in
full agreement with what was said in the introduc-
tion. The dotted curve corresponds to the same
parameters, but for K =Y rather than % as in
the first case. Such a case, as is known, occurs
when the sequence of the levels in the rotational
band is reversed. The resultant curve can be ob-
tained from the curve for K = 5/2 by reversing
the sign of the deformation. In other words, in
this case a prolate nucleus behaves like an oblate
one, and vice versa. This result is connected with
the fact that when K= 1/2 and 1> %, the spin is
perpendicular to the symmetry axis of the nucleus.

The characteristic variation of Ay with 3,
the angle between the orienting field and the inci-
dent beam, is shown in Fig. 2 for the case 1=K
=%, f,=+1 and for two values of the semi-axis
ratio a/b, namely 1.4 and 0.7 (i.e., b/a =1.4).
In both cases the effect reaches a maximum value
when the orienting field is parallel to K (i.e.,
$ =0). Obviously the effect manifests itself most
fully if the measurements are made at y = 0 and
¥ = m/2. In accordance with the remarks made in
the introduction, the curves corresponding to the
different signs of deformation differ in the sign of
the effect.
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We give the values of Ay for a/b=0.7, =0,
and f, =+1 and for various nuclear spins:

I=1 3/ 2 52 /2
A,=1.024 1.049 1.070 1.087 1.113

As expected, the effect increases monotonically
with increasing spin.

In the foregoing examples a typical value of the
effect was ~ 10%. However, the attainment of 100%
orientation of nuclei in the experiment is of little
likelihood, i.e., we always have f, <1, and the
observed effects are correspondingly decreased.

4. ANGULAR DISTRIBUTION OF SCATTERED
NEUTRONS

Let us consider the differential cross section
of scattering of neutrons in a direction defined by
a unit vector f, by a nucleus characterized by
quantum numbers I, M, and K. This cross sec-
tion is given by

e @ ={[1@ o) | Fix (@) [2do.  (16)

The scattering amplitude f and the wave function
of the rotational state of the nucleus ‘I'%VIK are de-
termined as before by expressions (9) and (8). The
calculations yield the following expression for the
sought cross section

2/ ;
sk (Q) = KRG (1 + &9 31 (— 1)"~"

L=0

X (IIM — M {IILO) (IIK — K | I1L 0)

X {(1 — gt e) Pv(cosB) BL— 5 1= [PL (cos B) Py (cos 1)

L+2 2
X 3 (L200|L 200)2 B-+2 ) (— 1)*
{=|L—2| =1

L—w!@2—uw)! .
T wr@Fu FL(cosp)

X P4 (cos m) cos

L2
X Y (L200]|L200) (L2 — | L210) B,]}. an
I=|L—3|
Here
J2(kbO VT + ccos?y)
Br= SY).O((!)) (kb0 Vi+e cos*y)? dw, (18)
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B is the angle between k' —k and H, 7 is the
angle between k’— k and k. The angle £ is de-
termined by the relation

cos £ = —cot B8 cot 7. (19)

The angles 8 and y can be expressed in terms of
the scattering angle 6, the azimuth angle ¢, and
the angle ¥

cosm = —sin(8/2),

cos B = — cos¢sin (6/2) + sin¢cos (§/2) cos . (20)

If the orienting field is perpendicular to the direc-
tion of the incident neutron beam, i.e., if ¥ = 7/2,
we get

cos = —sin (0/2),

cosB=cos(8/2)cosp, tant = tane/sin(0/2). (20a)

The expressions (16) and (20) yield the depend-
ence of th(ﬂ) on the azimuth angle ¢. In case
of unoriented nuclei this dependence vanishes in
the averaging over M, but in the case of oriented
nuclei an azimuthal asymmetry occurs in the an-
gular distribution of the scattered neutrons. If we
denote by o (6, ¢ ) the angular distribution of the
neutrons scattered in a direction defined by the
angles 6 and ¢, averaged over M, then the azi-
muthal asymmetry can be characterized by the fol-
lowing quantity

3=(a(8, =/2)—3(0,0))/3(@,0). (21)

After calculating the differential cross section
with equation (17) (in which the coefficients Bj)
are calculated numerically) and averaging it over
M, for which we must use expression (15) for vy
and the expressions for o (fx)/o(0), listed in the
table, we obtain the value of the azimuthal asymme-
try from (21). Figure 3 shows the dependence of
the azimuthal asymmetry on the scattering angle 0
for the case I=K=9%, a/b=1.3, f,=+0.5, and
kR = 12. The azimuthal asymmetry reaches a con-
siderable value at 6 =~ 0.3, i.e., near the first dif-
fraction minimum. :

The dependence of the azimuthal asymmetry on
the degree of alignment of the nuclei f, is shown
in figure 4 for 6 =0.5, I=K=9%, a/b=1.3, and
kR = 12. It is seen there that the azimuthal asym-
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metry increases monotonically with increasing f,,
and at f, < 0.4 this dependence is close to linear.
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