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The general statistical method of the microcanonical distribution is employed to calculate

the statistical weights of a many-particle system obeying an arbitrary statistics. The con-
servation laws for angular momentum and parity are taken into account. A general compu-
tational formula is obtained under the assumption that all particles obey Boltzmann statistics.

WE consider a system of N identical particles
obeying arbitrary statistics. The particles have an
intrinsic parity A. The total angular momentum L
and the total parity I are given. Furthermore, it
is assumed that the orbital angular momentum of
each particle is bounded from above by some maxi-
mal value I, since the particles are produced in a
limited region and possess, by the conservation
laws, a finite momentum. Hence 0 <1 =<7.

For the determination of the statistical weight
(the number of states) of the system under con-
sideration, for given L and I, it is sufficient to
calculate the number of states FN,7(M, I) with
a given projection M of the total angular momen-
tum (and with a given I). The number of states
with given L and I, GN,I(L, I), is then deter-
mined with the help of well-known Slater condition
(see, e.g., reference 1):

Gy (L, I)=Fy ;(L, ) —Fy ;(L+1,1). (1)

For the calculation of Fy 7(M, I) one can ef-
fectively use the microcanonical distribution, since
M is an additive integral of the system.

Each microstate of our system is completely
determined by the set of occupation numbers ng,
where s denotes the set of magnetic (m) and
azimuthal () quantum numbers defining the state
of the particle.

The number of states with given M and I is
equal to
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where Q(n) is the degeneracy of a given micro-
state:
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= 1 for bosons; n;=0, 1, 2...
1 for fermions; ns=0, I.

Q (ﬂ) = - -1
= N! (Hns!) in the case of Boltzmann

statistics; ns; =20, 1, 2...

The factor 3{1+I]] [A(- 1)?1"%} guarantees
S

parity conservation in each microstate; 6 (m —n)
= 0m,n» the Kronecker symbol.

The summation goes over all microstates of the
system, and also over all quantum numbers within
each microstate:
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In the following calculations we make use of the
integral representation of the 6 symbol:

da—0)=2=)""§ 2T, (4)

Each term in the expression under the integral for
FN,7(M) and Fy 7(M) is rewritten according to
(4).

We obtain in the usual fashion (see, e.g., refer-
ence 2)

Fy ;(M)= (2m‘)‘2§3 é; x MmN g gy

% ZxEmnSyZns II [)\ (_ l)l]ns.Q (n)
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= 2=) g §aT Y Tdxdyexp @ (x, y),  (5)

where
D (x, y) :“Zm“ —ayx™ (— 1)'}; (6}
a =+1 for bosons, and a = -1 for fermions. Ex-

panding the logarithm into a series and summing
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each term over s, we obtain

3 %

15k

@ (x,y) = D, (x*) y*, (7)

where

D=2 ) (1 —22), 8

= z_i(—
We integrate (5) over y, and obtain, by the law of
residues,

" —1 —M—1 1 dN
Fyy, M) = @mi)™ § 77 d gy [W exp® (x, y)] ,

=0 (9)
or, since FN,T('M) = FN,7(-M),

‘o \—1 M—1 1 [av
Fu, 7 (M) = (2=i) sﬁx dx yr [ ~exp D (x, y)] <(9")
. y=0
Using the expression for the N-th derivative of a
complex function (see, e.g., reference 37, we may
also write this result in the explicit form

N 1\/+1
Fy,7(M) = #"(— 1) 2“_—,]—,7 (10)

X (Qn)‘lést-M =15 (x) ¢ (x2). . L ¢ () dx,

where the summation goes over all positive integral
roots of the equation i+ 2j+ ...+ 1tk =N, and

¢ (2) = (1 — 220+D) /(1 — 22). (11)
In exactly the same way we obtain
- G.N+I . -
FyaM)= X 1RiLjt . ..k.!-(2m) '
X aM=VI=1g¥ (x) 4¥ (x2) . . . $* (') g, (12)
where
¢ (x) = (1 —x"1) /(1 —x)
Finally,
Fyg(M 1) =3 Fyz(M)+ 3 Fya(M). (g3

Formulas (10) to (13) give the solution of our prob-
lem in the general form, for an arbitrary statistics.

This result can be easily generalized to the case
of a mixture of particles obeying different statistics,
as was done in reference 2.

The formulas are considerably simplified in the
case of Boltzmann statistics. The solution can then
be given in explicit form. It is easily seen? that it
is sufficient to sum the expressions (10) and (12)
only over the terms with i=N, j=...=k=0
and to multiply the result by N!. We then have

Fa,3(M)=(2ri)™ @x"”-""—l—liﬁ‘\' (x) dx

o1 dx 11— x7+1) ad
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The integrals (10’) and (12’) are equal to the re-
sidue of the argument function at the point x = 0.
We apply the expansion

C=2) = 2= (0

where( ’.‘) =C'=n!l/il(n—-1i)!,
1 n

(14)

to the functions

under the integral sign in (10’) and (12').
NI-M

By keep-

ing the terms containing x , we find
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where [x] is the integral part of the number x.
We note that Fyy 7(M) =0 if N/-M is odd.
The number of states with given M and I is given

by formula (13). Here

Fy7(M)y= 2 Fy7(M,I).

I=%1

(17)

Using formula (1), we now find the number of states
with given L and I:
Gyz(L, 1)=F, (L, I)—Fni(L

=2 [Fy (L) —Fy (L +1)]

+1,7)

; [Fu3(L), if NI—L is even
7{—F;\,,—,(L+ 1), if NI—L is odd, (¥
or, with obvious notations,
Gy7(L. 1) = 5 Gy (L)
(19)

+ 31 (= DGy 7 [L+ 31— (= DV

By termwise substitution of expansions (15) and
(16) for M=L and M =L + 1, we find, with

()= =020,
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that
[A’Z—L]
- (2N (N L+2N—2— (T + 1)k
Gy (L) = 2 (=1 (k>\ IN —2 ’
k=0 (20)
2]
. v “g\r” (N %(NI——~ p)+N—1—(1+ Dk
Gy =27 2 \k)< N -1 )
k=0 ‘ (21)
It follows from (19) that
Gy7(L) = 2 Gy5(L. 1) (22)

I=%1

is the number of states with a given L (and ar-
bitrary I).

Corrections taking into account the type of sta-
tistics can, in any specific case, be calculated with
the help of the general formulas (10) and (12).

This method allows the solution of a whole series
of similar problems, as, for example, the determi-
nation of the statistical weight of a system of par-
ticles with arbitrary spin.

If the system consists of N particles with spin
s obeying an arbitrary statistics, the statistical

weight 8N,s = ZS>gN,s(S) is given by

g;\’_ s (S) == f/\', s (S) - f[\ s (S - 1)7
[fx,s(0) for integer Ns,
8ns = \fr. s (1/,) for half odd-integer Ns,

(1)
(23)

where 8N,s (S) is the number of states with total
spin S, and
S
Z nm> Q (n)
m=-—s
(24)
is the number of states with a given projection M
of the total spin.
Omitting intermediate calculations analogous to
those done above, we give the final result.
In our notations, we obtain for an arbitrary sta-
tistics,

fx, s (M) = 25<M - /nrz,,,\ﬁ(N —

(n) m=—s

. N
fv, s (M)=3 a !

R N T T
X § M=Ns—1D' (x) D(x2) ... D* (x*) dx, (25)

D (2) = (1 —z2+1) /(1 —2).

For the special case of Boltzmann statistics we
obtain the closed expressions

[551]

2541
N\/Ns—S+N—2—(2s+ 1)k
gy, s (S) = kZ (— l)k(k)< N—2 )
=0 26)
(2]
25+1
Z+ ne( v sN+N—1—(2s+1)k)
2 =) N—1 ’
if sN is integral,
g,v's == [5‘\7_‘/2 (27)
251 .
N\/sN —1Y;+N—1-—(2s+ 1)k
2 (=1 (%)( N1 )
=0
if sN is half odd-integral.

For the special case s = 1/2 formulas (26) and
(27) give a well-known result (see, e.g., reference
1). For s =1 we get the result® obtained by the
combinatorial method.

A problem similar to the one just considered
was solved by Barashenkov and Barbashev® with
the use of recurrence relations. We further re-
mark that the results of references 1, 4, and 5
were obtained for the case of Boltzmann statistics.

In conclusion I take this opportunity to express
my gratitude to Prof. Ya. P. Terletskii for suggest-
ing this problem and for his interest in this work.
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