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Oscillations of the conductivity of metallic films in magnetic fields are considered for arbi
trary dispersion law of the electron energy and for arbitrary orientation of the field. The os
cillations are not a quantum effect and are related to the finite thickness of the film and to the 
diffusion character of the reflection of electrons from its surface. In contrast to the Shubnikov
de Haas effect, the conductivity in the given case oscillates as a function of H and not of H-1. 

Measurements of the amplitudes and periods of oscillation allow us to draw conclusions on the 
shape of the Fermi surface in metals. 

l. Oscillations of the conductivity of a metallic 
film due to the size of the magnetic field H per
pendicular to it have been carried out by Sond
heimer1 under the assumption of an isotropic dis
persion law for the electron energy. They are de
termined by the diffusion character of the reflection 
of the electrons from the surface of the film. Thanks 
to this, the helical electron trajectory bounded by 
these surfaces (the electrons move in the magnetic 
field H ) undergoes simultaneously the effect of the 
electric field E and is cut off at some fraction of 
a turn, dependent on H. The value of this fraction 
determines the oscillating component of the current, 
while the complete turns give the monotonically
varying component. 

In the present paper it is shown that oscillations 
also ought to exist for an arbitrary dependence of 
the electron energy E on the quasi-momentum p 
and for an arbitrary direction of the field H, not 
parallel to the surface of the film. Measurements 
of the amplitude and period for various orientations 
of the field permit us to make judgments on the 
shape of the Fermi surface in the metal. The prob
lem of the possibility of complete establishment of 
the Fermi surface by means of the oscillations is 
an independent problem which we shall not consider 
in the present paper. 

Let us estimate the magnitude of the period of 
oscillation. The electron travels from one surface 
of the film to the other in the time t ~ a/ I v t I , 
where a is the thickness of the film, the t axis 
is perpendicular to the surface of the film, and 
v t is the time average of the t component of the 
electron velocity. The period or rotation of the 
electron in its orbit is T = 2mn*c/eH, where e 
is the electronic charge, and m* is the effective 
electronic mass, introduced by Lifshitz, Azbel', 
and Kaganov in reference 2. It depends on E and 
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Pz - quantities which are conserved in the pres
ence of a magnetic field ( z axis directed along H). 
In this case, electrons with energies close to the 
Fermi energy Eo are necessary for conduction. 
In a time t, an electron completes n = t/T = 
aeH/2mn*c I 'Vt I round trips. For this number 
to be changed by one, the magnetic field must 
change by the quantity .6.H = 27Tm*c I Y"t I/ ea. This 
also is the period of oscillation of the current 
created by electrons with given Pz (we consider 
E to be equal to ,E0 ). It depends on Pz• since 
groups of electrons with different Pz correspond 
to different periods. The total current was ob
served experimentally; it is obvious that, gener
ally speaking, the oscillations connected with a 
given group of electrons will be "smeared out" 
by oscillations of other groups with neighboring 
values of Pz, corresponding to slightly longer 
and slightly shorter periods. The total effect 
observed includes oscillations whose periods 
are determined by certain isolated values of Pz· 
They belong to two basic types. 

Oscillations of the first type are connected with 
Pz close to p~, the maximum value of Pz on the 
Fermi surface. They are sinusoidal, and their am
plitudes fall off as H-4; this result agrees with 
that obtained by Sondheimer. 1 However, their 
period is determined not by a single parameter 
(the limiting Fermi momentum, as in reference 1 ), 
but by the relation ..fK/ cos e, where K is the 
Gaussian curvature of the Fermi surface at the 
point Pz = p~, and e is the angle between the z 
and t axes. Thus, it is possible, by means of the 
oscillations of the first type, to determine the 
Gaussian curvature of the Fermi surface at all its 
elliptic points. This possibility of the determina
tion of the Gaussian curvature, although it does 
not give very great accuracy (the amplitudes of 
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oscillation fall off rapidly with increasing field), 
can be shown to be suitable, since it does not in
volve the use of complicated high-frequency ap
paratus. In this case, all the data relative to the 
Gaussian curvature can be obtained in principle 
by investigating a single specimen, cut out in a 
suitable manner relative to the crystallographic 
axes. 

Oscillations of the second type are connected 
with such Pz = Pz. for which the function .6.H ( pz ) 

1 . 
has an extremum. Then, approXImately the same 
periods .6.H correspond to a rather large group 
of electrons with Pz close to Pzi· These oscil
lations are not sinusoidal, and their amplitudes 
fall off with the field as H-5/2• 

In order that the oscillations take place and be 
observable, it is obvious that the inequality 

(1.1) 

must be satisfied, where t0 is the time of volume 
relaxation of the conduction electrons. It should 
be noted that it is not easy to obtain experimental 
conditions under which t0 ;;::, a/1 v~; 1. For this, we 
need monocrystalline films, free from stresses, 
and low temperatures. The difference in the film 
thickness at different points must be less than 
lv~;l T. However, at the present time, these diffi
culties are surmountable, since we now can obtain 
metallic samples in which the mean free path l 
is sufficiently large at liquid-helium temperatures. 
For example, in the work of Kunzler and Renton,3 

l = 0.45 mm (tin), while monocrystalline films 
0.1 mm thick (and in some cases less) can be ob
tained. The magnitude of the magnetic field neces
sary for the observation of oscillations is deter
mined by the thickness of the film compatible with 
the inequality (1.1); for a ~ 0.1 mm, it amounts 
to thousands of oersteds. 

We note that the oscillations of similar origin 
were recently observed by Babiskin and Sieben
mann4 on a sodium specimen which, it is true, had 
the shape not of a film but of a thin wire. In these 
experiments, l = 0.12 mm. 

2. We now return to a rigorous solution of the 
problem. The linearized kinetic equation for elec
trons in a metal in the shape assumed by Lifshitz, 
Azbel', and Kaganov2 has the form (see also refer
ence 5): 

3 
ar at 1 , aF o --v 

Vt; ·ar + !:lo a:r + t;; Sf= e a€ ..:J Vv Ev. 
V=l 

(2.1) 

Here n0 = eH/m0c, T is the dimensionless coor
dinate introduced in reference 2, which determines 
the position of the electron in the orbit ( T = n0t, 
where t is the time of motion of the electron along 

the orbit, determined from an arbitrary initial 
time), F 0 is the equilibrium distribution function, 
f is the nonequilibrium addition to it, S/t0 is the 
collision operator, m 0 is a quantity with the di
mensions of mass, which drops out of the final 
results; for intermediate estimates, it is appro
priate to consider it to be of the order of m *. 
The function f satisfies the conditions 

f k=o, vr;>O = f k=a, vr;<O = 0 (2.2) 

( diffusivity of reflection) and in the case of a 
closed trajectory, 2 which is also of interest to us, 
it must be a periodic function of T with period 
e = 27Tlll*/ma [m* = (27r)-1 BS/BE, Sis the area 
cut out of the surface E ( p) = const by the surface 
Pz = const ] . The t component of the current
density vector satisfies the conditions j t ( 0) = 
j t (a) = 0, but, inasmuch as div j = 0 in a station
ary case, then, generally, j t ( /;) = 0. 

3 

We set f = e ( BF0 /BE) 6 fv, where the func
v=t 

tions fv are solutions of the equation 

vr,atv/ a~+ noatv/ oo: + Sfv !to= Vv Ev (2.3) 

with the boundary conditions (2.2). The Fourier 
coefficients in the expansion 

f (q = a-1 2} q{"l exp (2-.:ik ~/a) (2.4) 
h 

satisfy the equation 

arpt> I ao: + (ikoc + 1s) rpkv> 

=- n;;-1 1 Vr, I [f (0) + f (a)] + n;;-1 Vv {)kv). 
(2.5) 

This relation is easily obtained by substituting 
(2.4) in (2.3) and taking (2.2) into account. Here 

a 

{)i"l = ~ exp (- 2-.:ikC /a) Ev (C) dC. 
0 

We carried out further calculations under the 
assumption that S = 1, i.e., that the collision op
erator can be described with the help of the relax
ation time to ( p ). Such a simplification is valid 
since (as we shall see below) for to » a/ I v t I 
(and it is principally this case that is of interest 
to us), the time t0 does not usually enter into 
the expression for the oscillating part of the con
ductivity tensor. This is natural, because the 
oscillations are due to those electrons which move 
from one surface of conductor to the other without 
undergoing collisions in the interior of the con
ductor. In this case the term which describes the 
volume collisions is necessary only for the inter
mediate calculations. u t0 ..... a/1 v~; 1. then the 
relaxation time enters into the final result, since 
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it determines the fraction of electrons which do 
not reach the other surface of the film and, con
sequently, do not take part in the oscillations. In 
this case the assumption on the relaxation time 
permits us to determine the order of magnitude 
of the amplitudes of the oscillations and their exact 
period, since the period depends only on the peculi
arities of the spectrum and the relaxation time does 
not enter into it. 

The solution of (2.5) periodic in T has the form: 
'r '!' 

'flhv) ('t) = D;)1 {5kv) ~ Vv ('t) exp [~ (y + ikrx) d't"] d't' 
-oo T 

T T' (2,6) 
-a-1 D02 ~ lvd't')Jgv("'')exP[~ (y+ ikrx)d't"]d't', 

-oo 

where 

gv ("') = aD0 [fv (0) + fv (0)]. 

In turn, 

T ~ 

- (2 I aD0 ) 2} ~ 1 Vt; ('t')J gv ('t') exp [~ (y + ikrx) d't"] d't', 
k -oo '! 

where 

T T 1 

<I>v('t) =f<l)~v)j00 Vv('t)exp[~ (y+ikrx)d't"]d't'. 

T (2,8) 

The series on the right-hand side of (2.7) can be 
transformed with the aid of the identity 

00 00 

2} eikx = 2r. 2} o (x- 2,-:n). 
k=-oo n=-oo 

Integrating the o -function in (2. 7), we obtain 
the equation for the function g 11 ( T ): 

T 

2} gv('tn)exp(- ~ yd·!)= <l>v('t), (2.9) 
'Tn<2r 't'n 

where the functions T n ( T ) are determined from 
the condition 

T T 

I ~ rxd't' I = 2M 
Tn 

or ~ v, d"' = naD0 v, I I Vt; 1-nq vr; 
Tn (2.10) 

(the bar denotes averaging over the period of e ) . 
It is not difficult to establish that, if the velocity 
v t ( T) has one and the same sign for all T, Eq. 
(2.10) has a unique solution Tn(T) for a given n. 
In particular, its unique solution for n = 0 is 
To(T) = T. It is then quite simple to find the solu
tion of (2 .9). From the general equality 

T 

~ v,d"' = (n+ I)qv, 
Tn+l 

we subtract its value for n = 1. As a result we 
get the identity 

'tn ['tl ('t)] = 'tn+l ('t). (2.11) 

From this it easily follows that 
T 

gv ('t) = <I>v ('t)- <I>v ('tl) exp (- ~ yd't') 

= <I>v ('t)- <I>v ('tl) exp {- y('t- 'tl)- r ('t) + r ('tl)}, 
(2.12) 

(where 'Y ( T) = y + ctr / dT) is a solution of Eq. 
(2.9). The second component in (2.12) is an os
cillating function of the variable q with period e, 
i.e., an oscillating function of the field H. Indeed, 
let us set T1 = T - q + t:.T and V?; ='it+ dW tldT. 
The function W t ( T) is a periodic function of T 

with period e. The function t:.T satisfies the 
equation 

~'t('t, q) = Wt;("')IV"r;- Wt;('t-q + ~"')lvt: (2.13) 

and is consequently a periodic function of the sec
ond argument. But 4> 11 (Tt) = 4> 11 (T- q +D.T), 
i.e., 4> 11 ( Tt) [ and also r ( Tt)], together with 
g11 ( T), are periodic functions of q. It is clear 
that the functions cpf:>< T) determined by Eq. 
(2.6) are, generally speaking, oscillating functions 
of q with the same period. This dependence is 
important and leads to the observed effects if the 
exponent in (2.12) is ~ 1. But T - T1 Rl q, and 
this condition takes the form a/1 v ?;I t0 ~ 1, i.e., 
it coincides with the inequality (1.1) given origi
nally. The period of oscillation e = 2mn*/m0 

depends on € and Pz· Therefore, it will fre
quently be of use to us to replace q by the vari
able u = qmo/m* = aeH/m*c I vtl· The quantities 
t:.T and C!> ( T?;) are oscillating functions of this 
variable with period 27T. 

For certain values of € and pz, the function 
v t ( T) can be shown to be fluctuating in sign. Then 
for some T, Eq. (2.10) at n = 0 can have several 
solutions, i.e., the function To ( T) s; T can be non
unique. Reasoning as above, it is not difficult to 
show that for such T the solution of (2.9) has the 
form 

T 

gv ('t) = <l>v('t)- <I>v('to)exp( -~ yd't'), (2.14) 
To 

where To denotes the maximum value of the func
tion To ( T) s; T, different from T. For T such 
that the function To ( T) is single valued Eq. (2 .12) 
holds as before, but now we mean by T 1 the maxi
mum value, generally speaking, of the multiply
valued function T 1 ( T). 

We note that (2.14) contains no oscillating de
pendence on the magnetic field H, inasmuch as 
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the magnetic field does not enter at all into the 
equation for T 0 ( T). The reason for this is the 
following. If the velocity v t ( T) is a sign-alter
nating function of T, then an electron leaving the 
surface of the film at some value of T can, by 
describing a fraction of a turn, return to the same 
surface and experience diffuse reflection ftom it. 
For such T, the function T 0 ( T ) :s T is non
unique, but, inasmuch as the value of this fraction 
is independent of H, gv ( T) has a non-periodic 
dependence on H. However, even in this case 
there are electrons which make a contribution to 
the oscillations. The fact is that if the field H 
is not parallel to the film surface then, in general, 
for arbitrary € and pz, there exist initial values 
of T for which the electron reaches the opposite 
surface of the film. For such T, the function 
To ( T) :s T is single-valued and consequently, the 
oscillating function (2.12) is valid for gv ( T ). 

3. The experimentally-measured components of 
the mean current density are* 

a 3 
-:- _ 1 C . (r) dr 2e2mo ~ \ (v} aFo d d d 
l~J. = a ~ J~J. " "' = - liJi3' £..; .) V~J.!JlO ae 't Pz 8 

0 V=1 

3 
_ 2e2m0 "'\d d aFo 
- - fiii3 £.J J Pz 8 ae 

•-1 
6 T T 1 

X {do d)~•l ~ v~J. ('t) ~ d't' exp (~ yd't") v. ('t') 
0 -co T 

6 't' "C'' 

- a~2 ~ ~ d'tV~J. ('t) ~ d't' i Vd't') J ~ dp 
0 h o -ao 1 ~'(1} 

p p 

X exp [ik ~ rxdp' + ~ ydp' J v. (p) } =- ~";o 
-r' " 

3 

(3.1) 

X 'XI ~ d do dF o ( _!_ p(•l A + _1_ "' Bk p(•>) 
£..; Pz ~ ae \0 (Do I).V n2 £..; IJ.V \Dk ' 
v-1 ° U••o h 

where T(1) is equal to T1 or T 0 , depending on 
whether Eq. (2.12) or Eq. (2.14) holds. The con
dition j t ( t) = 0 permits us to establish E t ( t) 
as a linear function of E~ and E71 , and to obtain 
an expression for the current density in the form 

The effective-conductivity tensor of the film s!J.v 
(the inverse of the tensor r/J.v above) is also 
determined by experiment. 

In order to compute its oscillating part t::..sJJ.V• 
we find the derivatives 

*After the present research was completed, a paper was 
published by Kaner• on the conductivity of metallic films in a 
magnetic field, in which the same expression is obtained for 
the current density in the film. However, the problem of the 
oscillating conductivity of the film was not considered there. 

a2B~. I au2 = (m* I mo)2 a2B~. I aq2 , 

from a knowledge of which we can easily find the 
oscillating parts of the coefficients B~v. Let us 
first consider the case in which the function 
To ( T) :s T is single valued for all T. Then 

a h m• a h 
;;-BI).. =- ;;-- Bl).. = vu m0 uq 

=- m~ovd~ dw~J.('t) ~· v,('t')exp(~' yd't")d't'. (3.2) 
0 -ao 

Here we have used the identities ClTdClq = 
-vtlvt(Td and vt(T)dT=vt(T!)dTh which 
follow from the definition of the function T 1 ( T). 
Then, 

6 
~ -2 ( m• )2 -8a \" d v~J. ('t) rJ, ('tl) 
.~ v~ - e ~ 't I ( ) I . mo 0 v~ 't1 

(3.3) 

We have left here only the zero-order terms in the 
expansion in y « 1; o = ( m */m0 ) y. It is clear 
that these terms are oscillating functions of u 
with period 21r; consequently, they are periodic 
functions of the magnetic field H. It is then not 
difficult to prove that the oscillating parts of the 
coefficients BJJ.v comput~d to this degree of ac
curacy have the form e-oub!J.v ( €, Pz, u), where 
b/J.v are periodic functions of u. If v = t, then 
the v t ( T 1 ) in the numerator and denominator of 
(3.3) cancel and the zero-order term (in the ex
pansions in powers of y) does not oscillate. 
Therefore, if E t ( t) is of the same order as 
E~ and E71, the contributions of the coefficients 
BJJ.v ( v ¢ J) in the oscillating part of the current 
density j/J. is, roughly speaking, t0 /T times 
larger than the contribution of the coefficients 
BJJ.t• and the latter can be neglected. Then the 
sum (3.1) is simplified, since only terms with 
k = 0 enter into it, inasmuch as E~ and E 71 do 
not depend on t. It is not difficult to carry out 
all the calculations in the general case; however, 
henceforth we shall assume this simplification. 
We note that we can neglect the oscillations con
nected with Et in every case if t0 .... a/v0, where 
v0 is of the order of the velocity on the Fermi 
surface. Such an estimate is easily obtained if 
we consider that the tensor sv!J. is of the order 
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in this case, where o-~~) is the conductivity tensor 
of a macroscopic sample, as computed in refer
ence 2. 

Now, if € and Pz are such that the function 
To ( T ) ::::: T is not single valued for all T, we can 
obtain Eq. (3.3) for Cp,v in the same way; in such 
a case, we integrate over that part of the interval 
from 0 to 0, where this function is single valued. 
We note that if t 0 » a/1 vt I, then <5u « 1, and 
the relaxation time does not enter into (3.3), nor 
into the expression for the oscillating part of the 
conductivity tensor. 

With the help of the identity v t ( T) dT = v t ( T t) dT to 

we obtain 

(3.4) 

Here T1 (T) is the solution of (2.10) for n = -1 
[obviously, it is its own inverse function relative 
to T 1 ( T)]; the first integral extends over the re
gion of single-valuedness of the function To ( T) ~ T, 

while the second extends over the region of single
valuedness of To(T) ~ T. It is easily verified that, 
for a reversal of the direction of the magnetic field, 
we can obtain an expression for the oscillating part 
of the current, replacing T1 ( T) in (3.3) by T_t( T ). 

It therefore follows from (3.4) that Llsp,v (-H) = 
Llsvp,(H). 

4. If u « E"o/kT, we can set BF/8€ = -<')(E-€0 ), 

and then Po 
z 

~SfJ.v = (2e2m0 I ah3D~) ~ apzLfJ.v (pz, u) 
0 

p~ (4.1) 
= (2e2m0 1 ah3D~) ~ dpze-QlfJ.v (pz, u), 

where o 

lfJ.V = bfJ.V (eo. Pz. u) + bfJ.V (zo.- Pz. u), Q = aT;;l J j v~ /. 
The quantity Lp,v depends smoothly on Pz, and 

oscillates like the function u » 1. This means that 
Lp,v ( Pz• u) oscillates as a function of the field H, 
while the period of oscillation L:l.H = 27Tlll *c I v t I/ ea 
depends on pz, i.e., as noted earlier, different 
periods of oscillation correspond to groups of elec
trons with different Pz· Oscillations of different 
types entering into the total effect described by 
Eq. (4.1) are connected with different portions of 
the integration inverval. Oscillations of the first 
type are determined by Pz close to p~. Oscilla
tions of the second type are connected with such 
Pz = Pzio for which du/dpz = 0. For such Pz, 
the function L:l.H ( Pz) has an extremum. 

Let us begin with the consideration of oscilla
tions of the first type. In the vicinity of the point 
p~, the equation of the Fermi surface € ( p) = E"o 
has the form 

3 

0" 1 ""' Vz L.>.Pz + 2 L.J ~ik~p;!1pk = 0, 
i ,li-1 

(4.2) 

~ik = (iJ2e I ap,apk)o; ~Pi= Pi-p~. 

We consider the point p~ to be elliptic; conse-
2 

quently, the quadratic form L) .BikL:l.PiLlPk is posi-
i k=1 

tive definite. The equations' of motion of the elec-
tron in the zero approximation in the electric field 
have the form2 

(4.3) 

As will be seen later [see Eq. (4.6)], the region 
of integration important to the determination of the 
first type is the one for which I L:l.pz l/p~ "' 1/u « 1. 
It is obvious that Llpx ...... Llpy ...... u - 1/l p~ in this re
gion. Substituting into (4.3) the .expressions for the 
velocities vx and vy [obtained from (4.2)] we get 
(with accuracy up to quantities of order higher than 
u-1/2 ): 

Vx = V 2v~ (p~- Pz) (~{·cos W"t: cos(/)+ ~i'sin w-e sin(/)); 

V 9 = V 2v~ (p~- Pz) (- ~;·cos w-e sin(/) + ~i'sin w-e cos(/)); 

Vz = V~ + V2v~ (Pz- Pz) (~x'z~;-' 1' COS w-e+ ~y'z~;-' 1• sin w-r). 
(4.4) 

Here {31 and {32 are the principal values of the 
tensor .Bik ( i, k = 1, 2 ), <p is the angle between 
the xy axis and the principal axes x', y', and 
w = m 0-./ {31{32 = m 0 /m*. It then follows that u = 
wq = aeH-./ {31{32 /c I V"t 1. Now, Vt = -vy sin J + 
v z cos J (we assume that the axes x and ~ co
incide); therefore, if cos J > u-1/2, then T1 = T 

- q with accuracy up to quantities of the order 
u-t72, inasmuch as w t "' v~u - 112. If cos J > u -1/2, 
the function To ( T) is single valued for all signifi
cant values of Pz. 

It follows from (3.3) and (4.4) that the oscillat
ing part of the coefficients Cp,v• computed with 
relative accuracy up to 1/u, is proportional to 
the sum of integrals of the form 

e 

~ COS W't: COS W ( 1: - q) d1: = 'ltW - 1 COS U 

0 

and identical expressions with two sines or sine 
and cosine. It is therefore not difficult to demon
strate that the coefficients bp,v have the form 

b!J.v = cfJ.vm"(;3 (~1 ~2f1 M)2 i p~- Pz I cos (u + /,1"" ), (4.5) 

where Cp,v is a constant on the order of unity. In
asmuch as bp,v (- pz, u) = bp,v ( Pz, u) in the given 
case, the part of the conductivity tensor connected 
with oscillations of the first type is 
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4c!L,e2 (v~)2 

ah3Q2 
(4.6) 

where n = eH/m*c= ehv' {3 1{3 2 I c. We expand Q and 
u in powers of Pz- p~, limiting ourselves to the 
zero term in the former case and the linear term 
in the latter, and integrate by parts. We get 

(1) 4c!L,e2 (v~)2 -Q [ aeH ¥"[3 1 ~ 2 + , J 
~s 1- = -- e 'cos ''IL" . 

t< ashaQ4 (~ ~)2 c I v~ I cos .'l 
dpz I v~ I o 

(4. 7) 

We note that -./ {31{32 /I v~ I = ...fK, where K is 
the Gaussian curvature of the Fermi surface. 

Thus, the oscillations of the first type are sinu
soidal; their amplitudes fall off as H-4, while their 
period is 

~H = 27tccos& I ae VK. (4.8) 

Its measurement determines the Gaussian curva
ture of the Fermi surface at the elliptic point, the 
normal to which is parallel to the direction of the 
magnetic field. 

If the Fermi surface is nonconvex, then there 
can be several such points, and to each of them 
there will generally correspond a period of oscil
lation. If the Fermi surface is open (closed tra
jectory), then there can exist a maximum momen
tum p~ for certain directions of H; oscillations 
of the first type are then lacking. In the case of 
closed Fermi surfaces, these oscillations are al
ways present. 

5. We now consider oscillations of the second 
type. For simplicity, we shall assume that there 
is only one point p~ = Pz at which the derivative 
du/dpz vanishes. In order to determine the oscil
lating part of the integral (4.1) connected with the 
behavior of the integrand LJ.l.V ( Pz, u} near Pz = 
Pzto we expand its second argument in powers of 
Pz - Pzt as far as the quadratic term, while we 
set the first argument equal to Pzto since LJ.l.V 
is a smooth function: 

" 2 L .... v (p,, u) = L[J.V [Pzl> u1 + Ut (Pz- Pz1) 12]. (5.1) 

In this case, inasmuch as we are only interested 
in the oscillating component in (4.1), we can con
sider that 

21t 

I!J.v (Pz1) = (27tt1 ~ L!L, (Pz1• u) du = 0. 
0 

Then the part of the conductivity tensor connected 
with oscillations of the second type is 

Here the upper and lower limits of the integral are 
so chosen that for Pz = p1 and Pz = Pz, we can, 
with sufficient accuracy, limit ourselves to the 
quadratic terms in the expansion of (5.1). We in
troduce a new integration variable !; = v'TUfT x 
(Pz - Pzt ). If the magnetic field is large enough 
that I ;i I = v'lUfr I Pi - Pzt I » 1, it is easy to 
show that oscillations of the second type are ~res
ent, and that their amplitudes fall off as H-5 2• 

Actually, limiting ourselves in accuracy to 1/l !;i I, 
we can integrate in !; over infinite limits and get 

~ (2) 2e2m0 d2 1 I [-'I• 
8

1L" = ah3D.~VeaH 1 c dp; I ti, I m' (1) 

co 

X ~ L!).v(Pz1 , u+~ 212)d~. 
(5.3) 

-co 

The period of oscillation is ~H = 2rrc I v t1 I mt' I ea. 
We emphasize that these oscillations are absent in 
every case when the derivative does not generally 
vanish in the interval 0 < Pz :::; p~. In particular, 
we can show that this derivative does not vanish 
if the Fermi surface is an ellipsoid. Of, course, 
the presence of oscillations of the second type is 
evidence of a significant deviation in the shape of 
the Fermi surface from ellipsoidal. Therefore, 
the shape of these oscillations should generally 
be quite different from sinusoidal. 

6. In addition to the two types of oscillations 
considered here, there is a third type connected 
with those values of Pz for which a non-single 
valuedness arises in• the function To ( T) :::; T. 

These oscillations are generally non-sinusoidal 
and their amplitudes fall off with increasing field 
more rapidly than was the case with the first two 
types ( as H-5 ) • If the Fermi surface has a com
plicated structure (for example, if it is self-in
tersecting} then still other types of oscillations 
can exist. 

It is not difficult to estimate the order of mag
nitude of the amplitudes of the oscillations 

~s[J., = e2an (m'vor1 (v0T I a)",_, H-", 

where n is the density of electrons and k = 4 or 
% for oscillations of the first or second type, re
spectively. Estimates in such form are suitable 
in that they do not depend on the number of com
ponents of the tensor ~sJ.l.V and on the magnitude 
of the ratio t0v0 /a (it is assumed only that tovo /a 
~ 1 } . It is then easy to obtain estimates for the 
relative magnitude of the oscillating part of the 
specific resistance. For example, if t0vo/a"" 1, 
then 

(oo} (oo\ (oo} I (oo} 
S[J.v ~ alJ.V - a[J.~ O't:;:v Ot;t; ' 
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and we find that when sin 8 » v0T/a, while open 
trajectories are absent, 

!':J.r ""I r 11.• = (v0T I a)lt-2. 

We note in conclusion that the study of oscilla
tions allows us, in a number of cases, to proceed 
directly to qualitative conclusions regarding the 
shape of the Fermi surface. The presence of os
cillations of the second type points up a significant 
departure of its shape from the ellipsoidal. The 
presence of several component oscillations of the 
first type with different periods demonstrates that 
the Fermi surface is nonconvex or, that there are 
several surfaces. Complete disappearance of the 
oscillations of the first type for certain directions 
of the magnetic field, not lying in the plane of the 
film, in the case in which the inequality (1.1) is 
satisfied, means that the Fermi surface is open in 
these directions. 

1 E. H. Sondheimer, Phys. Rev. 80, 401 (1950). 
2 Lifshitz, Azbel', and Kaganov, J. Exptl. Theoret. 

Phys. (U.S.S.R.) 31, 63 (1956), Soviet Phys. JETP 4, 
41 (1957). 

3 J. E. Kunzler and C. A. Renton, Phys. Rev. 108, 
1397 (1957). 

4J. Babkskin and P. G. Siebenmann, Phys. Rev. 
107, 1249 (1957). 

5 M. Ia. Azbel' and E. A. Kaner, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 32, 896 (1957), Soviet Phys. JETP 5, 
730 (1957). 

6 E. A. Kaner, J. Exptl. Theoret. Phys. (U.S.S.R.) 
34, 658 (1958), Soviet Phys. JETP 7, 454 (1958). 

Translated by R. T. Beyer 
136 


