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The quantum states are considered for a system consisting of a crystal with two opposite 
charge vacancies spaced a distance of half a lattice period from each other and of an electron 
which interacts with the optical vibrations of the crystal localized near this pair of vacancies 
(crystal with F- center). The problem is solved in the macroscopic approximation. The 
parameters of the self-consistent ground state of the system are calculated. The frequencies 
and absorption coefficients of light are caleulated in the Franck-Condon approximation for 
photo-transitions to the lowest excited states. The azimuthal dependence of the degree of 
polarization of luminescence due to irradiation with polarized light in the F- absorption bands 
is also computed; this dependence may be used to identify the p- centers. The results are 
carried to numerical values for the KCl crystal. 

IN the present work it is shown that in the macroscopic approximation a system comprising a crystal 
plus a pair of opposite charge vacancies plus an electron (a crystal with an F- center) is energetically 
more favorable than a system comprising a crystal plus an p- center (Sec. 1). Although the gain is not 
large -on the order of hundredths of an electron volt -the result obtained furnishes the basis for as­
suming that under favorable conditions a sufficiently large concentration of F- color centers can exist in 
a crystal. A temperature sufficiently low so that the mobility of the vacancies is small and the F- centers 
are not decomposed by thermal fluctuations must be considered as a necessary condition for the presence 
of stable F- centers. The formation of y- centers can occur, for example, directly on coloration of a 
crystal when electrons are located at vacancy pairs, the concentration of which in a crystal can be com­
parable to the concentration of discrete vacancies and even significantly exceed the latter (if the crystal 
is maintained for a sufficient time, for example, at room temperature).1 Another possibility of obtaining 
y- centers can be connected with the decomposition of more complex color centers (for example M 
centers). 

An examination of the properties, particularly the optical properties of a crystal containing p- color 
centers thus appears desirable. 

1. THE GROUND STATE OF A CRYSTAL WITH AN F- CENTER 

In the macroscopic approximation using methods developed by Pekar,2 the energy of the system crys­
tal + F- center can be written in the form 

' '/i2 ~ (r1 - r) P (r) e2 ( 1 1 1 ) . 11 L r i)2 ) H = - - ~ + e d·r + -- -- -- - -- +- ;2 , 'liwk I q2 - - • 
21-' lr,-rl 3 E rc ra R, k '\ h aq~ 

( 1) 

Here the first term represents the kinetic energy of the electron, the second -the energy of interaction 
of the electron with the polarized surroundings, the third -the energy of electrostatic interactions of the 
electron with the positive (a) and negative (c) vacancies and the vacancies with one another; the fourth -
the energy of normal lattice vibrations; 11. is the effective mass of the electron: P(r) is the inertial part 
of the specific polarization of the crystal brought about by the field of the electron; E is the dielectric 
constant of the crystal; ra and rc are the dishmces from the electron to the vanancies a and c, R is 
the distance between the vanancies, ~and ~ are the frequencies and normal coordinates of the polariza­
tion oscillations of the crystal. 

Instead of solving the Schrodinger equation with the Hamiltonian ( 1) it is more convenient to find the 
minimum of the corresponding functional. If, as in Refs. 3-5, one disregards the dependence of R on 
~ and selects an approximating function to the system in the multiplicative form 

'Y = <\1 (r) ({J( .. . qk ... ), 
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(2) 
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then as a result of minimizing over <I> ( ••• ~ ... ) the energy of the system can be written down in the fol­
lowing manner: 

H = J [•ji (r)] + ~ hwk (nh + 1/ 2), ( 3) 
k 

where nk are quantum numbers of the oscillators which describe the vibrations of the lattice and J is a 
functional which depends only on the electronic part of the wave function of the system 

'Ji2~ o e2~<J;; e2c~<j;2(1)<jl2(2) e•~<ji2 e• J[<ll(r)J=-,----- (V'w)·d't--· -d't-- d"12 +- -d't--. 
' 2[L • e r a 2 r12 e r c eR ( 4) 

Here c is the well-known parameter of polaron theory .2 The first three terms in Eq. ( 4) represent the 
corresponding functional of the F center formed at the vanancy a. 

Further, the variation of J liP] with respect to 1P (r) must be carried out. 
The mean value of the intensity of the electric field set up by a vacancy c in the region where the 

electron of an F center a is localized is equal to 

- \ e• 
E = J'f (r) -·-2 tjl (r) d't, 

ere 

which in real crystals, as calculation shows, is some 10-20 times smaller than the mean value of the in­
tensity of the electric field produced by the vacancy a. One can assume, therefore, that the effect of the 
electric field of the vacancy c leads to a small change of the wave function of the ground state of the F 
center which has, according to Ref. 2, the following form 

( 5) 

Two different approximations of the electronic part of the wave function of the ground state of the sys­
tem which take into account such a change have been tested: 

(a) 1P (r) is approximated by a wave function of the form Eq. ( 5) whose maximum is located at some 
point b which, generally speaking, does not coincide with point a: 

( 6) 

From symmetry considerations it follows that the point b must lie on the axis ac. The distance between 
the vacancy a and the point b (denoted by p) and the reciprocal radius of the state of the electron 0! 

are the parameters of the approximation. It is more convenient to use the quantities t = p/R and x = O!R 
as the independent parameters. Substituting Eq. ( 6) in Eq. ( 4) assuming t « 1 and confining ourselves 
to terms of second order of smallness we arrive at a functional which depends on t and x: 

'Ji2 3 e2 ( 4 2 2) e• 2 e2c e• 
J [t x] = --- xz- -- x 9- - x t + 14 R [ro0 (x) + trp1 (x) + t co 2 (x)]- ZR 0.428 x- -R , 

' 2[LR2 7 14eR 3 E T ' E • 
( 7) 

where 

r.p 0 (x) = 14- e-2x (14 + 19x + 10x2 + 2x3 ), q:;I(x) = - 14 + e-zx ( 14 + 28x + 28x2 + 16x3 + 4x4 ), 

q;2 (x) = 14- e-zx (14 + 28x + 28x2 + 20x3 + 12x4 + 4x6). ( 7a) 

Minimizing Eq. (7) over t permits, as a result of simple transformations, writing the functional in the 
form 

e2 { 1 [ 'Ji2e 3rpi (x) ]} 
J [x] = eR - 1 + 14 fLe"R 3x2- 3 (cc + 3) X+ ?o (x)- 4[3rpz (x) + 4x"J . 

Minimizing J [x] over x permits calculation of the parameters of the self-consistent ground state of the 
system. Calculations carried out for a series of alkali-halide crystals show that J (Xmin> is approximately 
0,01-0.02 ev lower than the corresponding values obtained for the F center. In particular, for the KCl 
crystal ( E = 4. 78, c = 0,25, R = 3.14 A) the values J = -2.19 ev, t = 0,043, and x = 4. 73 are obtained. 

(b) As the approximating function we use the function proposed by Perlin8 

( 8) 
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where 71. « 1; tj; 0 (r) is determined by Eq. (5), and 

'f' (r) = ,..-•;, ·r''' e-w r cos fl. (9) 

Substitution of Eqs. (8) and (9) in Eq. (4) leads to a functional which depends on 71., x and w = y/a: 

J [)., x, w] = (e2 / s) (a 0 + l.ai + ).2a 2 + ... ), 

1. [31;_2 ex• J 
au= f4"jf w•R• - G0 (x)- 3scx , 

1 8 w'l, 1 
------=c---- -- {8(6 + w) -e-x<I+w) [x4 (1 + w)J 
R V7 (1+w)6 x 

+ x3 (I -:- w)3 (7 + w) + 4x2 (I + w)2 + 8x (I + w) (6 + w) + 8 (6 .J_ w)l}, 

(10) 

a = - 1-{ 12' x2 (7w2 - 3) .J_ G0 (x)- - 7- [w3x3- 2w2x2 - 6 .J_ e-2x"' (6 .J_ 12wx + 14w2x2 + llw3x3 + 6w4x• + 2w5x5)] 
2 14R 11e"R 1 x2w 2 ' 1 

+sex [-I + (1 ~·<»? (66 + 84w + 40w2 + 7CJl3)- -~- (1 ~·<»)" (297 + 126w + 14w2)]}, 

G0 (x) = 9x- 14 + e-2x ( 14 + 19x + 10x2 + 2x3). (11) 

Disregarding terms of order 71.3 and higher, we determine 71. from the condition 8J/8?1. = 0; substi­
tuting the value of 71. obtained in this way in Eq. t[lO) we obtain 

J [x, w] == (e3 Is) (a 0 - ai I 4az). (12) 

Setting x = x0 + ~ where x0 = a 0R, ( a 0 is the reciprocal radius of the state of the electron of the F 
center) assuming ~ « 1 and varying J over ~. it is possible to obtain a functional which depends only 
on w. In view of its unwieldiness, the analytical expression for J [ w] is not quoted. Minimizing J over 
w can be carried out graphically. As a result we obtain the values of J 0 and of the parameters of the 
approximation w, ~. and ?\.. For the KCl crystal the calculation leads to the following values of the pa­
rameters of the self-consistent ground state of the system: J 0 = - 2.21 ev, 71. = - 0.13, ~ = - 0.13, and 
w = 0.70. The value of J0 for the F center in KCl, according to Ref. 2, amounts to -2.17 ev. 

The calculations carried out above show that the deformation of the wave function of the ground state 
of an F center which occurs under the influence of the electric field of a nearest neighbor vacancy is 
actually small and leads to a lowering of the energy of the system by 1-2% (hundredths of an ev). 

2. EXCITED STATES OF THE F- CENTER 

The excited states of the F- center will be examined below in the Franck-Condon approximation. The 
results of the preceding section permit the choice of the wave function of the F center Eq. (5) for the 
wave function of the ground state of the system. In this case the Schrodinger equation can be written in 
the form 

(13) 

This equation has been solved by means of perturbation theory. The term W = e2/Erc was taken as a 
perturbation, whereby the Hamiltonian of the system in the zeroth approximation coincides with the Ham­
iltonian of the F center. The energy terms of the F- center in the first approximation of perturbation 
theory are determined from the secUlar equation, taking into account four levels of the F center E~, E~, 
Eg and E~, which correspond to the states 2p0, 2s, 2p1 and 2p_1• We present below the values of the 
energies and the wave functions of the lowest excited states of the F- center in first order perturbation 
theory: 

£1 = 1/2 (E~ + E~ + Wu + w22)- Vi;.(E~- E~ + Wn- Wd2 +I w12[2, 

'\II== A ('f'2p, + CI'f'2s), 

£2= 1/2 (E~ + E~ + Wu + W:l2) + VI;. (E~- E~ + Wu-W 22)2 +I wl2[2, 

~2 == B ('f2p, + Cz'f'2s), 

(14) 
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where 

(15) 

The values E~ = Eg = E~ were determined by Pekar;2 it is convenient to display them in the form 

E~ = Eg = E~ = - (p.e4 I 2t.2s2)ll4 [ 1 + scf (v)] 2 , f (v) = 1 - 1/,(66va + 84v2 + 40v + 7) 1 ( 1 + v)?, (16) 

v = a/{3 =a/A is determined from the equation 

v=(3+sc)l(1+scf(v)). (17) 

The values of Eg and o were specially calculated: 

Eo=_ y~ 3 [112 (1 + ec) (s2 - 2s + 3) - eccD (s)]Z 
2 2"/i2e2 (s2-s+1)(s2-s+7) ' <D ( s) = (53 s4 + 164 s3 + 193 s2 + 103 s + 21) 1 14 ( 1 + s )6 , 

s = a/o is determined from the equation: 

s = (3 + sc)(s 2 - s + 7)/6 [ll2 (s2 - 2s + 3)(1 + sc)- sc<D(s)]. 

The frequency of the corresponding photo-transition is determined by the formula 

1iJ!;=IEo-Eil, 

where E 0 is the Schrodinger term of the ground state of the F- center 

The absorption coefficients are proportional to the squares of the moduli of the matrix elements 

Zi = ~ ~0 (r) r cos r~;(r) d1:, 

(18) 

(19) 

(20) 

(21) 

'Y is the angle between the electric field intensity vector E and the radius vector of the electron r. 
Choosing for convenience the axis ac along the z axis, using the well-known relation 

cos 1 = cos a cos.&+ sin a sin.& cos (<D- cp ), 

where 8 and 4> are the spherical coordinates of the vector E and t'J and <p of the vector r, and sub­
stituting Eqs. (5) and {14) in Eq. {21), it is possible to compute the values of the absorption coefficient of 
light for photo-transitions to the states Eq. (14). It is convenient to use the ratios of the absorption coeffi­
cients for the corresponding F- and F absorption bands which can be written in the form 

~1 ='tr- I"F=2A2 cos2 6(Qr IQF)Np-INF, 

~2 = "~-I "F = 2B2 cos2 6 (Q~- I QF) N p-IN p, 

~3 = "~~ 1 -cF = 2 sin2 a (Q~~ I QF) N r IN p, 

(22) 

if the irradiation is performed wi_!h polarized light; for natural light it is necessary to average over e. 
In the expressions Eqs. (22), nf and nF denote the absorption frequencies of F- and F centers re­
spectively, NF- and NF are the concentrations of F- and F centers. 

For the KCl crystal the calculations yield: 

t.nl = 2.2 ev, c1 = 0.55, ~1 = 0.85 N r IN F· 

h02 =2,0 ev, c2 = 1,82, ~ 2 =0,20Np-jNp, {23) 

An estimate indicates that the total error of the calculation brought in through the use of an inexact wave 
function for the ground state of the F- center Eq. (5) and by the neglect of a second approximation in 
perturbation theory is of the order of hundredths of an electron volt. 

Thus, two absorption bands of rather large intensity correspond to the F- bands, situated in the imme­
diate vicinity of the F band. It should be pointed out that the frequency of light absorbed by F centers 
in KCl, calculated in the Franck-Condon approximation with the use of the functions Eqs. (5) and (15) 
turns out equal to 2.0 ev while the experimental value is 2.2 ev. 
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It is interesting to note that the lowest of the excited levels of the F- center turns out to be a 2p'll' 
level and not a 2pa, as for example in the case of the Ht ion or of the Ft color center. 

3. POLARIZED LUMIN:ESCENCE OF F- CENTERS 

From the results of Sec. 2 it follows that the absorption and consequently also the emission of light by 
each individual F- center is proportional to sin2 8 for the long wavelength and cos2 8 for the short 
wave F- band. In a crystal, several possible ori·entations of F- centers exist, for example, six in a 
crystal of the KCl type according to the number of nearest different charge neighbors of each ion. The 
calculation shows that this circumstance leads to a depencence of the degree of polarization of the emis­

sion brought about by polarized light on the direction of the electric field in­
tensity vector E, and in some cases to a dependence of the total intensity of 
the emission on the polarization of the excited emission and to "spontaneous" 
polarization of emission. These dependences can be studied by means of the 
experiment performed by Feofilov7 in the investigation of F 2 centers. 

By way of example we consider one of the possible cases. From a crystal 
containing F- centers let a platelet be cut having its face coincident with a 
110 plane of the crystal. We shall excite F- centers by light polarized in 
this plane; by rotatin~~ the crystal, one can vary the angle a between the 
vector E and the fiducial axis of the crystal (see figure). Further, the in­

tensity of the emission in a direction perpendicular to the face of the crystal is measured as a function of 
the angle a and the degree of polarization of the emission is calculated. 

Let us suppose for definiteness, that the excitation occurs in the long wave F- band. Computation of 
the angle 8 for each group of similarly orientated F- centers permits the determination of the probabil­
ity of absorption of light by each group of F- proportional to sin2 8: 

wl = w6 ~sin2 oc: w2 == w3 = w4 = w5 ~ 1/2(1 + cos2 oc). (24) 

Thus the number of F- centers of each group excited by polarized light depends on a. 

N 1 = N 6 = n sin2 oc, N 2 = N3 = N4 = N5 =(n / 2) (I + cos2 ex), n = const. (25) 

The probability of emission in a given direction for the i -th group of oscillators Ifm is determined by 
means of integration of the functions Eqs. (24) over all possible directions of polarization of the emitted 
light; the total intensity of emission in a given direction is 

J = 2,.N J iem = c' [27t sin2 ex+ 37t (I + cos2 ex)] = c (5 + cos2 ex) (26) 

and is in the given case a function of a. 
The polarization of the emission is calculated according to the usual formula p = ~Pili I~ Ii, where 

Ii is the intensity of light sent out in the direction of observation by each group of F- centers and Pi 
are the partial polarizations determined according to Pi= (Ji 11 - Ji.L )/(Jill + Ji.L ). 

Below are presented the results of calculations for several cases; a crystal with the KCl type lattice 
is considered. 

1. The face of the cut out platelet coincides with a 110 plane of the crystal. 
(a) Excitation occurs in the long wave F- absorption band. The emission occurs from this same ex­

cited level 
2 3 cos 2 a -1 

J = c (5 +cos o:), p = cos" a+ 5 cos2oc. (27) 

It is easy to convince oneself of the existence of polarization of luminescence also for excitation with nat­
ural light ("spontaneous" polarization); calculation leads to the value 

Psp= cos(2oc)/ll. (28) 

(b) Excitation occurs in the short wave F- absorption band; radiation proceeds from the same excited 
level 

J = c (I + cos2 oc), 
3cos2 a -1 

P = 1 + cos• a cos 2oc, 
cos 2a 

Psp=-3-. 
(29) 
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(c) The excitation occurs in the short wave F- absorption band; the emission proceeds from the low­
est excited level (assuming that a non-radiative transition has taken place to the lowest excited level) 

J = c (2 + sin2 oc), 
1-3~~a ~s~ 

p = :0 +sin" a cos 2oc, Psp= --5-. (30) 

2. The face of the cut out platelet coincides with a 100 crystal plane. 
cos 2 2a 

a) J = 6c, p = --3-, Psp= 0, h) J = 2c, p = cos2 2oc, 

c) J = 2c, p = --cos~ 2oc, Psp= 0. 

Psp= 0, 
(31) 

For F2 and Fi centers according to references 5 and 7, cases (a) and (c) are realized. 
The results Eqs. (27- 31), generally speaking, differ from Feofilov's results7 obtained with the hypoth­

esis of absorption and emission of light by classical oscillators, the axes of which coincide with the axes 
of the F- centers. Such a discrepancy is brought about by the unusual spacing of the excited levels of 
the F- center as noted above. 

4. COMPARISON OF THEORY WITH EXPERIMENT 

The experimental investigations show that in the immediate neighborhood of the F absorption band 
under certain conditions additional bands arise situated on both the long and short wave sides of the F 
band. In particular, in Refs. 8 and 9 additional absorption bands were observed with a lower intensity F 
band. These former are masked upon increased intensity of absorption of light in the F band and appar­
ently on this account they were not noticed by previous investigators. The frequencies of the absorption 
maxima of light in KCl for several of these bands are 1. 76, 1.84, 1.94 and 2.03 ev, i.e., in rather good 
agreement with the results obtained during examination of the absorption of light by F- centers. On the 
other hand, the absorption frequencies calculated in reference 5 for light in the F bands (1.91 and 2.22 
ev for the intense Fi band in KCl) are also very close to the experimental results of Yagi. 9 

One should note that the criterion of the macroscopic approximation used in the present work and in 
Refs. 3- 5 in the alkali halide crystals for which the experimental data necessary for a comparison with 
theory is available, is not sufficiently well fulfilled for color centers. 2 Taking also into account the fact 
that in the range of frequencies in which the theory predicts the presence of the Fi and F- bands ( 1.8 
-2.3 ev in KCl) there is a whole series of very closely spaced bands, one must admit that a detailed 
comparison of experimental and theoretical results for the absorption frequency of light by the considered 
color centers is not possible in the given case. 

The method considered in Sec. 3 of polarized luminescence of color centers, proposed by Feofilov7 can 
be used for the precise identification of F- centers. 

I consider it my pleasant duty to express my appreciation to M. F. Deigen for valuable consultation. 
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