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u 
\ du \ dz 1 2 1:2 \ dz -r+ J g(u) ~1:exp jg{Z}, g(z) ~3 ~exp J~, 
0 

(A.15) 

In actuality 
u 

1 + ~ gd(:) = " ( 1 - 1 1 + ( u - ~ ) ") = " ( 1- -H 
0 

(A.16) 

Also, for such values of u we must obtain the 
previous C:.istribution function in zero approxima
tion: 

dz A I ( 1 )} f du-~ 2/s (u- "iz)2 exp \- "- 2Js (u- "h) , z _"}> 1. 

(A.17) 

Hence we obtain immediately 

1: '\ dz \ dz J f = Ag(Z)exp [.\ g(Zf- "exp J g(Zf . (A.18) 
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Minimal polynomials in the matrices occurring in relativistic wave equations and the spin 
matrices are used to construct projection matrices, which are dyads describing arbitrary 
possible states of a free particle of arbitrary spin. The fundamental physical quantities 
(energy and momentum, charge and current, transition probabilities) are expressed directly 
in terms of these projection operators in an invaria.}lt way (independent of the choice of basis 
for the representation). Thus the calculation of various effects for particles of any spin is 
reduced to the computation of the traces of certain combinations of matrices. As examples 
of the application of the method· we obtain the general conditions for definiteness of the energy 
and charge for particles with a single mass and give a simple derivation of the general com
mutation relations for particles of arbitrary spin. 

IN various calculations relating to particles with 
spin one needs to find the free-field wave functions, 
which are solutions of the first order equations 

where x4 = it, c = h = 1, and the .Yk are square 
matrices. For plane waves 1/J ~ e 1Px, correspond
ing to the four-momentum p = ( Pk ), these equa
tions take the form 

(iPkYk + ><) 4 = 0. (1) 

We use the notation p = iPkYk· As has been shown 
in reference 1, the minimal equation for the matrix 
p in the general case has the form 

p (p) = pn (p2 + AiP2) (p2 + A~p2) ... (p2 + A~p2) = 0, (2) 

where A.z ( l = 1, 2, ... q) are distinct nonvanish
ing eigenvalues of the matrix y 4• To each value 
± A.z there corresponds a set of states of the par
ticle. 

Since p2 = - m 2 and A.z = K/mz, where m1 = 
- p(Z)2, we can write instead of Eq. (2) 
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P(p) = pn (P2-x2:;) (p2-x2:; )· .. (P2-x2:;-) ~3~. 
Let us introduce the operator 

cr = ~ aabc Pa Jbc; a, b, c = 1, 2, 3, (4) 

where Jbc are the infinitesimal matrix operators 
of the representation of the Lorentz group in the 
space of the functions 1/J which correspond to 
space rotations, and p is the three-dimensional 
momentum vector. Using the condition for invari
ance of Eq. (1) 

(5) 

it is not hard to verify that the operators p and 
a commute with each other. Therefore when p(Z) 
and A.z are prescribed the states of the particle 
can be characterized also by the different eigen
values of the operator a, which is the operator 
for the component of the spin along the momentum 
of the particle. Here in the general case we have 
corresponding to each "mass" state ±A.z its own 
maximum value s<Z> of the component of the spin 
along the momentum, i.e., its own value of the 
spin. Thus for prescribed p(Z) and A.z the par
ticle can still be in 2s(l) + 1 different spin states. 
As is well known, the spins for the states of a par
ticle described by the nonseparable equation (1/ 
must be either all integral or all half-integral. 
Let s be the maximum value of the spin compo
nent for all possible states of the particle. Then 
in the case of half-integral spin the minimal equa
tion for the operator a must have the form [ s = 
( 2n + 1 )/2, n an integer] 

Q(cr)= (cr2-( ~-Y)(cr2-(+Y) ... (cr2- (2ni1Y)~6~ 

and in the case of integral spin ( s = n) it is 

Q (a)= cr (cr2- l)(cr2 -22) ... (cr2- n2) = 0. (7) 

In the solution of various problems about spin
ning particles and their interactions it is necessary 
to know the wave functions characterizing a particle 
that has given energy and momentum and is in a 
prescribed mass and spin state. Usually these 
wave functions are found in explicit form by the 
solution of Eq. (1) with a definite choice of the 
basis for the representation in the space of the 
functions 1/J. For the classification into the vari
ous spin states one has further to solve the equa
tions for the characteristic values of the operator 
a. Not only are these calculations very cumber
some, especially in the case of higher spins, but 
also this method is in principle an unsatisfactory 

one. The point is that for a single type of particle 
with prescribed physical properties the equations 
(1) can be written in an indefinite number of forms 
that differ from each other in the choice of basis. 
This is due to the fact that every representation 
of the Lorentz group ( or of any group ) is defined 
only to within the choice of an arbitrary nonsingu
lar basis. It is obvious that all results having 
physical significance cannot depend on the specific 
choice of the basis of the representation, i.e., they 
must be invariant with respect to changes in this 
choice. Therefore in principle there must exist 
the possibility of solving problems relating to 
particles with various spins altogether without 
reference to any choice of the basis of the repre
sentation, i.e., in a consistently invariant way. 
On the other hand the usual methods of calculation, 
based on the use of a concrete basis, introduce 
into the treatment accidental features that have 
no relation to the essential problem. 

As is shown below, the use of the minimal poly
nomials (3), (6), and (7), which are usually known, 
make it possible in the general case to reduce the 
calculation of the main physical quantities to the 
computation of the traces of certain combinations 
of matrices, which in many cases can be done in 
an invariant way. 

Let us define the diminished minimal polyno
mial P ±l ( f>(Z)) of the matrix f>(Z), correspond
ing to the mass state ± A.z = ± K/mz, by the follow
ing relation [ cf. Eq. (3) for m = mz]: 

({P> + x) P ±l (/P>) = P (pU>) = o. (8) 

As has been shown in reference 1, the columns of 
the matrix P ±l contain all the linearly independ
ent eigenvectors of the matrix f>(Z) that correspond 
to the eigenvalue ±A.zmz = ± K. Let us further in
troduce a matrix et±z differing from P ±l by a 
numerical factor 

(9) 

Since by the results of reference 1 all nonvanishing 
eigenvalues of the matrix p must be single, 
P±z(±K) ~ 0, and the matrix et±l always exists. 
Since, by Eq. (8), f>(l) P ±l = ± KP, multiplication 
of the matrix P ±l ( p(Z) ) by an arbitrary polyno
mial R (p(Z)) is equivalent to multiplying it by 
R ( ± K ) • From this it follows that 

(10) 

Thus the operator et±z is a projection operator. 
This means that by multiplying any state vector 
1/J by a±z we extract from it the part that cor
responds to states with the mass mz. 
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In just the same way, by using the minimal 
polynomial Q (a) of the spin operator [ cf. Eqs. 
(6) and (7)], we can construct a projection oper
ator 

~k = QR(c) / Qk (sk), ( c -·Sk) Qk(c) = Q (c)= 0, (11) 

which extracts from any state the part it contains 
corresponding to the value sk for the spin com
ponent along the momentum. 

Let us consider an arbitrary polynomial f ( x) 
of degree R which has all its roots Xk distinct. 
Defining fk (x) = f (x)/(x - Xk ), we construct a 
new polynomial of degree n - 1: 

n 

<ll (x) = 1 - ~ f~< (x) If~< (xh)· 
h.-1 

Since fk (xz) ~ 0 for k ~ l, we have <I> (xk) = 0 
for k = 1, 2, ... n. Therefore the polynomial <I> (x) 
of degree n - 1 has n distinct roots, which is 
possible only when it is identically equal to zero. 
Consequently, ~fk(x)/fk(xk) = 1. Since the min
imal polynomial of the operator a has no multiple 
roots, the identity that has been obtained can be 
applied to it and we get 

~~h.=!, 
h. (12) 

where I denotes the unit matrix, and the sum is 
taken over all values of the spin component. There
fore for an arbitrary state 1/f we can write 

~ = ] ~k• ~h. = ~h~, Ci~k = Sk~h· (13) 
k 

This relation gives the resolution of an arbitrary 
state into states corresponding to all the possible 
values sk of the spin component. If the state 1/J 

contains no component corresponding to some val
ues sk of the spin component, then for these k's 
we have {3ki/J = 0. 

In the general case an analogous resolution into 
the mass states cannot be carried out, because for 
this one would have to take into account all the 
eigenvalues of p. The zero eigenvalues of p op
erators, however, do not correspond to real states, 
and furthermore these zero eigenvalues can be 
multiple (cf. reference 1). 

Krlowing the minimal polynomials P ( p ) and 
Q (a), we can obtain without any calculations any 
eigenstate vector lfllk (i)(l) ), corresponding to 
prescribed energy and momentum p(l), mass 
mz, and spin component sk. For this purpose 
we have only to multiply together the correspond
ing projection operators (9) and (11): 

(14) 

Since all the az and f3k commute with each other, 

the product (14) is also a projection operator. The 
matrix rzk has the property that each of its col
umns is an eigenvector of the operators p(l) and 
a for the eigenvalues A.zmz = K and sk, respec
tively. Since such a state is unique, all the col
umns of the matrix T[k are proportional to each 
other. Therefore the matrix rzk is a simple 
dyad. By a dyad we mean a matrix in which each 
element is the product of the corresponding com
ponents of two vectors. Thus if A is a dyad 
formed from the vectors 1/J and cp 

(15) 

We shall write the expression for a dyad as a 
whole in terms of the components of its vectors 
in the form 

A = ~·tp. (16) 

Obviously 

(17) 

where "' is the sign of transposition, + is that of 
the Hermitian adjoint, and * that of the complex 
conjugate. 

Thus we can write 
A (l) 

"zk (p ) = az~h = ~~" · r:p. (18) 

Here the antecedent vector of the dyad 1/lz k is the 
vector for the state in question. We as yet do not 
know the consequent cp, but it is not hard to de
termine it. For this it is enough to note that the 
matrix p and the matrix of the invariant bilinear 
form TJ satisfy the relation2 

(19) 

At the same time the Hermitian spin-component 
operator a of Eq. (4) commutes with Tj3: 

(20) 

Therefore the matrix Tlk satisfies the same re
lation (19) as p: T[kTI = TJTtk· Substituting in this 
the right member of Eq. (18) we get 

(21) 

Multiplying this relation on the left by an arbitrary 
vector X and on the right by Tj, and using the 
properties 

(22) 

we get 

(23) 

From this we find for rzk 

"zh. = clh~lh :-~lk' ~lk = ~~k'l· (24) 
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Since the matrix rzk is a projection operator 

( rik = 7 Zk>· 

(25) 

Here (T[k)c denotes the trace of the matrix rzk· 
Since TJ is a Hermitian matrix, l[np = 1/J*TJI/J is a 
real number, and therefore Czk is also always 
real. Replacing 1/Jzk by C'l/Jzk• we can normal
ize Czk to + 1 for lj}zk¢Zk > 0 and to -1 for 
lPlk¢lk < 0. Consequently 

and the normalization conditions are, respectively, 

(27) 

Instead of the invariant normalization (27) the 
charge normalization by 

(28) 

is frequently used. The change from one normali
zation to the other is accomplished very simply, 
if we use the fact that, by Eq. (1), 

~(l) p (!)\jl(!) = - x~(l)\jl(l), (\jl(!) = \jl (p(!))). (29) 

On the other hand, IP(Z)-p(l)I/J(Z) = ipM) ijj<Z)yki/J(Z). 
Since the last expression is an invariant, we must 
have 

(30) 

Multiplying Eq. (30) by ip~) and comparing with 
Eq. (29), we get 

iCp(l)' = - iCm1 = - x~(l)\ji(Z) = - ),zmz~(l>qP> 

Consequently, C = ( A.z /imz) ljj<Zl¢(1) and, by Eq. 
(30)' 

(P4 = ipo). (31) 

Thus with the normalization (27) 

~< 1\44(!) = ± (:Az I mz) P61) = + '-M1) I x. (32) 

If, on the other hand, we take the normalization 
(28), then 

~(l)\jl(!) =:±::X I '-M1). (33) 

Corresponding to this normalization we get instead 
of Eq. (26) 

(34) 

Thus a knowledge of the minimal polynomials 
of the operators p and a is enough to enable us 
to get in invariant form the solution of Eq. (1) for 
any state of the free field, normalized by the con
dition (27) or (28). The signs in the relations (27) 

and (28) relate to the definiteness of the energy 
and the charge, respectively. As is well known 
(cf., e.g., reference 3~, the energy is definite if 
ijj~l)l/J~l) > 0 for all 1/J~ ) that correspond to a par
ticle at rest. Analogously, for definiteness of the 
charge we must have IP~l)y 4¢~1) > 0 for all these 
1/J~l). According to Eq. (26) ( rzkTJ )c = ± 1/Jlkl/Jfk, 
with the sign here corresponding to that in the re
lation (26) or (27). Since ¢zk¢ik > 0, the sign of 
the expression ( T[kTJ >c will be the sign of the 
energy. Since for the state at rest all the values 
of the spin component are on an equal footing 
(cf. reference 1) and the sign of the energy can 
change only when there is a change of the mass 
state, instead of Tlk = az{3k we can take 

az = 6 rzk. Consequently, for positive definite
k 

ness of the energy it is necessary and sufficient 
that for all l 

(35) 

where a~z denotes the operator a±z (.f>(l)) for 
p(l) = (0, imz). Similarly, the requirement of 
definiteness of the charge reduces to the condition 

(36) 

Let us examine the application of these general 
criteria to the case of a particle with a single rest 
mass. For such a particle the minimal polynomial 
of the matrix y4 can always be written in the form 

r;Cr!-1) = o. (37) 

From this we get for a~, according to Eq. (9), 

rxO = y; (Y4± i) = _!_ (+ 1)n+t ( n+l + n) (38) 
± (± 1)n(± 2) 2 - Y4 - Y4 · 

According to Eq. (35) a necessary and sufficient 
condition for definiteness of the energy is that the 
expressions 

2 (rxf_ 'YJ)c = (y;+1'Yl)c + (Y?'YJ)c' 

2 (rx~'YJ\ = (-l)n+t [(y~+1'Yl)c- (Y~"'l)c] 

have the same sign, i.e., that their product be 
positive: 

( _ l)n+t [((y~+t'YJ)J2- ((y;'YJ)c)2] > 0. (39) 

Since y 4 a0 = ± a0 , the analogous condition for 
the definit~ness 'bf charge (36) becomes 

(- 1 t [((y;+1'YJ)c)2 - ((Y;'Yl)c)2 ] > 0. (40) 

Taking n to be even or odd, we can conclude from 
this that in both cases a necessary and sufficient 
condition for definiteness of the energy (charge) 
is that the larger of the two expressions I ( yr+tTJ )c I 
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and I ( Yr17 )c I be the one in which the exponent of 
Y4 is even (or odd). 

It is not hard to verify that for spin Y2 and spin 
% (reference 3) that one of the traces ( ,f+117 )c 
and ( tf11 )c in which y4 has an even exponent 
vanishes, and that for the spins 0, 1, and 2 (ref
erences 4 and 5) the trace with the odd power of 
y4 vanishes. This is in full agreement with the 
facts of the definiteness of the energy (charge) 
of particles with integral (half-integral) spin. 

We see that although the projection matrix 
Tlk gives not the wave function lf!zk itself, but 
the dyad (26), nevertheless such fundamental quan
tities as the charge and energy of the field are 
expressed directly in terms of rzk· This fact 
is of general significance, and all the basic bi
linear expressions in lf! that have direct physi
cal meaning, and the calculation of which is the 
main problem of the theory, can be expressed 
directly in terms of rzk· 

In particular, let us consider the transition 
probability for a certain particle to go from the 
state l/!1 to the state lf;2 as the result of an in
teraction. As is well known, the general expres
sion for this probability w is proportional to the 
square of the absolute value of the corresponding 
matrix element for the transition: 

w = c 1 ~2R~1I 2 = c <~2R~1r~Rh. (41) 

where R is an operator of a form determined by 
the nature of the interaction. Since 

(~2R~1f = ~;R·~~ = ~~R+ '1/~2 = ~1~R+ '11~2. 

Eq. (41) can be written in the form 

w = C~1'1/R+'t/ (~2·~2) R~1 = C (R (h·~2)R(~l.~I)lc. (42) 

where R = 17R+7J. According to Eqs. (18) and (26) 
the dyads l/!1 ·¢1 and lf;2 ·¢2 can be represented 
in the form 

~1 · ~1 = IX (p,) f3 (a 1) = IX1P1, 

~2 · ~2 = IX (p2) f3 ( cr2) = IX2P2• 
(43) 

where Pi> p2, a1, a2 are the operators for the 
states l/!1 and lf;2 respectively. Thus in the gen
eral case the calculation of transition probabilities 
or effective cross-sections for various processes 
reduces to the computation of traces of products 
of operators: 

(44) 

Since computations of traces can be carried out 
in an invariant way, the expression (44) can be ob
tained without the use of the explicit form of the 
matrices Yk in any particular basis. 

In many calculations of various interaction ef-

fects it is required to find the corresponding prob
abilities summed over the spins in the final states 
and averaged over the spins in the initial states. 
In the expression (44) the summation over the 
spins is obtained remarkably simply. Since ac-

cording to Eq. (12) :6 f3k = 1, for a particle with 
k 

the spin s the expression (44), averaged over the 
spin of the initial state and summed over the spin 
of the final state, will have the fbrm 

(45) 

Here it is assumed that the operator R does not 
depend on the spin of the particle. 

Expressions of the type (45) are used for the 
calculation of various effects in quantum electro
dynamics.6 It follows from the above developments, 
however, that such expressions have an extremely 
general significance and are valid for the calcula
tion of all sorts of interaction effects for particles 
of arbitrary spin. It must be noted that in all its 
generality the method used here to derive these 
basic relations is considerably simpler than those 
used in the standard literature6• 7 to obtain results 
that relate to just the special case of the interac
tion of electrons with the electromagnetic field. 

By means of these same relations, (26) and (34), 
we can work out in a very simple way the general 
commutation relations for particles with arbitrary 
spin. As is well known (cf., e.g., reference 8): 

Here x = x' -::::_ x"; the expressions lf!a¢{3 form 
the dyad ( lf! ·If!) a{3 [ cf. Eq. (15)]. We use the nor
malization (28). Then in the case of integral spin, 
on account of the definiteness of the energy, by 
Eq. (27) we must take the positive sign for both 
the states lf!±lk in Eq. (34), that is, 

(47) 

For half-integral spin (indefinite energy), on the 
other hand, we get 

,~; ,-;i, ·- + ~ - + (x/A.2p(l)) oc 3 4 
T±lh 1'±11<-- '±lh- - ' I 0 ±I' k' ( 8) 

According to Eq. (12) the summation over the spins 
k in Eq. (46) reduces simply to striking out {3k, 
and we obtain for the two cases of integral and 
half-integral spins 
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(49) 

'\.l 1 z \' dp ( ) ip(l)x ( ") -ip(l)x 
= LJ (:27t}"--)2 .\ P(lj (iY.+l V e -IY.-1 - , e ). 

1 'l ' o 

By means of Eqs. (3), (8), (9), setting m = ±mz 
= ± K/A.z, we get 

, (p (I)+ x) (p (l) )n q (p (I) )2 - )..~,m7 
IY.+t(P(l') = · n . . - + 2x (+ xt x" -- )..2,m2 

- - 1'=1 l l 
l'+l 

(50) 

Therefore a_z ( f>(l)) = a+z (- f>(l)), since change 
of the sign of K in Eq. (50) gives the same result 
as change of the sign of p(l). Consequently, 
a+z ( V') = a_z (- V' ), and it follows from Eq. (49) 
that 

[·~ (x') · ~ (x")L= = 2ix 2. '-12 IY. 1 (V) Dz (x), 
1=1 l (51) 

D (x) = (2-)-3 \' !!£_ eipx sin p(l) x 
1 " \ p(l) o o' 

• 0 

It has here taken only a few lines to derive this 
result, which was obtained in the paper of Karp
man9 by rather lengthy arguments. The example 
that has been given can serve as an illustration 
of the effectiveness of the method expounded above. 
Obviously the relations (26) and (34) can find ap
plication in all sorts of other calculations relating 
to spinning particles. 
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