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The interaction between 4s and 3d electrons in transition metals is investigated. It is
shown that the dynamical part of the interaction manifests itself in the interaction between
Fermi and Bose elementary excitations. At low temperatures elastic collision between

these excitations predominate, whereas at high temperatures transition processes begin
to play an important part. The magnetization is calculated as a function of temperature

and field strength.

].. During recent years increased interest has been
shown in the transition metals, but agreement still
has not been reached regarding the electron inter-
actions that produce the ferromagnetic state of
these metals. It is therefore necessary to analyze
these interactions carefully in.every model of the
transition metals. The so-called s-d exchange
model developed by Vonsovskii and his coworkers!s
is based on the assumption that electrons of the un-
filled 3d shell play an important part in transition
metals in addition to the 4s valence electrons. A
strong exchange interaction with a positive exchange
integral leads to complete ordering of the 3d elec-
tron spins, that is, to ferromagnetism. The 4s
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electrons are collectively responsible for transfer
phenomena in a crystal.

This electron system has a mixed spectrum with
Bose and Fermi branches. The Bose branch is as-
sociated with the 3d electrons which provide the
elementary excitations called “ferromagnons” (or
“spin waves” ) while the Fermi branch is associ-
ated with the 4s electrons which provide the ele-
mentary excitations that we call “conduction elec-
trons.”

The Hamiltonian of weakly-excited electron
states in the s-d model can be represented as
follows:
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Here ay and aﬁ are the Fermi second-quantiza-
tion operators with the signs + and — denoting
the spin projection (in the ground state of a 3d
electron the spin projection is denoted by -);
bg and bg are Bose operators; k and g are the
quasi-momentum of a conduction electron and of a
ferromagnon, respectively; J(kik,) is the s-d
exchange integral.

The Hamiltonian (1) was obtained by Vonsovskii
and Turov.? The following expressions were ob-
tained for conduction electron energies:

o = —a + 2KY2m of = a+ #2%K22m,,  (2)
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where m_ and m_ are the effective electron
masses with the respective spin directions and «
is the coupling constant of s and d electrons,
which is determined by expanding the s-d ex-
change integral in powers of the quasi-momenta
(for a cubic crystal):

J (k;ks) = 20 — v [(aky)? + (aks)?] +- . . .. 3)

The terms in (1) have the following significance:

E, is the constant energy of the 3d electrons with
completely ordered spins; H; is the combined en-
ergy of all elementary excitations (conduction elec-
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trons and ferromagnons); H; represents the energy
of interaction between the latter.

The complete Hamiltonian of the electron sys-
tem must contain two more terms, one of which
will describe the interaction between ferromagnons
while the other describes the interaction between
conduction electrons. However, as Dyson? has
shown, the interaction between spin waves (ferro-
magnons) in a ferromagnet is very small and car
be neglected at temperatures up to one-fourth of
the Curie temperature.

Neglect of the interaction between conduction
electrons does not have the same rigorous justifi-
cation, but it can be assumed that the interaction
between the original 4s electrons is partly taken
into account self-consistently in the effective mas-
ses of the conduction electrons.

Thus the interaction between 4s and 3d elec-
trons is manifested in two different ways. The con-
duction electron spectrum is altered [Eq. (2) in-
cludes the s-d interaction parameters]. This can
be called the static part of the interaction, which
leads to the 4s -electron magnetization noted by
Vonsovskii.

Equation (1b) describes the dynamical interac-
tion of 4s and 3d electrons by means of the inter-
action between conduction electrons and ferromag-
nons. The term of H; which contains three oper-
ators describes transitions between these elementary
excitations, while the term with four operators de-
scribes elastic collisions between these same exci-
tations. In the present work these interactions will
be taken into account in the thermodynamic function
of the system.

2. We limit ourselves to low temperatures (not
above one-fourth the Curie point) and use the per-
turbation theory of statistical mechanics with fl1
as a perturbation.! The free energy is obtained
from

e—BF = Sp e——Bl?, 4)

where B = 1/kT. We obtain the following expansion
of the trace in powers of Hj:
" o (=D
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H, () = HH e 2o,

(6)

When the free energy F is expanded in powers of
the small parameter ~ H;/H,

F=Fy,+Fi+Fs+¥...
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we obtain from (4) and (5), to second order terms,

Fo=—p1InSp e—8H:; F,= <I:Il>a; @)
B
Fo= 1/2{3 CHpY —Sduﬂl ) H1>B}, (8)
0
<. ..> denotes averaging over the statistical as-

sembly with the Hamiltonian H,. A direct calcula-
tion by means of (6) shows that the ﬁ1 — fll (A)
transition corresponds to the following substitution
of operators:

—Azp Az —AzZ A
ax— axe K, af = afe’k, by beTNE, b — bfeMe.

In calculating various average values we use the
following expressions, which can also be derived
by direct calculation:

(bgibg.>p = & (8, — &) [ (8)) = 8 (8, — &) [exp {B3g,} — 11;19;)

iy +e = 8 (ky — ko) [ (ky)

= 8 (ky —ko) [exp (B (e, — O} + 117, (10)

where £ denotes the chemical potential of the elec-
trons and is determined from the conservation of
the number of 4s electrons:
2UFE () + (k)] = Ns.
K
The following results are now obtained from a cal-
culation of (7) and (8):
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We note that the first approximation of the three-
operator terms vanishes in virtue of the properties
of the operators bg and bg, so that F§3) is the
first nonvanishing correction from the three-oper-
ator terms in H; which describe transitions. This
corresponds formally to the second approximation
in the perturbation theory. F; is the first approxi-
mation correction from the four-operator terms in
Hj.

3. We shall now calculate the magnetization
M = 9F/8H. In a magnetic field directed along the
axis of spontaneous magnetization the energy is



806 Iu. A.
changed by the amount

AH = — NpoH + 2uH Dy ng + ol 2 (i — nic),
g k
after which the distribution functions fg (k) and
fr(g) will depend on the magnetic field. For the
zero approximation of the magnetization we obtain

M= Nuo {1 — - Dife @) 5 (15)
g

MG = o R 1F2 (k) — i3 (k). (16)
k
Instead of immediately calculating the next approxi-
mation of the magnetization we shall first calculate
the free energy corrections F; and F§3). We note
that (11), (13), and (16) possess the same structure
and can be calculated by the same method. In these
expressions we pass from summation over k to
integration. Integrating by parts, we distinguish
the derivative of the distribution function in the
integrand and regard it as the nucleus of an inte-
gral operator which is approximated by

— g e == 1+ T ), an

since B¢ is much larger than unity. After calcu-
lation of the integrals the results can be repre-
sented conveniently by means of the notation

ey = (B (1 LY () (1 SR,
(18)
where m is the electron mass. From (11) we ob-

tain the chemical potential of the conduction elec-
trons in the magnetic field:

E=2g, [é X"Tz,’lz —+ _TZ— (% )2 Xi—‘lz.’/z ]-’ls; b= 55— (3 2”8) .

(19)
ng is the number of 4s electrons per unit volume.
Since (kT/£y)% < 107* we can neglect the depend-
ence of £ on temperature. In the same approxi-
mation we obtain for (16) and (13):

M = NgoXi, s, (Xeh o)™ 20)
1 _ ,
Fy= TE ff (8)-2N {“Xt),,tl, (X;};_ah)"l
g
2ma 0\ 3 1 v,
o T( 0) 10 Xt (T X;;-z»'/z) ’}- (21)

We cannot calculate (14) to the same order of
approximation; a number of supplementary approxi-
mations are required. We neglect the energy and
momentum of the ferromagnons if they are of the
same order as the energy and momentum of elec-
trons, since the principal contribution to the sums
comes from terms with small ferromagnon mo-
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menta and large electron momenta (on the order
of the Fermi momentum ). Separating the summa-
tions over k and g, we integrate over k using
the approximation (17) and obtain

Fom — =i (8)-3N, °f T tanh 2 (1— ).
g

(22)

In order to make the meaning of the final result
clearer we neglect the difference between the ef-
fective electron masses in (19), (20) and (21), let-
ting m_=m,=m, y=0. Since o and pH < &,
we assume

X5, =2 X5, 2s(a 4+ weH)/E;

The total correction to the free energy due to
the interaction between conduction electrons and
ferromagnons is given by

Fi+ Fy=— 2f; (€)-3N. D (H),
g

E=Eo-

(23)

D(H)=1+ 4 _ *T pann 2 (1— L),

kT

We shall now calculate the magnetization. In the
given approximations the magnetization of s elec-
trons is, according to (20),

Mg = 3N uq/280 + BN 15 H /2, (24)

where the second term is the paramagnetic (Pauli)
magnetization of the electron gas, while the first
(constant) term results from magnetization of the
4s -electron gas by 3d electrons, the s-d ex-
change field being the equivalent of an effective
magnetic field Hegp = a/p. If we assume that o
is of the order of 5 X 107!® erg, then Hegf is of
the order of 10® oersteds, so that the 4s electrons
will contribute considerably to the spontaneous
magnetization of metals. Using (15), (23), and (24)
we obtain an expression for the total magnetization
in terms of the 3d -electron magnetization:

(1+ i

)tanh & +D(H)

H
£ M + =5 Nato - {22

—(1-7 o (i)} 29

Since Md is the magnetization of 3d electrons
in the absence of an s-d interaction, the first term
in this expression represents the usual spontaneous
magnetization of ferromagnetic 3d electrons and
of the fraction of the 4s electrons which is mag-
netized by the s-d exchange field. Thus this term
describes ideal ferromagnetism with the average
number of electrons per lattice site given by
1+ (3Ng/2N)a/t,. The second term in (25) pro-
vides a correction to the magnetization resulting
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from the dynamical interaction of 4s electrons
and ferromagnons.

M& can be calculated from (15) if the dispersion
law for ferromagnons is known. If we assume the
usual result of spin-wave theory, which gives
€g ~ Jg?, the derivative, with respect to the field,
of the resulting expression for M& will diverge
at H=0, and we obtain a diverging expression
for the magnetization (25). The reason for such
singularities in the theory of magnetism has fre-
quently been discussed (see reference 5, for ex-
ample), and evidently lies in the fact that in such
instances a decisive part is played by magnetic
interactions which are not taken into account by
the Bloch spin-wave theory. We shall assume that
as a result of the magnetic interaction there is re-
quired a certain activation energy AE of a spin-
wave with zero quasi-momentum, so that

eg = AE + J (ag)?

The calculation of AE does not enter into our
problem, but we can state immediately that it must
be small, being of the order of the anisotropy en-
ergy. It is easily found that

30 =g (7)),

where

Zy, (x) = in—”- e—xn

n=1
= 2.61 —3.54x": + 1.46x — 0.104x2 4- ...

This last expression was obtained by Robinson® and
converges rapidly for x =< 1. Keeping only the first
two terms in the expansion, we obtain

My = N, {1 —0.1174 (ST [1 — 1.36 (SEA 20l )™

+0.56(%2‘L”)—...]},

which is applicable to not too low temperatures,
where (AE + 2uyH) < kT. Egs. (25) and (26) give
the dependence of the magnetization on tempera-
ture and field. Let us consider two limiting cases:

(a) o < kT, weak s-d coupling, high tempera-
ture; D(H) = poH/a < 1. We see that the first and
second approximation corrections to the free energy
cancel each other to a considerable extent and dis-
appear entirely in the absence of a magnetic field.
We obtain for the spontaneous magnetization:

(26)

3N oa?
a 5 i shto
£) Mi— 011740
(b) a > kT, strong s-d coupling, low tempera-
ture; D(H) =~ 1 + 2uyH/c. In this case the first

m=(1+3% (kTY®. (27)
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and second approximation corrections to the free
energy, which depend on the field, are equal, but
the first approximation correction, which corre-
sponds to elastic collisions, is predominant in
their constant parts. The spontaneous magnetiza-
tion is given by

=

3N s woa?

NG kT. (28)

M= (145 5>)Mi+0.159

o

Except for the notation this agrees with the expres-
sion obtained in references 7 and 8, where only
elastic collisions were taken into account. We have
now determined the range of applicability of this
result.

Despite the fact that the correction terms in
(27) and (28) contain the factors (kT/J)¥? and
(kT/J), which at low temperatures decrease more
slowly than the term containing (kT/J )3/ 2 in M&,
they remain smaller than the latter in the given
temperature range because of their small coeffi-
cients. By means of the values given above it can
easily be shown that the second term in (28) does
not exceed 10% of the first term.

Thus of the two types of dynamic interaction be-
tween 3d and 4s electrons elastic collisions be-
tween ferromagnons and conduction electrons dom-
inate at low temperatures, while at higher tempera-
tures transition processes begin to play a part.
These two temperature regions are separated by
the temperature 6 = a/k. Since our calculation is
valid in the temperature range from a few degrees
to ~ 2C00° the possibility of including transition
processes in this region depends on the magnitude
of the s-d exchange integral.
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